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The P R E FA C E. 

fettling the true Notim of Fluxions. Therefore^ inftead. 
of that J IJhall^ iy following Nature as do f eh) as I can^ 
endeavour to give the unprejudiced' Reader a cledr and 
true Idea ihereof ; and then perhaps he will be able ta 
judge for bimfelfi whether the Principles of this noble Art 
be capable of Demonjirdlion or not. In order to ihis^^ 
let us ajfume what has been before laid down, that any 
generated^ flowing Quantity is analogous to a Une de-* 
fcribed by a moving Pointy and that the Velocity . of thrs 
Point in any Place reprefents the Fluxion of that ^anti- 
ty in the correfpondent Place of the Fluent ; now Ifhall 
fionfider the Generation of this Une^ inflead of the Fluent^ 
as being more eaftly underjlood. 

It is the general Prailicj in Mechanics^ to meafurt 
the Velocity of a Body by the Space uniformly defcribed in^ 
given Time. For Velocity being that by. which a Body, 
is carried through' a given Space in a given Time, there^ 
fore Velocity rnuft be looked upon as the proper efficient 
Caufe of the Space defcribed \ and the Space defcribed the 
ifdequate EffeSl of that Caufe, Now fuppofe a right 
line defcribed with any Sort of Velocity., accelerated^ or 
retarded^ at Pleafure^ and that we would enquire what is 
the Velocity of it in any given Place. If we take afmcUl 
Part of the Line^ which the moving Point defcribes jujt 
before it arrives at that Place ^ and call it an Increment ., 
and fuppofe it to be defcribed in a very fmall given lime ; 
then this Increment will nearly meafure the Velocity of the 
defer ibing Point at the Place propofed^ and is fufficient ta . 
riw a vulgar Notion of the Degree of Velocity required. 
Now if this right Line was defcribed uniformly.^ thix 
would accurately meafure the Velocity. But Jince that 
• Increment is defcribed with a Velocity y by Suppoftion^' 
continually variable y therefore this Notion we have here 
obtained is to be correSed \ the firji Notions we get of 
any Subje3 are generally incarreS^ and^demand a nicer 
VieWy and a more accurate and philofophical Examina- 
tion^ before we can acquire Notions that are perfeS and 
adequate. Here then it will be very evident ^ if we take 
. fiill a leffer and a leffer Increment^ by which the Velocity 
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is meafuredf as the Point JiUl draws nearer ihepropojid 
Place i we approach nearer and nearer to a uniform 
Velocity^ till the Difference be Icfs than any affignahle r 
jfind this Increment will differ from the true Meafure of 
the Velocity^ by lefs than any given Difference : And as 
this Increment continually diminijhes^ till at loft, it vanijh^ 
it approaches continually to that Meafure^ till the Differ^* 
ence vanijhes with it. 

Now although by diminijhing the Increment at Pleafur& 
we can approach within any Degree of ExaSnefs to the 
Velocity required^ yet fince no Increment can be taken 
fofmall^ but it is Jtill further divijible ad infinitum 5 
andjince the Velocity is by Suppojition continualfy variable^ 
it is plain^ there can be no two Points of this Increment 
in both which the Velocity is acct^ately the fame. It i^ 
therefore moft manifejl^ that the Velocity here enquired 
after is peculiar to one only indivifible Point 5 and tbaf 
Point is the Place where the Increment endsi or vanifhes 
into nothing. Here then we fee plainly^ that the Velocity 
in any given Point of the Line defcribed (or^ which is 
the fame ^hing, that the Fluxion in any given Point of 
a generated ^antity) has a certain^ fixedy determinate 
Value J proper to that Point of it alone : And thisfur^ 
nijhes the Mind with that accurate abftraS Idea^ which 
we ought to form of this Velocity or Fliixion. And here 
we may obferve^ that this Degree of Velocity {or Fluxiony 
we have here been conftdering^ and which continues but a 
Moment^ differs from the fame Degree of Velocity (or 
Fluxion) which continues for any given 'Time ^ and by- 
which a given Space is aS-ually defcribed ; thefe^ . If^f 
differ no otherwije than as a Caufe in Povf^K differs 
from a Caufe in Act. 

Here a metaphyjical Difputant may demand, how it 
comes to pafs^ that any Velocity which continues for no 
Time at all, can poffibly dejcribe any Space at all\ or 
whether its Effeil be abfolutely nothing, or an infinitely 
fmall Quantity, or what it is. Here then it is, that 
our Reafon is at a Stand, and the human Faculties are 
quite confounded^ lojiy and bewildered^ V/e are puzzled 

and 
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4ind perplexed by endeavouring Jo examine into the Nature 
€jf wc do not know what, nor whether it is fomething 
or nothing : Jind at iefi is fome fucb fubtile^ fleeting 
Things as the Mind can lay no Hold on^ nor form ansf 
Idea of. Now whether fuchfubtile ^eftions will be ever 
deterfnined^ or not^ yet there is one Refuge for usj viz. 
that it is nothing at all to our Purpofe what they are : 
And therefore we may fafely leave thefe deep Speculations 
to thofe that have fhore Buftnefs with them. The Me'- 
thod of Fluxions has no Dependence on thefe myfterious 
l)ifqui/itions. What I apprehend the Method of Fluxions 
to he concerned in^ is^ not what any Jingle abftraS Velo^ 
city can defcribe or generate of itfelf^ but what a conti- 
nual -and fuccejifiveiy variable Velocity can produce in the 
whole* And here I think no Reafot^ can be affigned^ why 
a variable Caufcfhould not produce a variable EffeS^ as 
well as a permanent Caufe a permanent and conftani 
^E^eB, For Jince every EffeSt has a co-inftantaneous 
Exijience with its efficient Caufe^ and 'is always per^- 
fettly conneSled with it % ail the Difference can only he 
this^ that the . continual Variation of the EffeS muft 
alwitfs depend on^ and be proportional tOj the continual 
Variation of the Caufe that produces it. And this will 
always be true^ though we have no Ideas at all of the 
perpetually arifing Increments^ or their Magnitude in 
their najcent or evanefcent State, that havefo mucbj 
and to fo little Purpofe^ confounded and puzzled the 
matbematic'al World. A^ whether we can or we cannot 
tonceive the formal Nature or Manner of exifting of a 
^hingjuft arifing out of nothing, or beginning to be ; or 
whether a nafcent or evunefcent ^antity be any thing or 
nothing ; yet the Truth of the Method of Fluxions will 
ftandjuft as it did. But thefe fort of Difputes have 
been artfully intrdduCed for no other Purpofe but to in- 
volve the Subje& in Obfcurity, to darken the Reader* s 
Judgment, and thereby to miflead and divert him from 
jpurfuing the principal Bufinefs in Hand, that is, from 
conjidering the proper Evidence on which alone this 
Doiirine is founded 5 by infinuating^ that the Knowledge 

of 
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of thefe ^ings is ejfential h the very Nature and Founda^ 
tion of Fluxions ■: ^When^ it is evident ^ all that the 
Method of Fluxions does or ever did propofe^ being either 
to determine- the Velocity {or Fluxion) wherewith a gene^ 
rated ^antity increafes in any given Point ; or elfe to 
fum up all that has been defcribed or generated by fucb 
continually variable Fluxion^ during any given Time^ tnr 
to any given Point of the Fluent or generated ^antity. 
Thefe two Things alone are the two Bafes on which this 
noble Structure {the Method of Fluxions) is to be ereSled. 
All metapbyfical Speculations^ of what Nature foever^ 
having no Bufinefs here. 

ifhall now. bring an Injiance or two out of the Phano^ 
mena of Nature^ which will help the Reader* s Notions a 
Uttk i and will pew ^ that what has been f aid before^ con-- 
cerriing the Nature and Idea of Fluxions^ is really true^ 
und agreedble to the Nature and Conftitution of Things. 
Let a heavy Body defcend through a perpendicular Height 
*/ i6t\: Feet in one Second of Time^ according to the 
Gallilean Hypothefts of Gravity ; then at the End of this 
Second of Time^ the Body has acquired a Velocity of 
^ii Feet in a Second \ %vhicb therefore is accurately 
known. "Now take any Point A in the right Line^ at 
any given Diftance from the Place the Body fell from^ 
and the Velocity which the falling Body has in the Point 
A may be moft accurately computed. But take any Point 
above A^ though at ever fo fmall a Diftance^ if it he . 
diftant at all from A^ and the Velocity in that Point 
will always bejomething lefs than in the Point A. Ani 
in like manner the Velocity at any Point below A^ though 
indefinitely near itj will be fomething greater than in Ai 
and therefore it is plain^ that to the Point A^ there bc^ 
longs a certain determined Degree of Velocity^ which be* 
longs to^ no other Point in the whole Lincy and this is ac* 
curafely the Fluxion of that right Line in the Point A \ 
^nd is the Velocity with which the Body would proce^d^ 
if the Force of Gravity Jhould be fuppofed immediately tok 
xeafe when the Body arrives at Ay and to a8 no longer. 

Let 
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Let there be a glafs Tube^ open at both Ends^ and 
wbofe Concavity is of different Diameters in different 
Places^ let it be immerfed in a running Stream of dear 
Water ^fo that the Water may flow freely through it^ and 
always fill the Tube. Then it is evident^ that in different 
Places of the Tube^ the Velocity of the Water will be re* 
ciprocally as the Squares of the Diameters of the Tube^ 
in thefe Places^ and will therefore be different. Therefore 
if you mark any Place in the Side of the Tube ^ and fup^ 
pofe a Plane to pafs through the Tube perpendicular to 
the Axis^ or to the Motion of the Water ^ then the Wal- 
ter will always pafs through this Seffion with a certain 
determinate Velocity. But fuppofe another SeSion to be 
drawn^ though ever fo near the former ^ then {by reafon * 
of the fuppofed different Diameters) the Water flows 
through this with a Velocity different from that it did at 
the former: And therefore that given determinate Velo^ 
city belongs only to one Jingle^ indivifible Pointy or 
SeSiion of the^ Tube^ and this is the Fluxion of the Space 
which the Fluid defcribes at i that Seilion ; and is tha( 
uniform Velocity with which the Fluid would continue 
to movcj if the Diameter continued the fame through the 
fucceeding Part of the Tube. Something like this may 
be obferved in a River ^ for there the Velocity is greatefi^ 
where the Dimenfions are leaft^ and Ufs where thefe are 
greater. 

Again^ let a hollow Cylinder be filled with Water^ 
and let it flow freely out through a Hole at the Bottom 
of it. It is well known ^ that the Velocity of the effiuent 
Water depends on the Height of the Water within the Cy^ 
Under ; and therefore^ Jtnce the Surface of the incumbent 
Water continually defcends without any the leafi Stop^ 
the Velocity of the effiuent Stream will continually decreafe^ 
till it all be run out. Therefore it is plain^ there can be 
no two Moments of Time^ fucceeding each other ever fo 
nearly^ wherein the Velocity of the running Water is pre- 
cifely the fame. And therefore the Velocity that the: 
effluent Water has at any given Point of Time^ belongs 
only to that one particular^ indivifible Moment, of Time^ 
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end no other : And this is accurately the Fluxion of the 
Fluid flowing out at that Moment of Time^ Now ^ 
frtdfely at that Moment you begin and continue "to four 
more Water into the Cylinder^ fo that the Surface *of the 
Water may dejcend no lower j but keep its Place \ thei^ 
the effkem Water will ajfo retain its Velocity^ and con^ 
tinue 'to be the Fluxion of the Fluid as before. Now 
tbefe are the genuine Effe3s and Operations of Nature 
itfelf ; and do^ in a tnanner vifibly^ confirm the Truth 
ef what has beenfaid of the Nature of Fluxion. 

From tbefe Examples^ and many more that might be 
produced^ it is clear to me^ that it is an effential Pro^ 
petty of the Fluxion of a generated ^antity^ that it 
does not retain any one determined Value for the Uafi 
Space of Time whatever ; but at the Moment it arrives 
at that Value^ the fame Moment it leaves it again ; fo 
that it only paffes gradually and fucceffively through all 
the indefinite Degrees contained between the two extreme 
Values which are the Limits thereof during the Gene-^ 
ration of the Fluent : That isy in cafe the fluxion be 
variable at all\ but if it is invariable^ the extreme 
Values^ and all the intermediate Degrees are but o,ne and 
the fame Value. And therefore^ although any determi- 
nate Degree of Fluxion does not continue at all •, yet every 
Fluent has {intrinfically) in itfelf^ fome determinate De- 
gree of Fluxion^ at every determinate^ indivijibk Moment 
of Time. 

It being now^ I fuppofe^ made evident ^ that every 
generated ^antity has every where a certain Rate of 
increafing {called its Fluxion) whofe abfiraSl Value is 
determinate in itfelf^ at any determinate Point of that 
^antity : Therefore to find out its Value ^ or its Ratio 
Jo any other Fluxion^ is a Problem firiSly geometrical. 
It remains to enquire in general how we muji compute 
this Value. And here the only^ or at leafi the moft na- 
tural Way iSj to get the Proportion of the Increments 
generated by the Fluxions in all Suppofitions of Magni- * 
tude of tbefe Increments^ and from thence colleil the 
Ratio they fkft begin mth, Whejf the Fluxions and 

Moments 
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Moments of the ftmple literal Quantities are defigned 
by proper Symbols » // will be eafy by the binomial Tbeo-^ 
rem to find the contemporary Increment of any compound 
^antity ; for that will be exprejfed in the Form of a 
Series. Now although it is evident^ that this Incre* 
ment of the compound ^antity is not accurately the 
Fluxion of it in any determinate Points becaufe that 
very Increment is generated by a Fluxion continually va^ 
r table \ yet it is as evident, that it continually approaches 
to ity by continually diminifhing the Increments of the 
fimple Quantities. Here then will be had in general^ the 
Ratio of the Fluxion of a ftmple ^antity to the 
Fluxion of that compound ^antity^ and in the* lowe^ 
Terms J and that as n^ar the Truth as we pleafe^ whil^^ 
we fuppofe fome^ though very fmall^ Increment aSually 
defcribed. But Jince the Ratio of tbefe Fluxims is re^ 
quired for ^ and belongs only to^fome one indivijible PpinC 
of the Fluent^ that is, in the very Beginning of the 
Increment^ or when there is no Increment at all geni'- 
tated 5 therefore in this particular Cafe making the 
Values of the fimple Increments nothings which before 
was expreffed in generdly and then all the Terms wherein 
they are found willyanifh^ and what is left will accu-- 
ratelyjhow the Relation of the Fluxions j for that fingle 
indipifible Point where the Increment is fuppofed firfi 
to commence^ or was required. For this abftraSl Value 
of the Fluxion belongs to no more Points than one of the 
Fluent ; and therefore of Confequence the Moments mufl 
be made to vanifh^ after wehave feen by the continual 
Diminution thereof^ whither the Ratio tends^ and what 
it continually connjerges toy winch will beasvifible to 
every Body as 'the very Char alters it is written in. And 
*if any onefhould doubt of the Truth of this^ Ifhouldfor 
ever defpair of convincing him of any Thing at all. The 
Increments here muft neceffarily be made ufe of not to 
determine their Magnitude^ as fome have abfurdly ima- 
gined^ but as a Medium in our Reafoning^ to difcover the 
^antity of the Cauje that produces them^ they being 
the continual EffeSs of the Fluxions 5 and how caH we ^ 
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'judge of the Force or Efficacy of a Caufe^ without con* 
Jidering the Effe£l fhat it does or sould produce : For tbaf 
like Caufes are proportional to their EffeSs can never b^ 
denied^ except by thofe that can deny any Thing, This Way 
of Reafoning and Method of JJemonJlration then muft 
he exceedingly clear and convincing to all that are duly 
qualified to examine and conjider it^ and do not with a 
4noJi unaccountable Objli^acy^ and invincible Prejudice^ 
refolve to yield to no Reafon at ally though laid before 
them as clear as the Sun. 

And here it may be worth obferving^ that in the 
Procefs of this Demonftration^ the Terms which va- 
nified out of the Increment of the compound ^antity^ 
did plainly arife from^ and was generated by the Va- 
riation of the Fluxion of that compound S^antity % and 
Jbe remaining ^antities alone are thofe generated by 
the Fluxion it f elf 

The Eafmefs and Simplicity of this Method of De- 
manftration is no fmall Argument for its Truth and 
PerfeSion. The Simplicity of Truth is its great Beauty • 
And by this Mark it here proves itfdf to be the genuine 
> Off'fpring of Nature and Truth. But if any Perfons 
will not ajfent to the Trnth of thefe Principles ^ I would 
have them fufpend their Judgments^ left they make it ap» 
pear that they have no Judgment at all. In the mean 
Time let them compare the Refults and Conclufions ob^ 
tained by the Method of Fluxions^ with the like Conclu^ 
fions obtained by other undifputed Principles or Methods 
' of Calculation \ and if thefe Refults continually agree^ 
then it is a convincing Proof (at leaft a pofteriori) that 
^ the Principles from whence they are deduced rhuft be 
equally^ true. But if any P erf on that plainly dif covers 
himf elf unacquainted with mathematical Principles^ fhall^ 
otit of his Aver/ion to thefe Sciences^ cavil and difpute 
againft the Principles here laid down^ and which he 
underftands nothing of\ and endeavour to put the Iffue 
on fuch a footings as neither himfelf nor any Body elfe 
can underftand any Thing about it, by running the Ac- 
count of it into the dark : I think it can be of no Con- 

feq^ence 
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fequence at all to trouble a Man's felf with this Sort of 
Anti- Mathematicians, Ignorance^ Malice^ or Preju^ 
dice can deferve no Notice. 

And tkus much I chocs' d to fay here by Way of Pre^ 
face^ rather than in the Book it felf ^ (which 1 would 
not encumber with needle fs Difputes) concerning the Na* 
ture and Principles of Fluxions ; a Thing eafy enough 
to be underjloody and rendered difficulty more by the in^ 
tricate Difputes that have been dragged into it by the 
Enemies of Science i than from the Nature of the Thing 
itfelf 7hedivineNcvjton {whofe Works will laft as 
long as, the Sun and Moon) ckarlyfaw that this Matter 
did not at all require to be built upon any metaphyjical 
Speculations ; he^ by exprejfmg the fimple Moments by 
general Chara&ers^ did thence derive^ by infinite Series^ 
the Moments of compound Quantities ; from whence be 
gets the Proportion of the tluxions for any indetermined 
Values of thefe Moments^ from which general Proper* 
tion he at laji gains their Proportion for' that particular 
Cafe where the Moments firfi begin^ or at lafl vanifhinto 
nothing. And thus he has given a Bemonjiration ex-- 
tremely eafy and compleat in it felf 

If Arts and Sciences of many hundred Tears Jianding 
receive daily Improvements and Additions^ it cannot be 
fuppofed that this mofl fublime Art of ally found out bui 
Tefterday^ can be arrived at PerfeSion all on afudden. 
If this Art be fo exceedingly ufeful and Valuable j it 
certainly deferyes the Pains and Attention of the learned 
Mathematicians. And the World muft expeii^ that the 
Beauty of this Method will excite them to lend all their 
AJJifiance towards the Advancement of fo noble a Branch 
of Learnings whether it be in improving the Theory ^ cr 
facilitating the PraSiice. . Therefore I hope 1 fhall be 
excufed at leaft^ if among others^ I endeavour to con^ 
tribute (i little towards this great End. 
. The following Book is divided into three SeSions : In 
the firft are laid down fuch univerfal Propofttions^ as are 
the Foundation of all that I)o£lrine. The fecond SeSion 
applies tbefe Principles to the Solution of the tnofi gene- 
ral 
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ral Problems^ or tbofe of moft frequent Ufe in the Ma^ 
thematicks : And here many of the Problems fo often 
done ky others^ are refolved by Methods entirely new^ 
and J I think J more fimple ; and therefore will by many 
Ferfons be more eafily apprehended in this Form. And 
becaufe the Refolution of phyfical Problems has been lit^ 
tie touched on by others^ I have added the third Seffian^ 
wb£ne you have the lnveftigatie:t of fome of the chief 
fhyftcal Projflems in the Phenomena of Nature. And 
in this SeSlion^ it may perhaps pleafe a Reader of the 
Principia {the greateft human ProduSiion that ever ap^ 
peared in the World) to fee many of the Author^ s fubtle 
Problems refolved by his own Analyjis. 

It is not in the leaft pretended that all Things here 
treated of are new % for 1 have colleSied many Things 
which 1 thought material for forming this Dodtrinc int0 
a regwlar Syftem ; and what was wanting I endeavoured ' 
ta fupply as well as I could i not that I take it to be 
perfeSi : For there are many Defiderata ftill wanting to 
tompleat the Science. Becaufe the Method of finding Flu- 
ents by the tables is exceeding compendious and ufefuU ^^d 
has yet been but very flightfy paffed over by the Writers on 
this Subject : I have been at the Pains {which was not 
a little) to eompofe a new Table j whofe Ufe will appear 
upon trial to be far more eafy and intelligible than any 
extant \ and no lefs extenjive. And for the Explana^ 
tion and Ufe of it^ I have given ^ vaji Variety of Ex^ 
ampies throughout the whole Book. Tet I have not 
omitted the mt^ general known Rules for finding the 
Fluents by infinite Series ; and have infer ted the general 
Forms of them in the Table. In the Ufe of which Table 
there is not the leaft Difficulty^ there being nothing re* 
quired but a bare Subftitution of S^uantities. But as to 
the Refclution of Problems by itrfinite Series^ I have 
been more f paring of that, becaufe it has been well pro- 
fecuted by others. I am not ignorant, that {by the Me- 
thod of Tranfmutation of Fluxions) this Table might 
have been further extended, and other more compoundea 
Forms ffUght have been infeirted. But, conjidering bow 
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fiidom tbefe came in Ufe^ I thought it needkfs to carry 
it any further. I have all along^ in my Calcidati<ms^ 
ufed difiinS CharaSers f&r the Fluxions and Moments^ 
ftnce they ought not to he cot^ounded together. And in 
mofi Problems (except fuch where the Rea/oning is fo 
eivious as not to need it) I have ufed both of them ; 
beginning firfi with the Moments^ and fubftituting at lajt 
the Fluxions for the evanefcent Moment f which are pro^ 
portional thereto. 

In all tbefe things I have dejignedly been very fbort. 
For the general Rules and Methods af Operation being 
laid down in as few Words as poJSible^ the Examples 
will explain their Meaning^ and Ufe. In the matbema-- 
tical Sciences I have taken general Methods to be befi ; 
nnd they that deal in the detail of Things^ andfpin them 
out to an unneceffary Lengthy making thereby a pompous 
fhow of Words only^ do certainly mifpend the Time of 
their Readers : Since one great End to be aimed at in ' 

the Sciences^ is to abridge and reduce them to the moft 
general and concife Rules. 

As I am not confcious of any Faults I have committed 
in this Treatife^ fo I hope they are but few. But in 
fuch a vafi Variety of Things of the moft intricate Na- 
ture, it is hardly poffible but fome will efcape. There- 
fore I muft beg of the courteous and good natur^d Reader 
{for whom alone it was written) that he will rather 
kindly inform me of my Errors and DefeRs^ than cen- 
fure and condemn the Book. For as Truth is what I 
feekj Ifhalkwith Pleafure retraSl or correH any Thing 
1 have written^ when it appears inconjiftent with that 
or the Reafon of Things. 

Laflly^ let me acquaint the Reader^ that it is indifpen- 
fably required^ that he perfeSly underftand Arithmetic^ 
Geometry^ and Algebra in all their Parts and Improve^ 
mentSy the Methods of Series^ DoSIrine of Proportidns^ 
liature of Logarithms^ Mechanics^ and Laws of Mo» 
tion^ &c. all which are to be learned from tbefe particular 
Sciences to which they belong. For . / am clearly per^ 
fuaded^ that it is the beft ^ethod to &eat every Science 

' diftinSl 
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diftinSi and fntire by itfeif^ without the Mixture or In* 
terpojition of any Thing foreign to the SubjeSi. And 
therefore in this Treatife I have delivered nothing but 
the pure Dodtrine of Fluxions alone. It would be but 
loft Labour for any P erf on unacquainted with thefe Pre- 
cognita, to fpend any Time in reading this Book ; or 
indeed to attempt to read any fuch like Treatife with arvy 
lolerable Judgment, The Confequence would be^ that 
either the Author or the Difficulty of the SubjeSl muft be 
blamed^ as is always the Cafe •, but never the Reader. 
But then if he comes thus prepared^ this will make 
every Thing eafy and pleafant^ and he will then find 
few Difficulties here^ but what he will eajily furmctunt. 
All which I fubmit to the Perufal of the candid and 
Judicious Reader. 

W. Emeribn. 

p. S. In this fecond Edition I have made many Alte- 
rations and Additions in feveral Parts of the Book^ 
which are too tedious to mention : But the Additions of 
principal Note are thefe^ in SeSi. L feveral more Exam- 
pies of transforming Fluxions are added to Prop. 9. as 
alfo more Examples of finding Fluents^ to Prop. 10. 
There is alfo fome farther Explication of the Ufe of the 
^abk'y likewife Ex. 10 and 11 to Prop. 13, are en* 
largedj and more Examples added. In Se£l. 11. Prob.i. 
is enlarged^ amd two more Problems added at the End. 
Likewife I have added a new Problem at the Beginning 
of Se8. III. and feveral more phyfical ProbLms at the 
End of ity with two new Copper Plates^ 
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POSTULATUM. 

That any §luantity may be fuppofed to be ge^ 
nerated by continual Increafe. 

H* ER E Quantities arc confider*d, not ai 
compofed of an infinite Number of con- 
. ftituent Parts, but as defcribed by a con- 
. tinucd Motion. Thus a Line is defcribed 
by the Motion of a Point ; and a Reftangle may be 
conceived to be generated by the Motion of one Side 
along the other ; and Time proceeds by a regular 
Flux. And all other Quantities may (by Analogy) 
be conceived to be generated after the fame Manner. 

m 

Definitions. 

Definition I. 

Quantities generated by a continual Incrcafe ^e 
called Fluents or Flowing ^antities. Thofe Quanti- 
ties that alway-s retain the famie Value are called given^ 
€Qnfiant^ Jiandingy or invariable ^antities ; and thofe 

B that 
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that arc continually changing their Value arc called 
variable or indeiermin'd families. 

Thus in a Circle the Diameter is a conftant Quan- 
tity ; and the verfed Sine and correfpondent Sine arc 
variable Quantities : Alfo in a Parabola, the Latus 
Reftum is a conftant Quantity, and the Abfcifa and 
correfpondent Ordinate are Variable Quantities* 

Def. 11. 

The Velocity of the Increafe of any generated Quan- 
tity, or the Degree of Quicknefs (or Slownefs) where- 
with the new Parts of it continually arife^ is called its 
Fluxion. 

Thus when a Line is generated by the Motion of a 
Point, the Line itfelf is the Fluent, and the Velocity 
of the moving Point is ftriftly its Fluxion. But Ve- 
locity is never properly afcribed to any Thing but 
local Motion, and is ufed in this Definition, rather to 
defcribe what is meant by the Word Fluxion, than to 
define it. Velocity is tho fame in a particular Senfc 
in Relation to the Space defcribed, as Fluxion is in 
a general Senfe in Relation to the Fluent generated 
thereby. Velocity is allowM by all to be a (imple 
Idea, and fo is Fluxion too. When a Man confiders 
the Generation of feveral Quantities, after this Manner, 
he will find fome to increafe fafter, others flower ; and 
confequently that there are comparative Velocities (or 
Fluxions) of Increafe during their Generation : And 
thu5 he will by Degrees get the Idea of a Fluxion ; 
but without filch attentive Confideration, he will never 
. be the wifer for all the Words in the World, 

Def. III. 

- The indefinitely fmall Portions of the Fluent which 
are generated in any indefinitely fmall Portions of Tiaie 
arc called Moments or Increments. Or if the Fluent 
decreafes, the Portions continually dcftroy'd are called 
Decretmnts. 
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Thefe Moments are the immediate EfFeds of the 
Fluxions, and are thofe Quantities by the continual 
AcceflSon of which the Fluent increafes and grows big- 
ger and bigger : That is, any Moment confider'd alone 
is the adequate EfFeft of fome fingle determinate Fluxion 
which is (confider'd as) its generating Caufe. There- 
fore the Moments and Fluxions ought not to be con- 
founded together, fmce the Moments (being generated 
by the Fluxions) are as different from the Fluxions, 
as any Effed is different from its Caufe, 

Dcf. IV. 

The Velocity^ Variation^ or ^icknejs of Increafi 
{oxDecreafe) of any Fluxion is called the fecond Fluxion ; 
likewife the Variation or Quicknefs of Increafs of tl^c 
fecond Fluxion is called the third Fluxion, &c. 

As in the Generation of any Fluent, the different 
Parts of it may be generated fafler or flcjwer, that is, 
its Fluxion at different Times may be unequal ; fo 
there mull be Degrees of Variation by which it is con-^ 
tinually changing, that is, it muft have a fecond Fluxi- 
onl And in like Manner this fecond Fluxion may 
alfo be continually variable, aiid therefore muft have ^^ 
a certain Degree of Variation in every Point, or a third 
Fluxion. And fo on, 

Def. V. 

Contemporary Fluents are thofe which are fuppofed 
to be generated together or in equal Times 5 or which 
begin together and. end together. 

Def. VI. 

In any Fluxionary Equation, a ^antity of thejfr/? 
Order is that which has only one firft Fluxion in it ; a 
Sluantity of the fecond Order has either one fecond 
Fluxion or two firft Fluxions : ^antities of the third 
Order ^ are third Fluxions, produft of three firft Fluxi- 
ons, produdl of a firft and fecond Fluxion, (£c. 
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Notation. 

1. The firft Letters of the Alphabet, a^ b^ r, £sf^. 
are generally put for ftaading Quantities ; and the lafl: 
Xy y^ Zj &?f • for variable or flowing Quantities. 

2. If X or J be put for any fluent or variable Quan- 
tity, then the fame Letter with a Point over it x, j^, 
denotes the Fluxion o(xory refpcftively j^ and tfac 
fame Letters twice pointed x and y\ arc the Fluxicms 
01 X and J/, or the fecond Fluxions of x apd^ ; thus 

X and J are the third Fluxions of x and j^: Likewife 

X andjy denote the fourth Fluxions of at and j^, tf^. 
alfo the Fluxion of ^ or ^ is o. 

3. Again, x denotes the Moment or Increment of 

Xf zndy the Moment or Increment ofy-^ likewife x and jf 
denote the Moments of the Moments, or the fecond 
Moments of x and y^ ^c. 

4. To the common Algebraic Charafters already 
received 1 add this OC , which fignifies a general Pro- 

BC 

portion ; thus, A OC -r—, fignifies that A i^ in a con- 

BC ^ 
ftant Ratio to-—; that is (if ii,^,r, d be other Values 

^ BC be 

of thefeQuainities) A : -zr- :: a: -r\ and thus every 

u a 

general Proportion is to be underftood. ' ' 

Axiom. 

Quantities, which in any finite Time continually 
converge to Equality, and before the End of that Time, 
approach nearer to one another than by any given 
Difference, dp at lafl: become equal. 

If any fhould think this not clear enough to pafs for 
an Axiom, he may confidcr it thus; let D be their ulti- 
mate Difference, therefore they cannot approach nearer 
to Equality, than by that given Difference D, contrary 
to the Hypothefis ; which Suppofition is abfurd in all 
Cafes except when D is nothing. SECT* 
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S E C T. I. 

77>e fundamental Principles and Operas 

tions of Fluxions. 


P R O P. I. 

The Fluxion of atiy Fluent or gemrated Quantify 

. is equal to the Sum of the Fluxions of all the 

Roots or Sides^ each multiply d continually by 

the Index of its Power ^ and ay the given Fluent 

divided by thefaid Root or Stde. 

Demonstration^ 

J.ET the Fluent be bp^ y -, now its Fluxion muft 
be a Thing real and determinate in itfelf, other- 
wife wc arc feeking that which has no Exiftence. By 
the Notation, is and j^ are the Fluxions of ;i; and^ % 
and will produce Effefts, that is, will generate Mo* 
rnents proportional to themfclves whilft they retain 
their Values, which therefore may be expreflfed by 
oxy oy. • 

2. Now by the Poftulatun)* thefe Moments if ill 
increafe the Quantities Xy y^ which therefore will be* 
come x-^-oXy and y-^oy. 

3. Therefore the Fluent bx y will now become 


PX^+ox^ Xy+oy\ zzbX: X + «;^ ox + 

tn — 2 2,1 ^^ »' «— I . . 11—2 2.2 cji 

fx X y i^c. X •y +»y oy + sy oy ^ cfr. 

where />, j are given Quantities. 

4. The 
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4. Thelaft Quantity being aftually multiply 'd, and 


9M M #M^^^» V 4V 

h9c y fubftradted from it ; we {hall h^ve bmx y ox 

, - m n — 1 . , m — 2 « 2 . 2 

+ inx y cy + bpx 


y X + pqx y y 


m n 


Imnx^ ^y o'y x + , ^c. for the Moment of bx'^y"^ 

5. Therefore the Moment laft found being divided 
by the indefinite Quantity ^,^ will give the Fluxion of 

ix y equal to bmx y x 


+ bnx y y 


m 


^/^ ^ ^a; + bqx y 


.2 . , j» — I n — I 

oy +bmnx y oyx 


+, ISc. and this is the Fluxion (or Velbcity) where- 
with the foregoing Moment is (or may be) uniformly 
generated. 

6. But fincc the (Velocity or) Fluxion is required 
wherewith that Moment firft arifes, in this Cale the 
Moments ox and oy will alfo be juft arifing and there- 
fore nothing, and confequently will be nothing, and 
therefore all the Terms wherein it is found will be 
nothing; 

7. Therefore the Fluxion of ^a?*j" at that Moment 

of Time is accurately bmx y x '\' bnx y y. 
Q.E. D.. 

Otherwife thus, 

1. Let X and^ be very fmall Increments uniformly 
genej^ated by x and jf', in a very fmall Time. 

mm 4^ 

2. The Quantities x^ y^ bx y then at the End of 

that Time are become ^+Ar,jr4-y, and ^x^+^ X 

^ 

y +y 9 and the Increments generated in that 

Time 
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Time are x, ^ and mx y x +. bnx y ' y + 

^x y X + iqx ;^ y + ^^^^ y ^ +>"^. 
= M by Subftitution, where note p^ q are given 
Quantities. ^ ' 

3. Now fince x :y : : x :jy =:-r-, becaufc the 

X 

EfFcfts of like Caufes are proportional ; therefore ex- 
pungc y out of the Value of M, and we (hall have 
the Increment of x to the Increment of tx y zsx to 
M or as I to— 7 5 that is, as x to bmx '^ y x + 

' X 

tnx y y + hpx y xx + bmnx y ^ + 


%V""^X "?- +, fcfc. = P + Qi, £ffr. by Subfti- 

X 

tution, (putting P for the two firft Terms, and Qy, 
i^c. for the reft). 

4. But X is the FlOxion of x, therefore P+Qff is 

the Fluxion of ^a; y . But fince this laft Fluxion P+Q;^ 
is not that with which the Increment begins to be ge- 
nerated, which we feek : It is evident that by dimi- 
nifhing the Time, or which is the fame thing, dimi- 

niftiing x^ the Fluxion P+Qff continually converges 
to that Fluxion (or Velocity) wherewith the Increment 

firft arifes,' and before x be diminifh'd to nothings is 

nearer to it than by any given Difference 5 and therefore 

• 

by the Axiom when x is nothing, and confequently 
Qx nothing, then P or brnx""^ y in + hniTy^ y 


m n 


will be the Fluxion oi hx y . In like Manner it. 
may be dcmonftratcd for any other Quantity. Q^E. D. 
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Cor. 1. A Fluent can hare but one Fluxion : Thuf 
the Fluxion oix can only be ;? ; of ax*^ 2axxj C^c. 

Cor. a. When the Fluxion of any Quantity is the 
fame with a propofed Fluxion* then that Quantity is 
its Fluent. 

Scholium. 

As clear and evident as this Propofition is, yet ic 
has been cenfurM as falfe and erroneous ; though the 
Ferfons that objed againft its Truth were never able 
t^teli us what the Error is, nor whether the Fluxion 
of any Quantity is greater or lefler than is afiign'd by 
this Propofition. 

For a further lUuArationi let us fuppofe that x and 
y are uniformly diminilhed by the very fmall Incre- 
ments X and y. Then be reafonkig as before, we fliall 
get the Fluxion (or Velocity) of the contempora- 

m jT f f ftt ft J n Iff. ■ « ffi fi"^^ I • 

ry Moment oi bx y n bmx y x +bnx y J^ — 


ppx y XX 


bmnx 


I n — I ' . 

y xy 


bqx y xy 


^c. iz P — Qxy G?f • Now by continually diminifli- 

ing Xy it is manifeft that P — Qy, iSc. will differ from 
the Fluxion the Moment firft arifes with, by a Quan« 

ty lefs than any afCgnable, before x be reduced to 
nothing. 

Now when we fee that whilft x-^-x converges to x^. 

that at the fame Time P+Qx, ^c. converges to that 
Fluxion the Moment arifes with, and differs in Excefs 
from it by k& than any given Difference, and ftill dif* 

fers the lefs, the lefs x is taken ; and when x is bfi- 
nitely fmall, that Difference is inBnicely fmall in Ex"'^ 

cefs; And feeing alfo that whilft ;r--^y converges to- 
wards 
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wards x^ likewife P-^Qy, ^c. approaches to the 
Fluxioa the Moment vanilhes with (or the fucceeding 
Moment begins with, being the fame the other con- 
verged to) and differs in Defeil from it, by lefs than 
any giyen Deference, and ftili differs the lefs as 

* is lefs, and when x is infinitely diminifhM, that 
Difference is infinitely fmalt in DefiSi. If any on^ 

after ati this fhould contend, that When x is quite 
vanilh'd and become nothing, that the Fluxion of 
kk^f is not accurately P or brnx'^^^y^'x -^-hnx^f-^^y j 
I think no man ought to give himfelf any Concera 
at all for fuch an Advetfary, or take any further 
Pains for his ConvifUon. 


p R o P. n. 

If two Fluents or variable Sluaniitm be equal to 
-each other y or in a given Ratio ^ their Fluxions 
, will be equaly 6t in the fame given Ratio. 

And if tnvojhixionar^ Quantities are equal or in 
a given Katio ; their contemporary Fluents will 
be equal or in the fame given Ratio ^ 

For (ince the Quantities always continue equal, or 
in a given Ratio \ the continually arifing Increments, 
and therefore the Fluxions proportional thereto, will 
neceilarily be equal or Jn the fame given Ratio. 
And vice versd^ the Fluxions or generating Caufes 
being always equal or in a given Ratio ^ their Effects 
or contemporary Fluents will therefore ht equal, or 
in the fame given Ratio. Q^ E* D, 

P Cor; 
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* 

Cor. I. Two fluxionaiy (^antides may be eqinity 
and their fimple Fluentis unequal. For (by this Prop.) 
only the contemporary Fluents can be equal. Aiid 
therefore 

Cor. 2. A Fluxion may have an infinite Number 
of Fluents : thus'the Fluent pf A is x^ ^ + ^> ^ + ^> 
f +x, ^— ^,^— ^, ^ — r, &c. 

Cor. 3. If any Fluxion be equal (or nearly equat) 
to fome other Fluxion, in fome particular Gafe^ then 
the one may be fubftituted for the other in any flttldo* 
nary Equation, and theii' Fluenu will be equal in that 
particular Cafe, (or nearly foO 

Cor. 4. If there be any Reladon whatfoever be-^ 
tween the Moments of feveral Qiiantities in their'na* 
fcent or evanefcent State; the fame Relation there is 
alfo between the Fluxions of thefe Quantities. 

Cor. 5. And therefore in any Equation between the 
Moments confiderM as arifing, the Fluxions may be 
fubftituted in their Room ; and the contrary. 


PRO P. UI. 

Given an Equation containing the Rehition g/* dfe 
favlnng Quantities ''^ to determine the Rtlation 
of their Fluxions. 

SoLUTiok. 

1. If any Term contains only otie variable Quan- 
tity ; multiply its Index, the Fluxion of the Root, its 
Power whofe Index is leflened by i, and the Coeffi- 
cient of the Term continually, tor the Fluxion of 
that Term: 

2. If any Term involves feveral flowing Quantities^ 
obferve what Power of any variable Quantity is con- 

tain'ij 


./ 
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* * 

tain'd in that Term, and multiply the Fluxion of that 
Power (found by Art. i.) by all the other Quanti- . 
ties in the Term ; do the fame for all the variable 
Quantities \ the Sum of all thefe ProduAs is the . 
Fluxion t)f that Term. 

3. I^pe^t^ the " fame Operation for all the Terms 
in the Equation ; and the Sum of all gives an Equap 
tip9 cof^ainjin^ the Fluscions required* 

4. In (jppbnential Equations, or thole whofe Ex- 
ponents arenrariable ; let X» Y» Z, &^. be the hyper- 
bolic Logarithms of x, 3^ z^ &c. then multiply the 
Jndex or any Quantity into the Logarithm of thsit 
quantity^ and youMI have a lo^rithmic Equati6h» 
whofe Fluxion is to be found by the forgoing Rules : ] 
Then expunge the logarithmic Fluxions x; Y, 6r t, 

by fubftituting their equals — , — » or — i the Rea- 

' ^ y , 2j 

fon o^ which will appear hereafter by Prob. IL 
Sea. IL 

5. Sometimes it may be convenient to divide the 
Equation given, by fome of the indetermin'd Quan- 
tities conuined in moft of the Terms ; or to fubfii- 
tute fingle Letters for compound Quantities. 

Example i. 

Ijt^y—a+x -^ z — * — dx % then the Fluxion is 

Ex. 2. 
Let pczzay\ then the Fluxion of this Equation i^ 

Ex. 3* 
Let^s:^^*, the Fluxion \%jfzziax»s. Or in par- 
ticular Numbers, let ^^iio, x=t, then j^z;20j?« 
Now if xzzi^ then jizzzo. If x=2, 3, 4, fcfr* 
then j^ =40, 60, «o, (^f. 

Ek. 4- 
Let 2=120^;^, the Fluxion is 2=1 20»^«*—*i. ■ 

C 2 Ex. 
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Ex. 5* 

Let \/aa — x;c zz jr, that 13 aar^xxr zzy ; its 

FJuxion is 4 X -^^x Xaa-^ xx^'^ rrp^, or. "^"^^ 

y/aa^—xx 
—y. In Numbers thus, let ^;=:io, x=:i, then y 

= ■ ■ -f and if A?=:o, then y =^^^^ =:: o. 

If x=3, j^ = ^ . If x=:6, then^=^ . If 
^=10, y ='— — = — Infinity ; and fo of others. 

Ex. 6. 

Let v.:zix^y^^ the fluxion is izz^^hy^x^x +ztx^yy^ 

Ex. 7. 

X 

Let -^m^;, that is x^y^ —Vi the Fluxion is 

• • 

X XV 

'X — I X Ar»j^"'*j' = ^, or — — --~ = V, that is 

t ^ zzv. 

yy 

Ex. 8. 
Let Af' — ^flf*4-/wfy— j?»r=o. Its Fluxion will be 
2X*x — zaxx ^axy-^ayx — ^^yzzo. 

Ex. 9. 

Let this Equation be given y^ — ^* =: Xy^aa — xx \ 

its Fluxion is zyyzz xy/aa — xx — ^ — 7' • or 

^aor^xx 

aax^^zx^x 
^^ y/aa-r^xx 

Ex. 
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E X, lo. 

Let ly^ +x*y'^tcyz zzz^^^^z* be gf ven ; then iti 
Fluxion is 6yy+2yxx +x*j^— 2ryz— 2rg^=32»z— h 
^zy — 6yzz. 

Or thus, divide the given Equation byjr, and you'll 

z^ 
have 2)^*+^* — 2czzz — -^^z\ whofc Fluspon is 

y. 

4yy+2xx^2cz =2— y^---^6zzi or 43rJjr + 

Ex. II. 

. ^5 — tfv* + -^-- xx\/ay+xx zzo% the FlujdOQ 

is 3>x — 2^;^y + -j^ — T+T "" 2**V^^+** 

— tfy'i — 2^^x ' ■ . . , 

= 0. Or 3X*x — lofy + 


n » 


2\/^J + XX 

Saiy^y +2ly^y 4ayxx + 6x^x + ax^y _ 

a +y* •2v/tf;^4-xy 

Ex. 12. 


'nF V ' t 


Let y/ax -^x/aa-^xx ;= v, then will tfx + 

^aa — xx:=ivv^ whofe Fluxion is ax ■ ^ i^ 

sraof-^xx 

2^v, whence vz: — — > ■ ' f or v =: 

2V 2V^(ia^^XX 
. . XX 

ax — - 


V^tf /I — ^5f 


2f^ax + y/aa — x;? 

I " Ex. 13. 

Let ay — tfx = o ; its Fluxion will be if +gf' — 

452^=0.* Or^thus, lct/=:jf, t—jc^ then i = j?, and 

/ z: iS" ; and the Equation zy ^^ax = zs'^aizz o. 

whofe 


44 .ffi< I?«CT^iH? 

whofe Fluxion zi + j[^— ^^o* that is (reftoriog 

Ij^eYali^ijlf A ia/) g'+iz— «=©, the f^me 
^before. 

_ ^^ W 
Suppoii: ivie = ^« and let ¥ fK a ^ivep. or con- 
llant Quantity, then its Fluxion is 2x*z + 2xxz = 

Or thus, let *=^, z=:/, j'=:f i then the pven 
Equation becooau ^^ = ^)!v, wii^ Fljuyipa is 
2iix+ibxiziavy+^f!9. And reftoringz, z, '>7»7 
for /, /, j^ ^ V ; yi^'Ui i^p 2Zx* + 2a^2s=<mL-4-agr, 
the Fluxion rcquire4* ' 

Ex, 15. 

Let-T^+a^r-icro, and fuppole ^ conftant; 

^ o 

then tuFh^>Amu^^ + ^^^^+yl = o. 
*» ^ jir* . x\ ft 

Ex. iff. 

Suppofe 2<j'^ — **a* ^ **z* n tf*jp* — — 7-^ , 

and 21 invariable, its Fluxion will be 2d>j^-f 201^— . 

%y:xz'- — '2*w»z— *»aye r: aa^yy— — t=»--~ -^^^ 
a' a" 

Ex. 17. 
Let Yj = w, where Y is the hyperbolic Log. of^j 
then its Fluxion is 3Y*y = * j but Y 3 — , thcre- 

fore X = -2 — ~ . 

y Ex. 


V \ 


iM 
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Supjicfejf* it *, then WHl kYsc« (wliefe 2, "B 
are me H^p. Log. trf x^y) i %\i£ Fluxion of this 

Eqttttkm is *t +t*=^ J -But t± A,»ff4t^|-; 
whence J^J^Ytc^^%: thcBcfote i? : 

lEx, 19. . ^ 

iiit V =:x^ thchflfYoiZy in Fluxions 38"Y 
-h Y -^ tluxidn «f «• i= a. 4 But (iijr Eac ;! M 

FlBJdon of ^f* — *<r-^ +: Xx'w i and ^ = 

• ■ ■ 

3L, alfoZ=^; ttaJrcfo^lZ + Yv^^'^x + 
J' . ^ - > 

YX«*^v = - r: 7^ : iVheiice "i^ 
2 ;y" 


■*«yi^^- 


^ 


+';i'Y3&f»'^ 


I. ^+1 


PRO P. IV. 

1 

Thai I fty, 


^^-*^W=:>. 


'■'t*' 


i)s* 


vs 


l^ ^be DocTRiNK 

Demonstration. 
Fori. /+i4P+«+i.ij^B=^+i.a^2!.^-tV^'^ 

ivhofe Fluentv by Cor. 2. Prop. L is 

ffi X F+m+i X nfE = zH-' e +/g^^* '. 

iTfz X T+fa^" +f2f+'z X 7+^". That is 

P=^A+/B, and the Fluent is P=^A+/B. 
Q.E.D. 

Cor. I. Hence if any one of the fluents A, B« P* 
be giyen9 the other two wiii be found. Therefore* 


COK. 3. A = •= ' g== 


>-+« 


Cor. 5. A =:*^ =^- 


P R d P. V. 

Let e +ff +gz«' + tfzv Cj?f. =:V . / =:' Number oj 
Terms inV. 
4ttd the Fluent 9f V*ztz = A. .v ' 

JFluent of Y'tHr'z rr B. 

Fluent of V"2*+»"j& =: C. 

FUmtefV'zP+i'zzzDt^^e. conl^d 
to t Quantities. * 

jind Fluent of V"+»a^» = P. tb«tt Vfill, 

■" ~ ■ i 
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I./>+i .tfA + p+i+ww-hr./B + 7 

>+i-h?iiiii-hzjf.^C4-^+i-h3ite«+3«.ifcDr— *^ ▼ • 

+, ^c. continu'd to / Tirms, 3 
II.P=tfA+/B+^C+JDD+ tSc. to /Terms. 

Demonstration. 
Let^ + izzr, « +!=:/• And putting the fir A 
Equation into Fluxions, there is r^A+r+j» x/B 
4. r+2J» X ^C+r+3J» X bh ^c. = TT^zy"^^ + 
j;2^+'\rt^; that is (rcftoring the Value's Cf V, V, 
A, B, ^c. and dividing by t^V^z) re+r+snxfz' + 

8tc. 4- jjiTX V*"""' + «igz*"~'+3;fte3«— ' &c. where 
both Sides of the Equation being manifeftly equal,- 
^XtB evident the Quantities from whence they were 
derived^ that is, tne Fluents in Equation the if):, 
inuft alfp be equal. ^ After the fiitTte Manner is the 
fecond Equation very eifily demonflrat^d. Q. E. D. 
Coil. Hence if /— i of the Fluents P, A, B, Q 
6fr. be given ; the refl will be found. 


PROP. VL 

Pui e +fz^ = V, * + fe« z= T, <i*i 
fbe Fluent of z^zV^Y^ = A. 
Fluent of 2^+-i;VYy =: B. * 
Fluent of 2^+ ^^i V* Y^ zz C. 
Alfo Fluent of z/^iV«+«Y? =: P. 
Fluent of ^s/^+^zV^+'Y^ = Q^, 

then It ^ill ht 


D I; p+i 


i8 
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I. p +ixekA, 

+ P+i+qn+nxelS 

+ p+i+mn+qn+2n,flC 

II. VzzeA +/B. 
m. CL= eB +fC. 


— 2^+«V""*"'X^"*"'» 


Demokstratiok. 

Let ^ + I n r, i»+i=:/, j+i=/; and 
putting the firft Equation into Fluxions, we have 


rekA 


+ r+snxfi 


U 


B + r + J» + /« X/C = 


Then reftoring the Values of A, B, C, V, Y, and 
dividing by W"Y^ and then expunging V, Y ; 

we have rek "^ LJlfl^-^* W + r+sn+tn xjlz^ 
+ r + m x el J 

rz rx e+fz"" X Jt+l2f + snfz' x k+lz'' + tnl^f x 
e +f2f, an Equation whofe two Sides (when reduced) 
being manifeftly the fanie, argues the Equation from 
whence it was deduced to be a true Equation. And 
the fame may be eafily (hown of the other two Equa- 
tions. Q-^ E. D. 

Cor. Hence if any 2 of the Fluents A, B, C, P, Q 
be given ; the reft may be found. 


PROP. VII. 


Let e +fz'' +1^2*' + A23« (^c. 

t = Number of Terms in V, V 
in Y. 


V. 
Y. 

: Number of Terms 

And 
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Jnd the Fluent of z^zV-Y? = A. 

Fluent of z^+'iVY? = B. 
Fluent of z^+*" zV-Y? = C. 
Fhunt <?/ z?-f-3"2;V"Y? =: D. G?f. (onthai'd 
to t + f — I ^antities. 

Alfo Fluent of sfiiV'+^Yi = P. 

Fluent of zf+'zV'+'Yi = Q. . 
Fluent of 2^-H»zV*+» Y? = R. 6?f. ««- 
/M«*i /0 T ^antities. 

Then I fay, ^ 

4-/ + 1 +«» + j» + 2» ./f C +j>+i+'»»+2g»+3g .A 

+/+i+3«»»+3» X '^^ 
+ &ff. (continued to / + t — i Terms) = 

2i^+«V"+'Y?+'. 

II. V = eK +fB +gC+bD ^c. to t ^erms. 

III. Q= tfB +/C +gD+hE i^c. 

IV. R = (fC +/D +^E + ibF &?f. 

V. S =tfD +/E +^F +K5 £sff. ' 
i^c. continued to r Equations. 

This is dcmonftrated like the foregi^ng. » 

Cor. Hence if / + t ^ 2 of the Fluents, P, Q, R, 
A, B, C, t?f. are given, the reft will be found. 


D 2 PROP. 


f? 


f^« |>0C7^IlfE 


PROP. VIII. 

Let V ■=. e + fz' . Y=k+l^. X^t-^lzH: 
And the Fluent of 2?2V«Y?X'^=A, 
Fluent of a^-HiVfY^X'isiB. 
Fluent of z/'+«»2;V*y?X'=C, 

Fluent of 2^+3«zVY?X''=:.I>. 
Alfo Fluent of 2/»2;V«+'Y?X'=P. 

Fluent of 2?'i«».V«i'YJX'=Q.. ' 
FW (?/ z^+»''i;V"+'Y»^'=^. " 

Then, it y^HI bp 

+ j>-l- i + »» + » xy*i 





+^+ 1 + qH+rn+2n.ekj 

II. P=:^A+/B. ^ 

III. C^= ^B +/C. 

IV. R = ^C +/D. 

The Truth of this is flicwn as xh^ reft. 
Cor. Hence if (any) three of the Fluents A, B, C, 
• D, P, Q, R b© given, all the reft will be found. 

Scholium. 

In the five laft Propofitions it muft be obferved, that 
any of the Fluents A, B, C ; P, Qj Rf ^c. vanifhcs 
out of the Equation when its Coemcient is o : And 
therefore in fuch a Cafe that Fluent cannot be found 
by any of thefe Propofitions. • 


Sea. I. c/Fl^VXlON^. ?l 

found. ojHi tfe» iVwfWF Is, by lib? <5QP[»mW AnMyfi^i . 
for takiitg Z9f i^itioft w t^: FrQpofjt\?»s, or 

i^lm\a^ ^y £qi»ll«9 ai990g the F)u6i^t» A, 9» <?« 
P, Qj. R> at Flfi^furf^ an4 ^^tiiig i;l^ein with iin^ 
Ifjaftwn Coeffi.qiffljts i thf n Fi«i?i")§ that f^uation intQ 
Flyxioiw (fubftituSHjg t;b? Values of A, b, p, 6ff.) 
^pdl tby^t^ comp^riog the KqiuqIq^US Tecpi^s, thefe^ 
Co?fficiettta will csifiTy be 4etP»Pvio'cl,. if |bc Thingj 
is poITible. And thus you may find out other Pro- ' 
pofitions of this Ki{id. 


PROP. IX. 

Jimple one. 

R U L £• 

^ i. For any CQmpownd Qu»«tty in the ^ivcn 
Fluxion put a new Letter or variable Quantity, by* 
Help of which expunge the other variable Quantity 
and its Fluxion out of the given fluxionary Quantityi 
fo will you have a new Fluxion inftead of the former. 
If this be not fimple enough, afllime another variable 
Qu4l>cicy ioftead of ar^y coir^pp^nd-^antky con- 
tained in this laft, and expunge die former aflum'd 
Quantity and its Fluxion. Prqce^ti thus ti|l the 
transformed Fluxion be as (imple as polTible. ' 

2. SomsticDgSL a compound Fkxiqn i;nay be dif- 
6dved lACQ, feveri^l other filppleF oBe$, thus ^ aJSTome 
two or more fuch fluxionary Quantities, as you con- 
ceive will, when dul^ ceduc'd, nuke up the glvea 
Jf^luxion, and let them be affefted with indctermiu'd 
CoefficieQts ; then reducing thenv to the Form of the 

given 
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given Fluxion, thefe^ Coefficients will be eafily de- 
termin'd by comparing the homologous Terms. 
' ^. Or in any fluxionary Equation of x and y^ 
fubftitute fome compound Quantity for one of them, 

fuch as 2»r, or 2% for y ; or Xy/zz — i for^, or 
zx for y^ or any fuck like, that by Subilitution will 
make it fimpler. For the whole Defign of transform- 
\ . 'ing any Quantity into another is in order to make it 
more fimple, that the Fluent may be the eafier found. 

Ex. ,1. 


Let e +A* X g^rb^ af^^z be propofed. Af- 


fume 


v=: e+/z^f then sf = ~y~» and zr^ zz -V7— » 


and «-»i = ^^=^. and^+te- =A-t+^ 
rr ^-y — , putting pzzjg'--^eb. Therefore the 


given Fluxion e+Ji^ x g+bP s^^^^zzz 


r— I 


nf^-ir' 


Xp + bvi^V . 

Ex. 2. 

There is given , ,' ^ 1^ \ aflume v 

= * + &% theaz" = !irif , and 2'^* = ^ ^ > 


^— I 


2— .z = iE5 V I put /» =v/F^. and then 

' I .f f 




as 
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as will be evident by reducing the two Terms to a 
common Denominator. Therefore, putting a =: 

•^ l—rk^ and * = ^^ l^gK the given Fluxjpn 


T— 1 • ^y^— 1 


becomes -^X — : — ' ' ==" • 

P nl"-^ X a+gv npl^^ X t+gp 

^ Ex. 3, 

^^^ — ^■; — = F be given. Put v=g+ 

g+bz" 

bz\ Then 2" = — ^, and ^+/2« = ~^ (put- 
ing^=^— ^i>) and z^*-^'z = ^^ ■ 5 whence 

Again, let f^^pv^^ zzy \ then *i;^-''^»tr =: 
■■ ^,^ " ^ y and I— ^v** = ■ 5 whence E 

Othcrwifc. 

X— 1 


Since - ^ ^^Ifx. — x/-:?^''" v^'^'*'* is (by. ^ 
firft multiplying and then clividing, by i-^gv-^) = 

X f—fv—^^ v^'^'^ I therefore expunging v and it 

becomes 


%/f, tffe 15 a e f R I ft E 


•t n>i* 


Ex. 4! 


Suppofe* +/2" 4-^i" 4'*-'2;=:F, put tf+yi* 
+^a?"r:v, ^3i^-^«5t, dan *• = ^J^^!ii2!!, 






t"* 


:>.rw I 


thU be Bot tbeughf (impk mougHr fv^ppefe^ 


xx-^p 


Again xzziy/p-^-gv^ then v= — r — ^ and tr+»s 

5 


^^, » and z)*v = -pfT X 2;? X j therrfbretar 

• Ex. 5. 
To transform the Fluxion -———., aflumc 

(by reduefeg to af comfitrtibn Dthdihinaioi^) 

4-BC f +C|^ 

.ft- i then comparing the 

homologous 
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Attinologoas Terms, A^+Cj =0, AD+BCrr^, BD 
=^«, Bi+Dgzzfg i whence is h_ad C= — A, D -H^ 

=/» D— B=y^ — 44g- =/ J and thence A =: -^ , 
B = ^7-> C= -jf , D = ^^ . And therefore. 


2 +3^. ^+^ 


- +^ 

Otherwire thus. ^ 
Put z' =z y -^ -j-- , then a^'x =-^X 

^ ■vX— 'I 

^ — "^ ' . Wh€Rcc the fluxional Quantity piro- 

pofed becomes .^ ^ » ^^ich will be 

in rational Terms when a is an Integer. 

Ex. 6. 

I^ ' /4-/2' +^z^ be^ven, where k U half of 
in odd Number, and 4£g greater than jf. 

xiiiume , 1 r _« i .. zz >j. ■ ■ ^ . i.^ 

C + D;^ + ^2" == ^^y Reduaion) 

— BC +BD I bJ 2^+»""« 

Now comparing the homologous Terms, we have 
AC— BC=o=A^— B^i AD+BD=^, CC=:ir^, 

E 2qg: 


fin 
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aC^— DDz:^. From whence we have Czzv/^ 

D = y/2g^Tg —fs^ ^=^ = B- Whence 
e+fz'+gz^' -2D ^ ^e'^—Dzi'+gz" ~2D ^ 

^\» — ^1» — 1«^ 

\/rg + Dzi" +gz" • ^^^^ ^^^^^ 'T^'"^^ "^^y ^ 

transformed into others dill more fimple, after the 
Manner of the fourth Example. 


Aff-*-l o; 


Ex. 7. 


Let - ,— ; =- be propofcd, where 

A is half an odd Number, and 4eg greater than ffl 

Az^^-^^'z+Bz^'^'-^z Dz^'-^-^z 
Affume for it ^ ^^^„ ^ ^^,„ + ^+fe« > 

or for Brevity Sake ( dividing by 2^*-*-'i; ). 
2" A+Bz" D _ 

k+l^Xe+fz^+g^"^'' "" ^+/2"+^2*' "^ ,*+/^» — 

4- A/2" , 
+A*+B* +B/2J*« 

+D^+D/ +D^ 

(by Reduftion) ,- — =— — .^- . ~ ; and compar- 
^ ^ ^ k+lz''xe+fz"+gz'' ^ 

ing the homologous Terms, A^+D^=zo, Al+Bk+ 
D/=: i,B/+Df izojwhence (putting /=:^//—/fc/+^i&>t) 

— Ik il ^ gk 

we have D = — y-, A=:y, 8= ^y-. Whence 

^x«-.i 2j elz^^^^^^^z + gkz^"^^ z 

==- i and the firft Part may be tranf- 

tXk+lz'' 

formed again into others more fimple by the fixth 
Example. 

I fhall here add fome more Examples, to illuftrate 
the Method of proceeding, 

Ex. 


Scd. I. g/* F L U X I O N S. ' 27 

I 

Ex. 8. 

To transform the Fluxioyp 


aiiume 


C -+- Dz" 
+ r + jz'^ + z^» • ^^^^ multiplying crofs ways zs 

before, we get Ar+Asz'' +A2** 

+Br +Bs + Bz3« 1 

+ Cp +Cq +C • V = I. 

+Dp +Dq +D ^ 

Hence we fliall get Ar+Cpzzi. Ai -h Br 4- Cj +p^ 

=0, A+Bs+C+Dqzzo, and B+D=:o. Hence 

may be had the Values of A, B, C, D ; and then 

. -., . . Az^'^'z + Bz^+'^^z 

the Fluxion becomes —7 :; — ; — + 

p + qz" + 2** 

r + sz" -H z^« ' 

Ex. 9. 

To transform the Fluxion - — -^ . Put it zz 

A 4- By . cy , , . , . , 

-y H — 5 then multiplying alter- 


aa — ay+yy-^ a+y 

natcly, and equating the homologous Terms ; there 

is found A = — , B zr , Cz: . Whence 

y I 2a — y . ^ i y 

— -~ = X V— J -i X -T-- 

ai +jyj ^aa aa — ay+yf ^^a a-ry 

The firft Term may be further transformed thus; 

put yzzz + ia. and there comes out x 

ia — z . , <. y I ia — z . 

— •-- z ; therefore — =: — x — ^ 

laa+zz a^ +y^ ^^a , ^a+zz 

I y 

^aa a -^y* E 2 Ex. 


^ 
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£ X. xo. 

dsfz 

To transform the Flu^m ■ ' ^^^t i *»» ••' be- 
ing Integers. Suppofe az^+^ zz a?»*+' ; and the 

Flumoa becomes — - _^ X — , ^„^^ . To tranf- 


form-, — i^ — r^y put 1,4-^*''+' =:i + ^ X: i^— x 

5RV — ^ J +x"*^ — ^, . 4- Af*" . and i — x+x* — y^...4- 

X*" iz T+^STf^x I + jx 4- XX X i + rx 4- XX, &c. 
The fetter Side* ©f the Equation being multiply*df, 
and Gon>pared with the homofogous Terms of the 
fitft Si^, wiH give the Goefficients^, j, r, &c. Thfcn 

I +x^ » ' 14-* X 1 4"/** 4"** ^ ' 4"f' 4"^^ '^ ' 4"^* \ ■''*' 


. . . . ' ^ . . *4-^x d + ex 

fc?r. = X X into 7-7— 4- — , ^ ■ . ■ 4. 


14-X i4^x4-xx ^ i + qx-^xx 
Csfr. This reduced to a coipsnon 


I 4- rx 4- XX 

Denominator, ^nd the homologous Ternw of the 
Numerators compared, will determine the Quanti- 
ties a^ h^ c^ dy occ^ 

And the fame Way the Fluxion of — ■ is 


transformed, by putting 1 — x*"ir i 4-xx: i — x 4- 


.28 — I 


X*— x3 4- , . •— y*" — 1 4-XX I +px4-yjpxi 4-?x4-x# 
i+rx+xx, (sfc. and proceeding in all Refpe^ as 
before : where m, n are Integers. 

Ex. II. 

To transform the Fluxion ■ "^ ; , w, » b'eing 
Integer,s. Put i — -x' —T^ x : i +;r +xx +*» ... 4. 


%^ 


sca:i. ^FLUXIONS. tf 

x^\ and i+^+^S+^5,., ^-x*^! zz i+px+xxx 

I ^qx -^xxx I +rx -{- xx^ 6?^, the latter Side of 
the Eqmm>n being naultiply'd, and the homalogQia 
Terms of bqtb Sides compared,- tbe^e will b? found 
the Coefficients^, js r, &c. Then 


x^x x^x 

Let 


• • ^ ^ 4-^^ ' . d + ex 

— ^Xinto-^^;^ + i+;>x+^;c f i+qx+xx 

&r. This being reduced to a commoa Denomioator, 
and the homologous Terms of the Numerator com- 
pared, will detern;iine the Coefficients a^ b^ c^ d^ &;c, 

Ex. 12. 

Sf^X 

To transform — — -^; «w, n being Integers. 


Put I — ^3^«z:;i' — xxX'^+xx+x^+.^^.xr^^^ and 

1 4- A^x + *!♦ . * . . X**-* = I -k-px-^xxx^^i^ + x^ 
(^c. which multiply'd, and the homologous Terms 

x^^ 

compared, givci>, y, r, &c. Then let — ,^ »" 

x"x 

z^ — ■ ■ ' ■' ' ■ ■ — - -** X y(^ 

1 — XX X 1 +px -^xx X I +ix +XX 
a. *bA-cx d+^X 

+ ttZ .t. + ^r^-TT3 ^c. Which 


It XX ^ i+px+xx ^ 1-^^+XX 

reduced to a common Denominator, and the homo- 
logous Terms of the Numerator compared^ ginse 
ay by r, &c. 

x^x ^ 

And tl;ie Fluxion ' " ^^^ is transformed by 

putting 1 4-;^+» zn i + xxx - 1— ** +^^ •—•... 4- 

x^" rz i +kx X I +px + XXX i + qx + xXj &c. and 
proceeding in all Refpcdls as before. 

Likewife 


3« 
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Likcwifc ^j^^ IS transformed, byafium- 

ing the fame Scries as the laft ; that is, i — x^+* = 

I j^^jgj^^x &c. and proceeding the fame Way. 


Ex. 13. 

To transform ^+f^nJ^g^^n > when » = 3, 

e f I 

45?>/; put- = RS ^^ = *, then we have — 

^R^+lMiF+T^- ^^^ ^^ A = Arch whofc 

natural Cofine is *, — = B, - — or 120 = C ; and 

3 3 

J, /, v be the natural Cofines of B, B+C, B+2C; 
all taken from the Tables ; then R ^, R J, R /, R v 
will be the Cofines tathe radius, R ; then will R^± 

2^R*2rJ + Z^ 1= RR — zRjx 4- «« X KK — 2/R« + «« X 

RR — 2R<i;% + %z . Then the Fluxion is transfom'd to 

I . 

X2J 

R* — 2RJ2+22 X R* — ztKz+zz X R* — zvRz+zz 

Agam, let this be put zz — — f- -- — 

° ' '^ R*— 2Rj»+2;« R*— 2R/«-h«« 

: X — ; and the Quantities K, k^ 


R*— 2R*i;a+«« g 

L, /, &c. will be found by bringing all the Terms 
to a common Denominator and equating the Coef* 
ficients of the homologous Terms. Thus if R be 
madez: I, and q-zz — 2Rj, r = — 2R/, /n — 2Rt;, 

there 
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there will come out JSC = — =r- , k = 

q—rxq—f 


T ^— ^ , ^ 

;L=z-=zzz— -nzr-, /= ^ 


9 


q—rxq—f r—q X r—f r—qx r—f 

M = - — J tn — — =r. In which 

/--? X /— r /—J X /— r 

R may be reftored, - and the Terms made homo<< 
geneous ; and for that Purpofe dividing the Values 
of K, L, M, by R*, and k^ /, », by R'. 


Ex. 14; 

To transform the Fluxional Quantity ■■ . ;^ j 

where ^, a, u, are Integers, and ff lefs than 4^ 
Put 2« = iv\ and then the Fluxion becomes ~ x 


edtfx^+x^^' 


x^-^^x 


Again, to transform -jj^^jq:^ ; lttel^=R^ 

f _ A 

—wr = ^s AzzArch whofc nat. Cofign is +^, — 

= B, 4^ = C5 and S, T, V, W, ^c. the nat. 

Cofines of B, B+C, B+2C, B+3C, 6?r. to a 
Terms ; all taken from the Tables : Then R^, RS, 
RT,6f^. will be the Cofines to the Radius R, and then 

e±fx^+x^^ or R^'^+a^R^^'^ + x^^ = RR — 2RS*- -h ;r*. 
X RR — 2RTa: + XX X RR— 2RV;r + ;rx, ^5?^. to A Terms. 
Therefore the Fluxion now becomes 

x^—^x 


RR-— 2RS;tf + XX X RR — 2RT;^+x;^X&?^. 

I^aftly, 


i 


' . 
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Laftly, put tWs laft.= KR^lstV.. 

"v. ^^' X into x^— 'x", or rathdr x into 




-njiX"^ 9 ^to make the Quantities homogeneous. Or, 

for firevity's Sake, let R z= i, f z= — 2Rj, r = 
^aRT, Jz=~2RV, ^z:— .2RW, (ffc, Tlia 


X X ■■■'■ " '■■' * * I I I -■■ . .1 .<x. 


K + *A? Lh-/a? M+«w 


1 +yx + xx.^ i + rx +yx ^ I 4- j^ + xaf 
&r. Then, by bringing the Terms to a common 
Denominator^ K, it, L, ^c. vriU be determined, 
by comparing the Coefficients as ufuaL And at laft 
R may be feftor*d,to make the Tei'ms homogeneous, 
w di the farne Order. When the Openrcion is per- 
fordled it will be found that when ^ = ^, K = 

-L- k — £_ L--^ ; '— 


^- — ^J X r— J r — qx r— ^ 
j^ =^^== — ==-» ^ = «= *" 


i-^ J X s — r i — q X J-^r 

As in the laft Example. 


* I r ' H ■ r ■ ■ ' * I " ' • 


?— ^ X qsxq'—t q—r X J— ^ X J — t 

^ ■_ r^ — 2r rr — i 


M = 
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S^ 2S SS I 

M =: : = =^-* W = -= — : ; ==-.' 


s—q X s — r X i— / s — q X s — r X^ — i 

■' \ • . . . . 

XT /' — 2/ ^ //—I . . 


/— ? X /— r X ^— J ^—q X /— r X^— J 


^n^rXf — i+jF — /Xj^— *i; . J — rXf — •'^f'^/.^l^rT**' 


r* — 3r* 4- 1 r^— 2r 


L zz ' ■ — / z: = -_ 

r — qXr — ^iXr— /Xr— i;' r— ^Xr-^jXr— /Xr— v 

TlJ^— . — zzi~'~'z^zir 4511 •■" "nnni ~ — '• 

j-^f Xi— .rXi— /X i— 1; ' i— f Xi— rX/— /Xi— V 

"" /^X/— rX /^X /^' "" J^Xt^xip^sXt^ 

• •»♦ — lo;* +1 «i;' — 21; 

P= -^ — ' pzz ' 

V — ^X'v— ^X*v — sXv — r ^ <v — qX'u — rX^v-ysXv — / 

' And the Law of the Progrcflion is evident ; in the 
Denominator 'tis plain : And the Numerator of any 
Quantity K is determined by this Scries, j'^— ^ — 

^ — 2 X — 3 A— 4 X — 4 X— 5 X— 6 

1 ^ ^1^2^ 12^3 

If any body would know the Reafon why the given 
Trinomial Quantity is divided into as many fimple 
Trinomials, as there are Unites in x, as is done in 
this and the laft Example •, they may fee it demon- 
ftrated in Cor. 3, Prop. 46. of my Elements of 
Trigonometry. 

Ex. 15. 

To transform the Fluxion xx+ ayx 4-jy3/ zi o. 
Put y:=.zx^ and y:=:zx+xZy then the Fluxion be- 
comes xx+azxx+z^xx+x^zzzzo^ whence x = 

— xzz , X — zz 

■, and -— zz 


ZZ + az + i^ ^ X zz + az+ I ^ 

F Ex, 


3^ "He Do-cxR-iNE 

P^3«. l6. 

' Totransfqrrn axy+x\/xx+yy zz^o. Put * =jr 
V^Z2.-^». theo ^::= ^Tl^— / - '^ , and, the 

V 22— I 

' Fluxion becornes ^vyx/zz— i -< ^- ^—J x yz 

no, tben tf2*^--^^+2^j^-— jgjy+^ 


•m^m^ 


y =- — 

ayy,zz*-ri +2'— zx^ aV^zz — 1+2^ — 2 

and ^zz — ■ . zi ! -, 

y a Xzz — i + zx zz — I a +2 X ?2— i 

• * rf • 

therefore. — _ +. ■ — — . , iz o. And 

y z+aX:Z+ixZ'T-i 

the lafl: Tern:i may be further transform'd by, putting 

2; Az Bz, Cij 

Zd-a x^^^xf^ ^^f^ '^ff' ^~^ * 
apifinding A, B>.C, as in Ex. 5. 

' » 

Ex. 17. 

' Let ay I zi xxy.'' + hky'^ — ck^^ be giren.; put x 

zzzyy x}wixi ay:>'=:.xxy^'\'hzy'^ — tz'^y'^y or ^n;r2.+A^' 

, cz'' — bx'\-a ■ , . a 

— .cz% whence. ;? zz — — — zz ^2j?,-rr *.+ -—. , 


z 


and X zz 2czz — -- -- zz zy, whence , y = ^c^ 


zz 
az 


, •, &c. 

Zi ' 


To transform the Fluxion 


Ex. i9. 

X 


pux^^a^+l^x'^zzx^^z'^^ then 2"— ^zztf;itf'~", and Log^ 

z" — i 
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"2"— * == Log. a +^— « X Log. X. In Fluxions 


'5» 


^ = '-Tr"^9 ncncc 


^'— * "" ' . V'^^^^T^ ~ "^^ 


» TT^'^Z 


«— 2< 


Ex. 19. 


To transform the Fluxion vxx — xxv x'FI. 


^*x 


X 

— ex I let V :=! x% and ^ z= nx'^^ x j then ivill 

'^1;''+*;^ — ^nx^+'xx ZZCX9 or r-- — xz*+^x s 

' r^, then' comparing the Indexes and Coefficients on 
both Sides, j«+i no, and — — = c 5 ^^ith givis 

nzz-^—j and c = — 2. iTberfcfore v- zz tt • 
3 y/x 


P R OP. X. 

jln Equation bein^ given containing the Fluxions of 
^antitias ^ to find the Fluents^ either infimple 
Terms J or in a Series thereof proceeding ad 
infinitum* 

Rules. 

V When the Fluxions are not of the fame Order in all 
the T^rms, fupply the Defeft by the Powers of fomc 
given Fluxion juppofed to be Unity : FraSlional and 
Compound ^antities muft be reduced by Multiplica- 
tion, Divifion, t^c. Radical Quantities (except fuch 
where the fluxicnary Part is in a given Ratio to the 

F 2 Fluxion 


* 
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JEluxi.on of |:hc Root) muft.hc reduced to fimple Terms 
T by Involution ; and the Roots of adfeSed Equations 
' mult be extraSied. This Preparation being oiade, 

€ t 

l. 

I. If the Equation then can be fo ordered, chat 

every "Term has only one variable ^antity and its 

' Fluxion ; multiply feparately each Term by its variable 

- ^antity^ and then divide it by the Fluxion and its 

new Index. 

2..If any Term be fuch z Radical ^antity that 
the iBuxionary Part may be divided by the Fluxion of 
:the Root (or Part under the Vinculgm) ; and that by 
fuch Divifion the Quotient may be a given Quantity. 
Muhiply that Term by the faid Root^ and then divide 
,by the Fluxion of the Root and the ntw Index^ for 
the Fluent of that radical Quantity. 

3. If any Term be divided by ihefrji Poiver of the 
variable Quantity ; then the Fluent of that Term 
muft be found by itfelf thus ; multiply the given Coef- 

' ficient and the Number 2.302585 into tht Logarithm 
of that variable Quantity, for the Fluent of that Term. 
Or thus by Series, fubftitute for this variable S^uantity 
the Sura or Difference of fome given Siuantity and 
another variable ^ahtity^ and its Fluxion tor the 
Fluxion ; then this new Term being aftually divided^ 
the Fluent will be found as in the firft Article. 

4. If in one Side of an Equation there be two 
Terms containing two variable ^antities^ each mul- 
tiply'd into the Fluxion of the other ; then by Art. i. 
find the Fluent of either Term, fuppofing only one 
Quantity variable, and this will be the Fluent of both 
thefe Terms. And if there be three Terms containing 
three variable S^uantitieSy where the Fluxion of each 
is multiply'd into the Produft of the other two ; then 
find the Fluent of any one of thefe Terms (by Art. i.) 
confidering the other Quantities as given j and this 
will be the Fluent of all three. 

5.'Laftly, 


Sea. I. of FhVXlOnSf B7 

5. Laftly, all the Terms being calleSed on the cof- 
refponding Sides of the EqUatbn, will give an Equa- 
tioacoataiain^ the Relatipn of the variable Quantities, 

E X AM P L E I. 

ILctyzidx — X, then the Fluent /=/?;»?— x 

Ex. 2. . 

Let X =ayyj the Fluent is ^ =: — - . 

_ ■ ■ o 


Ex. 3. 


t 


Let y zz — zz=:=-» ox yzz^aa — ^xl x— 

XX \ multiply by the Root aa^^xx^ and tl^ere is 

— — — — ^— . A 

^2tf — jfxi*x — XX i divide this by — axxx^j and 
there arifes tf/7 — xx\^ or ^aa^^xxz^zy. / 

Ex. 4. 

Suppofc ^ = - - , then yzzL^oigS^a X Log. x 

Or thus, let h+z=Xy and ijnx, then will y:z: 
az __ £5 ^^^ ^2*i; az^z ^ 

bJtz - T ~ ^^^^ + "7" " — ^'+ *^^- 

, , _, az az^ az^ az^ 

and the Fluent;, iz^^- __-,+ ___. 

Ex. 5. 

Let 2; zz lay^xx + 'iax^y'-y% where there are the 
Quantities j^ and ax"-^ andf one multiply'd into the 
othej^*$ Fluxion i the Fluent of zay^xx (fuppofing y 
invariable) is ay^x^^ therefore z zzay^x*. 

Ex. 6. 
vzzax'-x, then v = :^:p^. ^ _ jg^, 


^ -^rt* 'DoVfRTiTiiB 


•^ / 


Ex. '7. 

Ex. 8. 
f. Let V =— — ^^ tKat is v =^»x— ;gr-!y» 

and the Fluent v = Agr-» =: — . 

7 

Ex, 9. 
, Let V zzyz^i + ixz^jy -^^siy^z^z ; then v = 

Ex. 10. 


Suppofe.y^.,:; ; + — r-— ^i* + *^ 5 


multiply the firft Side^^by '-<-, and the laft by ^r- 5 
and there will bey == -r— i- ax^ ^ x^ + x^ ^ 

XX X 

ihfti di^de'by thdindfex of the Power in each Tct^m, 
mid the Fluent will' be y = --— + — + 2ax^ ^ 

.1 — 4 2XX X 

X. II. 

Let the 'given^Bquition be x = -7^ + -? ■ , 

' + yVFt^^ that is *:= ^ xy~*y + — f^^ 

xyy +y^yy/H^c» tlic Fluent is * = '~^a^y ~^ 


X 


Lctj^ = x'P'x rrX'^x + — r ; the Fluent '^^ill'bc^ 
zn^^xi _ F?- +.a,3925|5 JLog. x. Gr thus, f ut ix_. 

2:=^, ana — ;5^=Ar^ tfeg^n — =: — — =; — — t-tt 

^*^ fj 1. • ^« • » • ^ 2:2; 
— — ^— . ari-. whence )>'=: *^^x ^^jr— -*^— --^' 

• ••' » -. * ' "^ ^^ 

— — r- cf^. and: then. yx=; 2;if^>^|*» — — ,— -r--', 

Exif 1.3. 

Let the-Equatipn bc-j^ =: o^+^ot z*i v inyplye. 
that radical Quantity, ' and then y = oj^z + 

whence th^ Eluent is y = — nrT'+ ^ . . ^.^ , 

' Ex. 14. 


'/( 


Supwfe J =9«^'2 +:9/2®+*"'? into M-^' , 

t^ifj(=?;2^'«jx5^''+ft^^ x'^it^T'-- . 

Here are the two Quantities 2;^>and7+j^'* each mul- 
.ti^Iy'd into thc^ptber's^Fluxi^n 1^ therefore ;[==^ X^ 

■Ex, 
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Laftly, put this laft.iz ^^^^J^^^^ 4- 
rr . &?f . X into ;f^— ';c; or rather X into 


l^^^_^ - ; ^to make the Quantities homogeneous. Or, 

for Brevity's Sakf, let R zz i, f = — aRj, r = 
.^2RT, j=— 2RV, ^ = — 2RW, (ffc. Tiiai 

Ar^-'i" X ""===^= ' — "■» ■ ! i ■'. — r: — = 

i+jx+x^ X i+r^+^^ X i+^^rt^xx, tsfr. 

^ . ' K + *x L + /A? M+««^ 

^' I +j^+;^;tf. i+r?? +x'x ^ I + jjf + x^ 

&r. Then, by bringing the Terms to a common 

Denominator^ K, ^, L, &fr. twiU be determKied> 

by comparing the Coefficients as ufual. And at lait 

R may be feftor*d,to make the Terms homogeneous, 

or of the fume Order. When (be Operation is per- 

fortAed it will be found that when a i= ^, K=: 

q — r* q-^r r — j* 

IfA = 3;K = ==#=L=, * = 


q^rxq-s f-^xq—s 


r— g X r— J r—qx r-^s 

mr ss—i s 


s-^q X s—r s — q x s-^^r 

As in the laft Example. 

K ZZ " = ' 4--r^" t K, zz ~~ 


f 1 1 ■ % 


q-^rxq—sxq--^ q-^-r X q—s X q—t 


r— f X r— XX r-^t f ~^ X ^ — ^ X ^ — ^ 

M = 
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M =1 : — = — ==^-, m == -z= — : — : — ==-; 


J— 2 X s — r X J — / s — q X s — r X^—t 


/— JX/ — rxf—s t^xt—rx^^-s ' 

Ifx=:5. . 


L — "— — — 7' --- ' .- ■■ — ^,-- 

r — j^Xr— jXr — /Xr — i; r — fXr-;— iXr — tXr — <i? 

i-^yXj— ^Xj— /X i— «v J — y Xj— rXi— /X/ — v 

■ v* — 3*1;* 4" I V^ 2V 

p — — — — — ', />= — — — — ■ • 

cif^gXtf^-rX*v — sX'u — / ^ tv — qX*v — rX'z;-^jX*i; — t 

' And the Law of the Progrcflion is evident ; in the 
Denominator 'tis plain : And the Numerator of any 
Quantity K is determined by this Series, q^—^ — 

A — 2 A — 3 A— 4 X — 4 X— 5 A— 6 

^x— 3 + X ^^—5 — X X — 

I 2 ^1^2^ 12^3 

If any body would know the Reafon why the given 
Trinomial C^antity is divided into as many fimplc 
Trinomials, as there are: Unites in a, as is done in 
this and the laft Example v they may fee it demon- 
ftrated in Cor. 3, Prop. 46. of my Elements of 
Trigonometry. 

Ex. 15. 

To transform the Fluxion xx+ ayx +yy -no. 
Put yzzzx^ and yzzzx-^-xz^ then the Fluxion be- 
comes xX'\'azxx -^z^xx '\'X^zz'=zo^ whence x^z. 

— xzz , X -r-ZZ 

-, and T— zz 


;2;2; + az + \ ^ X zz + az + I ^ . 

F Ex. 


aa 

XX 
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by aa+xxy and there arifes /J^jy*—- 4^55^* •+•4^*^* =^ 
•-r— - , cxtraft the Root, and a^ '^2jy zz. 

=r- ; whence th« Fluent is ay *— -jy rr !t 

Ex. 21. 

Let zy + 7y zzax', then its Fluent/ is zy zz 4i^ 

Ex. 22. 

Suppofejyx* — iyx*zzbxxy+tx^9 ox i^x^'-^byx^ 
^^^bxxy zzix^t Tuppofing x invariable; then its 
Fluent will be ^x^ -^ixxy zz bxx^. 

Ex. 23.. 
Let the Equation be azz* +aaiy —^ alfzx =: tcz^ 

^^abcx I then the Fluent is -— — + Mffz ^^ahx^ 
nr bczz — ^ abci I fuppofing z iavariable*> 

IT. 

If the Quantities cannot be fb feparated but one 
or both of the Fluxions contained in the- Equation^ 
will be aSbi^ed with bofb the variable Sluantities\, 
then reduce the Equation fa that one of the Fluxions 
, alone, (or at moft, only afTeded with its own flow^ 
ing Quantity) may poflefs one Side of the Equation,, 
and the other Fluxion affected with both the variable 
Quantities be on the other Side, in fimple Term^^ 
Tbea 

1 . Range all the Quantities that are on the fecond 
Side of the Equation fo, that all the fluxional Quan- 
tities aSe£):ed only with its own Fhent^ may ftand 
korizontally at Top, proc^ding regularly according^ 
to the Indices eitt^er iocreaftng. or decreaCog, ac« 

cording. 
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wording as the Fluent is to be had in an afceiiding or 
<lefcending Series ; and all the Terms a^efted with 
the other flowing Quantity may ftand perpendicularly 
^n the left Hand according to their Indices. 

2. Begin at the left Hand, and find the Fluent of 
the firji Term of the horizontal Row, for the firft 
Term of the Fluent ; then fufoftitute this inftead of 
the other variable Quantity in all the Terms of the 
perpendicfdar Row, writing their new Values over- 
againft them under their proper Indices in the hori- 
zontal Row, then proceed to find the fecond, thirds . 
^c. Term of the Fluent ; by &mming up all the 
Buxionary Quantities of the fame Index into one Term, 
and then finding its Fluent ; all which Terms of cte 
Fluent are to be gradually fubftituted for the Powers 
<if the other Quantity as you go along. 

g. And this Operation may be pertormed various . 
Ways, by ajfuming any given Quantity for the firft 
T^mi, or perhaps for fome other Term of the Fluent, 
and oftencimea it will be mceffary to do b. If any 
of the Terms be divided by the firft Power of its 
flowing Quantity, it will fometimes be necefTary to 
fbbftitute iw this Quarltity,^ the Sum or Difference 
of a given Quantity and another variable Quantity ^ 
aiid then reduce the Terms to the prefcribed Form. 
And this is the Netiotoman Rule for finding the Fluent. 

Ex. 24. 
Let iy -^xy-^ax — x^ ^yx+ ' ■ ' ^'i /^ 

1 , to findjy. Divide by a+x and reduce 

, „ . . . . . J'* . ^"^^ ''^^ 
the Equation, . then jr = jf + ^X^ + "^ 

x'^x T'x yx yxx 

■4BM t^ J' _ ^ 


aa * a^ a aa 

^c. Then the Work will be as foUowij^ 
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•VMIIN 


■er 


X 






yx 
+ a 
yxx 

yx^x 


+ 


+ 


1 ■»■ 


+ 


XX 


+ 


x*x 


X^AT 


2a^ 
x^x 


-, 6ff. 




a^ I 


tfi 






j^ zi y + - 


21} 


x\ 
2aa 


+ 


+ 


x^x 
x^. 


4a^ 


6?r. 


tf^.n Fluent. 


In this Example I write x 

yx yxx ^ yx'-x 


x^x 

aa 


horizontally, and 


+ 


fcff. + -=^^;;7- pcrpendicu- 


a aa ' a^ ' ^ ' 

larly ; then I bring down x into the Value of j^, and get 
its Fluent ^, and put it into the Value of> Then I 
ftubftitute X iox y in each Term of the perpendicular 

XX x^x 

Row, placing their refpeftire Values , 


aa 


x^x 


, and + 


x'^x 


againfl: each, under the pro-^ 


a^ ' """" ■ a^ 
per Powers of x. 

Then I bring down the Term in the fecond Place 

XX x^ 

-f* -— 5 and writq its Fluent -tt in the Value of 


2a 


y % then I write — — for* y in the Terms + -— 


yxx x^x 

■, 6?r. and the Refult 


aa 


2a 


1 5 


X'^X 

— J- 1 put over- 
againil 
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againft them as before. Then I take the Sum of 

- x^x" ' x*ic •"•jry " 


the Terms in the third Place 

• 


aa 


2aa 


ca 


1 


and fet this Sum 


- \ 


"^aa 


underneath, and get its 


Fluent — —-^,. which! fubftitute for v as before* 
And thus I proceed as far as I pleafe. 

Ex. 25. 

Let y —xr^ ^xx +yx + x^x +yxx^ to find j^. 

Here x the firft Term being found and written for 
y^ you get — 2xx^ and its Fluent— xx for the fecond - 
Term, which being alfo written for j^, vou'U get + 

x^ 

x*x , and its Fluent — r- for the third Term ; and 

3 

fo. on as below. . 
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1 +x — ixx + x^x 1 

+ yx 
4. yxx 

+ ^x ~ x^x + \x^x — \x^x ^c. 
+ x^x — x^x + ^^x ^c. 

y =■ X — 2XX +x*x — fv'x + ^^x fcPf. 
y = X — xAf + 'X' — •*♦ + ^f ^c. 


' Otherwifc thus, 

« 

Here I take a for the firft Term of ^, and writiiig 
it inftead of jf, and get ax+x the next Term, which 
being again written for;^, I get the third Term ax^ 
—AT*, and fo on 5 fee the Work. 


:+ 




fbe pocTRiW^ 


< <n% 


mmmm 


+ yxx 


y = 


y. = 


+ ^ — 3^i + ^x 


4-1 •—•I 


= T AT ^ xy T . 


« i ^ + ^» i f ^« + i^x* &c. 


t 


^■iavMMVMl^ 


X. 7.6. 


Suppofc this Equation^ =—3xx -{-^yxx +y^X''^ 
y*xx + y^x — y^xx Sec. + (5yx*ip — 6x''x + gyx'xr — 
Sx^Ji rt- iq)iy*i-^ icutf4i &c. To find the Value of 
y a& far as 7 Dimenfions of ^. 

t pJace the Terms in Order according to the 
foUovving Table^ and then I work, as before; and 
moreover I fubjoin the Square and Cube of the 
Value of j^ gradually produced, to be fubftituted 
by Degrees into thqir ffrQpcr Plaees towards the 
right Hand, in the Valwrs of the Marginals pn the 
l^t, as follows. 




^xx 


Sed. I. 


e^FLUXIONS. 


4^ 
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+ 3yxx 

4- 6^x^x 
+ %yx^x 

+ yyx 
+ y^x 
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^*«* (Sc.\ 


y = — 3*^ — 6x^'x — v*j* — )^«x*x — 4i*j« — -T^*<» feff . 

jrr — _ y;f« ^f. - 


■«•«> 


WiMMMa 


n»^»MiiaMp««i 


■■*■ 


Ex; 27. 


Let j^ = ^ + JL 4^ j^' + %xx^^ 


; to find 

J \n a def€cnding Scries. Here the Terms in ' the 
horizontal Row muft be placed to proceed from the 
greater Indices to the Icffer ^ And the Work will be 
as below. 



y n "ixx + 4X.+ o + r^ — zr H r &c. 


jys^+4* ^-l^,^ 


6;^^ 


^^"■•i 


mmm^kik 


&c. 


Here 
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Here obfcrve, that any given Quantity might have 
been inferted between the Terms ±x and \ and 

X 

foy might be extradled an infinite Variety of Ways. 
But if that fluxionary Term had not vanifhed, then 
we. had been obliged to fubftitute ^+2 or ^—2 -for 
» in the giveA Equation before it could be refolved. 

Ex. 28. 

, Suppofe the given Equation cx^x +yx zzay^ by 

cx X ' yx 
Reduftion y = —— + — — ; then the Work will 

Jbe very eafily performed as in the following Tabic. . 



a 

yx 
"^ a 

cx^x cx^x cx^x 

■^ 3<"> 3-4«' "^ 3-4-5«* 

y = 

. y = 

CX^X ; cx\x cx^x ^ cx^x 
a "^ saa '^ 3.4/^5 "•" 3 •4-5^* 

cx^ cx^ cx^ cx^ 

4- 4- 4- 7 — &c. 

3^ ^ 3.4^^ ^ 3-4-5^' ^.3.4.5-6^* 


x^ 


Therefore jy =: 2caa x : r-r^ + 


x^ x^ 


2*3^' • 2:3.4^4 • 2.3,4,5tf» 
(^c. But (by .Sch. II. Prob. 2. Scd. IL) i + 
X X . x^ x^ 


— + — 


4- - 

2.3^5 7^ 2.3.4^ 

X 


~ fcfr. n Number 


of the Hyp. Log. — . Therefore y=:2rtf<?X Num. 

X X XX 

of the Hyp. Log. -^ icaay.-. i + — +';^; 

' And by the fame Riile the Fluent of x*y zz nfi — i 

I 

'^yx'^Xj will be found ^c= -— # |n 
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III. 

m 

When the given Equation contains fitft Fluxions 
ilonc, or if it cohtains ^Jij fecondy or third &c. 
Fluxhnsi a^ in the following Example, where 2axy* 

— <?y*i^+2;f*v*i-*-2y*x*=o, to find x exprefled by^ 
and given Quantities; it will be refolved by the 
following general Method. 

I ;. Make the Equation == o ; and ajfume an /W(f- 

i^min^d Series to reprefent the Series required ; as jp 

= Ay" + By"+'' + Q«+' + Dy'-H, &c. wherein the 

Indices n^ n + r, n-^s continually increafe if jr be 

very fmall, or decreafe if it be great. 

2. To find the fifft Index n ; fuftitute into the 
given Equation the frft Term Ay\ its Fluxion^ and 
fecond Fluxion^ &c, inftead oix^ x, and i, &c. (if they 
be there) and then you'll have a new Equation, as 

lahy"" '^ nn — « X aAf + 2 Ay« *— 2»*A7^" = o, 
fuppofing j^ z: I . Make two (or hiore) of the Terms 
equal to nothing that have the leaji Indices equal to 
one another, for an afcending Series ; or thofe that have 
the greateft Indices equal, for a defcending Series \ then 
by equating their Indices or elfe their Coefficients, 
n will be found. Or if there happen to be only one 
Term with fuch leaft or greiiteft Index, make its Co^ 
efficient ^=zOy which will deftroy that Term, and per- 
haps give the Value of »: Thus, in this Example for 

an afcending Series, you'll have 2a Ay" '-^ nn — » X 
aAy" sil o, or »»— *» z= 2, whence » == 2. 

3, For the other Indices \ fuhjlitute the Value of » 
into the foregoing Equation, and you'll have 2^ Aj^* 

— 2fl;A/ + 2Ay— 8Ay =: o. Then take the 
haft Index in an afcending Series^ or tht greateft in a 
defcending one from each of the reft \ and find all the 

H poflible 
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poffible Numbers that refulc by adding all thefc Re- 
mainders to themfelves and to one another as oft as 
poffible, and then you have r, j, /, &c. here 4 — 2 
zz 2 only one Remainder ; then 2, 4, 6, ^c. =: r, j, 
' /, &c. And therefore the Series is Ajy*+B)'*+Cy^ + 
Dy8 &c. = X. 

4. For determining the Coefficients A, B, C, Cs?r. 
yj/^//«/^ into the given Equation the ^tf/«^j of ;^, is^ x^ 
^c. expreffed by the foregoing Series A^* + Bj* + 
Cy^, &c. and put the Sum of the Coefficients of every 
feveral Power of y equal t6 nothing, and thence A, B, 
C, £5?r. will be gradually found. Thus^^c* ;= 2AJ' + 
4By34-6CyS&c 3c'z=2A+i25jy*+3oC)(4, 8cc. where 
j^mi, thcfe being fubftituted^ the Work will be per- 
formed as below, 

• 5. If the firft Equation for the Coefficients be aii 
adfeiled Equation containing feveral different Powers 
of A, then that Equation will afford feveral Roots or 
Values of A ; and as many different- Roots fo many 
different Series may be obtained. And if A has feVe- 
r^l equal Values or Roots in this Equation, then you 
muft divide the leaft Remainder above by that Num- 
ber (of equal Roots of A, one of which you alTumc 
for its Value \ ) then proceed as in Art. 3. taking 
this Quotient for another I^emainder. 

tr. If a Series be required to be exprefsM in Terms 
of that ^antity whofe 2d, 3d Fluxion, fs?e*. is in the 
Equation •, it mult firft be got in Terms of the other • 
Quantity that has no fecond, third, ^c. Fluxion ; 
and then the Series reverted. 

« 

ScHOL. As there are fluxionary Equations that ad- 
mit of feveral Solutions, and may have the Root cx:- 
prefs'd various ways ; fo there are Equations that 
cannot be refolyed at all as being impoffible j and 
others that are very difficult to be refolved, and' may 
require the utmoft Skill of the Analift, and fome- 
times a different f rocefk from thefe Rules. 

Ex. 
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Ex. 29. 

Let zaxy^'—ay^x + 2xy — 2/x* = o ; to find 
X expreflted by y and given Quantities. . 

The Form of the Series found by the foregoing 
Rule is xzzAf + By^ + C/ + Dy' ^^' This and 
its Fluxions being fubftituted into the given Equation* 
will be as follows. 

+ 2a^f\+ 2tfA/+ loBy^ + 2^C/+ 2aDy^ fcfr. 
._ j^^xi— 2<aAy — i2aBy^ — 30tfC/— 56^0/ &?^. 

4-.2BB ^^ 

— 2/x': ^ . - 8Ar-32Afi/~|gJc/ ^^-^ 

Then equating their refpeftive Cofefiicients -, 2a A 
.— 2^7 A no, therefore A may be taken atPleafure. 

^ 2 A* 

Again — lO^B — 6A* = o,» thence B = — -" . 

After the fame Mannei: C = -^ . andDrr-^i— 

2A* 3A» ^ 

££?c. Whence x = Aj* — -^^'^ + -7—/ — 

31A+ • fo 

Otherwife thm for a defc ending Series: 

Make the Terms 2 Ay'' — 2«*Ay»=:o, or i — nn 
zzo, whence »— I ; this fubftituted for » will pro- 
duce 2^Aj+2 Ay — 2 Ay =: o. Take the greateft 
Index 2 from the reft, which is i, and there remains 

— 1; therefore r, j, /, &?f. ate — i, — 2, — 3, 
fcff . and the Series is A;^ + B + C^"' 4- Dj-* £^r; 
and the Operation will be as follows. 

H 2 +2axy^ 
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+ 2xy + *Ay + 4AB;' +;^^ + Jj^jr-' €^^ 

«- 2/** U 2 Ay +4AC + 8Apr-? Off. 

^"^ ^— 2 A*"'' +4ABJ' Tg AC + ' » AD-'^ ^^' -^• 

Hence, equating the Coefficients j lA*— 2A*=:o^ 
' and A fnay be again taken at Pleafure } likewife 
_ — tf ' ' a<t it* 

^-TT^ C = jg^, D = ^., 6ff. whence 

a an 

the Series is known, ^nd x :;: Ay — — • + 


1 


2 T *6Ay 


+ lpy-'^^' 


Ex. 30. 


Let a^y^^d^yy +j|yx*=:o, to find y in an afcendr 
ing Series, 

Aflumej)^i=Ax''+B;^+''+C^+S ^f- andfubfti- 
tilting the firft Term and its Fluxions for y and its 
Fluxions, we have nxn — i x»— 2Xtf*A5f"^3— - 
ti^ X »— •! X tf * A*;f*»-3 + »A V»-' = o. Since the 
Index n — 3 is the leaft Index, make its Coefficient 
nXn^-'iXn — 2=0, and take one of the Roots 
nzziz. Whence the Indices will be — i, i, 5, 
fubtradl the leaft, — i from the reft, and there re- 
mains 2,4; therefore r, s, / =r 2, 4, 6 6ff. whence 
y — Ax^+Bx^+Cx^i:fc. and the reft of the Work 
is as follows. 


V 


+ a^ 
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■ t •■ 

+ ay 
r^a*yy 


+ 2A>' + pA^^ tSc. 


Hence 24d^Bzz4a*A*9 and A ipay be ^ken at 

FJcafure; let A = — :, then B = -— -r, alfo G 

2a - 244* ^ ^ 

, P = — ;J^^ (^c. Whence jf = 


720/J5 ' ■ " 40320^7 

5f* y* x^ x^ ^^ 

- — ^ — ■■ — • 4. — ^^ J. Mr' 

2a ■ 2^5 ^ 720^^ ^ 40320^17 • 

Otbermfe for a defcending Series • 

m 

Let 2»— I and ;i — 3 be fuppofed to be the greateft 
Indices, then ^ — 3=1:211— -i, and »^;:— 2, and thefe 
Indices will be — 5, —7 5 and taking —5 from —7 
the Remainder is — 2 ; therefore r, /, /= —2, — •4^ 
*— 6, ^c. Wherefore jrr:A;^*+B;r-4+CAr-^, (ifr. 

the reft of the Work will be thus. 


— a^yy 


•:?4a'Ax-5— i20tf'Br*7— 336tf'C^r-9 6?r. 
+ 1 2tf * A*x-7 4. 64a* AB^r-96?r. 


ThereforeA=-i2tfSB=36iJSC=-~J— ^7 £jf^. 
And ;f = ^iza^x^^^sSa^x-^ — i^^^^^ ^^* 


Ex* 31. 

Let the Equation be x = iJjy — 4y^y + 2X»jy — 
i^y + jyy + zy^jfy to find xiny afcending. 

Let 
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L^t xzzAf+Bf+'^+Cy''+* fc?r ; and fubftituting 
A^^-and its Fluxicoi for x and x^ there arifes — nAy"^^ 

+ IJ' — 4y*+ Aisjr* - ^ |A*j^*« +7X^+2;^' =:o. Sup- 

pofe-»^i and i to be the leaft'Indices, andyoit'Il' 
have ^nAy"-^^ + iy zz Oj and- n^izzi^ or nzzz^ 
and all the Indices will be i, 2, 4, 2I,' 3. Take i 
frpm:the Reft and the- Remainders are i, il, 2^34^ 
whence r, s^ / £s?f. are i, il, 2, (ft, 3, &?f, and 

ys=Ay^4*Bf5 + Cy^^+DyS £sf^. henx:c 


— - ;c^ 

— zAy 

- sBr - 

- SiQ'^ 

-4D)" 

&C. 

+ iy 

+ kf 





— 47* 


— 4y.* 




1 



• 

Bj>»^ 


+. 2yx^ 

■ 

+ 2A4y' 

4K 

+ 4 


--4*^ 

t > 

. ^ ,♦ 


« . 

• 

-tV93»*- 

1 • « . 

. 

+ ;;y*- 

• • 


+4a3>»- 

•• ■ 

. . . . 

- • 

+ 2)" 



therefore A i=«, likewifeB=— i, Ciz2, Dz^Q^ 
6?r. atid the Scries is ^ =: 4j* — j^' + ly^^ Gfr. 


Ex* 32.* 

tfet z^— cz"" — 2Jf*2J — ^*^-4^^' + ^' =<>"» • to^fiiid 
2 in a Series of x afcending. Put zzzAx'' + Bx''+'^ 
+C;^"+*'£5?fj and by Subftitution according to the 
Rtik; we, have n^A^x^'^^ —cn*A*x'''^^^2nAx''+^- 

— nccAx'':^^ +<2X^ \+ o zzo\ and fuppofing the leaft 
Indices-^— I and to be equal, we have »ni. And 
all thefe Indices will become o, 2, 3 : And fubftrafting 
the leaft o, the . Remainders will be 2, 3 ; whence 
r, J, ty 8zc: 1= 2, 3, 4, &V. and the Series is z z: 
A^i^+B^tf^+Cx^+DA-.^ (^c. and the Operation as 
follows,>^ 
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-f A*--6f AB;^- SrACx' ^ ?SaD^* ^^• 
— 2A^* ♦ — 6Bx* £sfr. 

Here A' — rA* — r*A + rJ=o, aodAn+^or 
^c\ If A = + f, then B will be infinite ; therefore 

I ^ I 


'^5 


+ z^ 


A = — ^9 and then B = _ 


6i: 


Cz:— -^j D:=o, 


ifc?r. And 2J =: — r^ — Tf- — -© — 

or Zee 


^e. 


If you take A=r+r; then fince the Equation 
A'— rA* — r*A+^^=:o, contains two Roots ^z.c\ 
therefore divide 2 (the leaft Remainder) by 2 (the 
Number of equal Roots) and the Quotient is i. 
Then by Help of the Remainders 1,2, 3, 6fr. you'll 
get the Series zzrA^f +B;v*+C;fS (^c. with this pro- 
ceed as with the fpr mer, and you will get other Series 
for the Value of 2;, wherein B may be taken at 
Pleafure. 

Ex. 33. 

Suppofe ey +/2fy + dfT^-^^z jz ztz^ to find j. 
Afiume^ =:A2" + Bz*+'' + Cx'+'fc?^. then putting 
Az'' and its Fluxion for_y and j>} and you have 
e»A^'^^ +fnAz"'+''—^ + dAz'^+''—^ — zf = o 5 take 
the Indices »— i r=^, then nzzp+ij and the Indices 
become p, p+m^ and the common Diflfcrence zzm, 
and r^Syt— m^ tm^ 301, &c. Whence;^ = Azf+^ 
+ Bzf+^+^ + C»^+*«+S tfT^. therefore 


+ ^ 


56 . 

+ (y = 
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^\ 


And 


+ f+i/Azf+'' + /+, +;s./B2#+»* &c. 
Lr. B = -.4S±iiA, C 


Hence A = r 


/+i.^ 


p4-i4-»i.^ 


= — . Jl^'^lJI^''^ B, 6f^. and putting «=;>+ 1> 


V/ 


a;* 


¥ 


and ^=:;-r+i>+i, then yz: 


'Az'+* 


^ + 2m.e 


ay 


Ex. 34. 

Let ;c ::;: o+pi^z^i;, to find a? by a Series of «• 
Suppofc X zzyy, « + i3z«^ , this in Fluxions gives x 

I I ft 

a +/32»« z'^Zy that 'is ay + ^z^jf -{^ i^m^yz^^^z ^ 
az^z — i32«'+*'i 1= o. Let y = Az" + 32"+'' 4. 
C2*+* &c. then by Subftitution awAz"*-' + 
»13 A%"+''^' + /{A«ij3Az"+'»— ' — az* — |3z»+« = o* 
And putting the Indices n^i zztr^ then n =: ^ 4- 1 , 
and thefe. Indices are 7, tt ^ ^, and the common 
Difference i», whence j^ =: A2*+' + B2*+»+« + 

i4i.«A2*'+7r+l+»i.aB2«-+'"+7r+I+2»i.aC^*+**^^ 

4- ^H^.^A 4.^+i4»i./3B &c- 

+ fA»i|3A +/x)»i3B &c. 


a 


~/3 


Hence 
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Hence A = ^, ^-"" . ^-+1 xTiTrfrnx,. * 
C = _j^»*+^+^ +«'><^>'" f^r" whence 

puttingjn^- — ^ t = 7r + i^ izni+y'fn. P, Q, R, 
each preccdingTerm with its Sign, then x^ 4-^2*^ 

, 0?^. = Fl: oc+^P^ z'^z 

Ex.. 35. 


X2J*iJ, to find X by 2. Svp]pokxz=:y.j,-^pz"^yz^'''\-izi'' &e. 
this put into Fluxions, and then' the whole divided 

by »+pz" +yz-"f 6f r. you have z^'z x g+ Zz^+^z^""^^- 

= J^ X (» + (iz" + yz^»^C' +iJt,+i.yXni:iz»--^i-^riyz^«—^ (S^c. 

Let j^ = Az* + B2'«+'' + Cz'^'+i* tfr. then Az*" and 
its Fluxion being fubftituted for y and jf, for the firft 
Term of each compound Quantity in the foregoing 
Equation, and there will be — ez"" + mxAz'^-^ + 
Z+iX'^(iA.sf'+''''^ C^c^ = o ; and making the Indices 
^and w— i.equal, then wr:^ + i, and the other In- 
dex is v+ 1 +», and the common Difference ;;, whence 
yzzAz''+^ + 82*+'+" + C2*-H+^« ^c. And put^ 
ting 7r+ 1 —p, thtnyzzpA^^ + p+n x Bz'»'+« +/>+2» 
X Cz^+^ (sfc. put m = i^ + I, then 


I ^ez'» 
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+ ay 

+ P^y 

+ " 2mnyyz'^^^^ 
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— ez'^ 


— fz^+' 


— g^+Y 6?r. 




+ w»j3 A + i»»iSB 

+ 2mnyA 




Hence A=^. B=^^i^. c-^h^-^J^"" 


/ + »X^' />-|-2«X^ 


/ + 3»X« 


E = 


* i:«. 1 ^A i^^+« JjBz^t^" }yCzt+^''}pD 


/4-4»Xa 


-',fcfc. 


And X zz hzP 4- Bz^H-" + C2/^+^« + D2^-i-3« tf^. x 


^+j32;»+yZ*»+te3»£sff/ 


IV. 


The Fluent of an irrational Fluxion may fometimcs 
alfo be found by ajfuming ^n indetermin*d Series ^s ia 
the laft Rule. 


Ex. 36. 


ax 


Suppofe z zi v^x^Xj where i; r= , and y = 

\/ lax — ;fx . I take Kv-x^ for the firft Term, and 
affume as many Terms of the infcriour Powers of v 
and x^ or their Produds, as I think will be fumcient \ 
for which no general Rule can be given. But yoi^ 
need take no more than the firft Power of y^ becaufe 
all the Powers above will be exprefs'd by the Powers 
'' ' * of 
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of x^ which are fuppofed to be already in the Equa- 
tion, Thus I affumc zznAv^x^ +Bi;*+Cx» +Dx+E 
Xvy + Fx^ + G^* + Hx zz Flu*, v^x^x^ Put this 

Equation into Fluxions making ;^=:i, and writing 

a 

every where — for v ; then reduce it from Fraftions, 

writing lax — xx forjy where it occurs. Then col- 
led feverally all the homologous Terms (or thofe of 
the fame Powers of all or any of the Quantities x^ v, 
j), thus 

+ ^Av^x^y + laAx^v + ^aCx^v + ^oDxv -H laBv 
_i , _,3C —2D — E +<«E 


+ S^^^y + a^xy + dEy\ _ 
+ aC + 2G +H ^ -"^- 


}= 


• I 


The reCpeftive Coefficients then being equated, 
there will be found Azii, C=:»tf, D = |^/7, 
E=|tfS B-^I^S Fzz^^aa, Gzz^^^^a\ 

H = — I ^4.. And thence z = ■ — | a^v* + 

— . ^ 3 

Note J If any of the Quantities B, C, D &ff . come 
out equal to nothing, ftill the Series will be true, pro- 
vided they don't deftroy the Quantity A. But if A 
vanijh by reafon of fome of the other Quantities being 
npthing ; or if they involve fome impqffible Equations^ 
then the Series is not true ; and you mud try again by 
afluming more Terms of the Powers or Produfts of 
X, v^ y. But in many Cafes ic cannot be done in finite 
Terms, 

V. 

In 2l fluxionary Equation where the variable Quantity 
is V try great y and you would exprefs the Fluent by an 
afcending Series: Or in any very much compounded 

1 2 fluxionary 
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fluxjomry Quantity whofe Fluent is required ; take a 
given Quantity extremely near equal to the variable 
Quantity ; then inftead of that variable Quantity ya^- 
Jtitute intp the Equation the Sum of this given Quan- 
tity and a new variable Quantity, and likewife the 
Fluxion i^v the Fluxion ; then find the Fluent in Am- 
ple Terms, and this will be a Part of the whole Fluent 
required ; and the .Operation repeated as often as nc- * 
ceffary will give the whole Fluent. 

Ex. 37, 
Let 2J = ks/aa\xx \ fuppofe r very near equal to 
^^ and put r 4- 'y := ^> and ^^^-Hmrjj, then xrzzzr, 

and" %':z,vy^ y/aa-^rr-^-lrv-^-w ^ V\/s5 -4- 2rv 4- vv 

zrv+vv irv + vv^ . 2rv + w^ 
zzLVX-S-] TT-: + 1 ■ 

— &c. n 'y X: J+ H ; — 'o ^ — rv^ 

_ ; . rvv aav'^v aarv^ir 
+ &c. =sv + - — + -^ — — ' • &c. 

,,^^ rv^ aav^ aarv^ 
Whence 2; z: ii; + -— + '^j, g^r^ &c. 

Now in this, fubttitute— i; for v^ and' fubft raft the 
Refult from the lalt Equation, and then z zn 26V -|- 

a V' 

- , &c. And this is the Part of the Fluent cor- 

refponding to the Difference of the Quantities r+v 
and r • v^ or to^ 21?, that is, to thefe two different 
Vakies-ot x. Hence if v be taken extremely fmall,* 
and there bt* affumed fucceffively-for r, the Numbers 
or Quantities ^, r, d^ f, /, &c. in Arithmetic Pro- 
grefTion, whofe common Difference is 2v -, that is, 
io th'dt 2!fv=t--^czzc^dzzd^ey &c. till / (the laft 
Value of r) be zi ^ ; then the Sum of all the Parts 
correfponding to each (colleded by the foregoing 
Series) will be the^whole Fluent z required. Or if 

you 
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you will, you may expreis the Quantities i, c, d, e^ &c* 

by r, Ti r, r, &c. 

Ex. 38. 

Suppofc z zz' \ks/ — i let r+vz;;r, 

then2;z=j«y\/— 


a -- ^+^X''+* 


(putting sszzpp+ad'^ 1 , / = — , — ^ 


^^ aa 


TT^ 

, 

Then dividing the Numerator by the Denominacw, 

Hi — ^^^ /. ^^ ' w, • 
and putting ^ z:.-^^^ • /= + — r— + 

6 , we have zzz^v / — H^+/v* 6?^. = 

s qe A-qfs^ — ?^** 
i'Z' X : — + -^'i' + g;;^ •'y* trr. Whence 

sv qe 4fs^ — q^e* * 

^ = 17 + '87'^* +^1875 p^ 6fr. In Which 

fubftituting — v for ^, and fubtrafting the Refulc 

fir-. 1 ^"^ Afs^.^^e'' 
.' from the EquaHon, we have z zz — +-^^ 2 — ^j 

. + (dc. for that Part of the Fluent belonging to 2V, 
or to the Difference of the Quantities r+v and r — v. 

Where it is difficult to get many Terms of the Series,, 
as in the lad Example, v mud be taken fo much the 
fmallery and the Operations oftner repeated before we 
can obtain the whole Fluent : And the working with 

Numbers 
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Numbers inftead of known Letters, may fome- 
times be preferable, when the Quantities are very 
complex. 

Befides the g/Heral Rules before delivered, there 
are fome particular Rules which in fome Cafes will 
find the Fluent in finite Terms. As 

VI. 

When one of the variable Quantities is wanting 
in the Equation : Then ajjume Tor its Fluxion the 
Produft of the other Fluxion and a new variable 
Quantity, which fubftitute for the other \ and you 
will get an Equation which put into Fluxions, will 
give the Value of the exterminated Fluxion ; and 
then the Fluent will give the ajfumed Quantity \ and 
from thence the other Quantity will be had. 

Ex. 2^. 

"Lttjy^xzzax^+iaxy^+ay^^ where x is wanting. 

Aflumc y = X, and expunging x, aazy = z^ + 
a 

z^ aa 

2a''Z\+a^y whence jm: 1-22H . In Fluxions 

aa z 

32*2; . aaz n r ^y ' 32'^ 

y = ^-TT- + 2Z — -, therefore--- or ;c = -^^ 

-^ aa zz a a* 

2ZZ az -,^, , ^, . 32* . 

-I . Whence the Fluent isxzi-^^ + 

* a z 4^5 " 

ax 2.302585 Log. z. therefore j^ being known, 

z^ 
z will be known (by the Equation y '=•— + 2z + 

-— ), and confcqucntly x by the laft Equation. 

VII. Some- 


Sca.L 2^ F L U X I O N S. 63 

VII. 

Sometimes the Flueni may be had, by firft putting 
the Equation into Fluxions^ making fome of the 
Fluxions invariable. 

Ex. 40. 
Let-^~^ = X +;f— -^. Makej^conftant, 

and put the Equation into Fluxions, then ^t^^^^ 

+x=x+i + ^5z:fi, = and i±^= i?^A 

whence tf+j^Xx* =: ^S and —7- = — —=-, and 

\rX \/a +y 

the Fluent is \/xzz\/a+y 

VIIL 

Sometimes the FJu^t may be found by ajfuming 
other variable Quantities to make up the Fluent, 
and finding their Values by Help of the given Equa* 
tions and their Fluxions. 

Ex. 41. 

Suppofe yx^'-^xx zz ay. To find x. 

ay 
Divide be jr — x^ and x zz — - — . Aflume v, 

and fuppofc the Fluent x:z:aX2.i02gSs hog.y—x-bv. 

then will x = '0^-^^+'''^ ^^e Prob. 2.- Scft. 11.) 

y — x + v 

and by multiplying, yx^^xx+vxzzay'-^ax+av^ 

from this fubtraft th* given Equation j^;c — xx=ay^ 

and there remains vxzz'^ax+av^ whence if v =0, 

then 
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then will ^ =: — - ^ 5 therefore xzz2,.i025%s^X^^%^ 

6uppofe az = zx — xx. Aflume z^a + x-^-v, 
thctiZ=x+V9 the Values of z and i fubftituted 
in the given Equation give ax-j-av zz ax+xx+vx 

— XX, that IS av zz vXj or x zi — = , ^be- 

ing fom?^ given Quantity; whence Ar=:i?x 2,302585 

Log.—, therefore 2=1^+^+^2X^.302585 Log, — . 

Or z zz a + x + cX Number of the Logarithm 

2.36258^ * * 

Ex. 43. 

Suppofe z = X^x^x^ w4iere X is the Hyperbolic 

Logarithm -of ^tf-. Affumezzr^ rT^+^^ ^^^* 

put into Fluxions there arifes z — X^x^x + 

; + s zz X^'s^Xj thtrefore s zz 

"^^^ , , (writing -rj for X) ; Again aflume 

^— »X''"~^ptf""+^ 
. s zz — '. ' X + /, this in Fluxions ^ives t 

»X"«^XX«-*x«y / _ 

- — * Then agam / = 


*— X 

tn+i 


! 


nxn^i.xX^x-+l^ ^ ^ -Whence u =z 
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< 

Whence iJ = ; — • — : ;; + 

'^+' m+i 

J 4 

»+i m+i 

# 


IX. 

For compounded ftuxioml ^^ntiiies^ aflutne an 
Equation with indetermin^d CoefficieniSy to comprehend 
the Fluxion given j wherefore the Equation muft be 
fuch that when put into Fluxions the bigheji Power 
maybe the fame as that, of the Fluxion propofed. 
Then comparing the homologous Terms, the Coeffi^' 
cients will he determined. And fometimes the Indices 
may be found this Way^ 

Ex. 44. 

To find the Fluent of ^+2<iyv/jjy+ tfy+ aa xy. 

1 

Afllime the imminential Equation Ay+BXyy^y+aa\ 

in Fluxions 

Ajpr + A^ + Am* 1 

3Ajfy+ sBy > y \/yy+ay+aa == 

4- |A tfy+ jBa j 

pyy + qayxy\/yy + ^+M*^ 

H6re4A=^> Aa+^B + lAazzqaj Aa* + iBa=zo. 

Whence A = ^, B =i "g"* and likewifc Bzzjqa 

^—^P' Now if the Fluent be poflible, thefe two 
Valuieii of B muil be equal, whence 8^^==^. 

K If 
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If the Fluent cannot be had this Way, affumc 
the Form of it different. If Aj5 + By*+Cy + D 
V^ + <7y 4- aa^ were aflumed, ^ then / =: 8 j as before. 

If f^qa '^/yy\ay\aa XJf be propofqd. If Ay+B 

_i 

X j^' + tfjy + ^^* be affutned, the Fluent can only 
be found when i6q zz — p. 

If AjH- By* + Qy + D\/3!H-/2y +tf ^, the Fluent 
can only be had when ^pziSoq. 

Ex. 45. 


To find the Fluent of ax+iyxx + cx + dyxy 

rzo# Affumefor the Fluent x+ocy^ Xx+^ =A 
a given Quantity • and taking the Logarithms 
w L: x+Ay + r L: x+fy = L: A. In Fluxions 

- H^ "^ ^+.^^ ^^- ' -educed ^-trX^x 

+ j3T+ar XJK^ + air+j^T X ^JK + aj37r+a|3r X^ =0; 

and comparing the Terms with thofe of the givea 
Equation, when reduced ; youMl have 4 Equations 

Whence putting «i zr y^^ + r -7-4^^, a rz — ; , 

Then the Fluent is zax + ^4- ^ — ^x^ X 

2ax + if + c + mxy zr B a given Quantity. 

After the fame Manner the Fluent of ax^+i^xj+gy 
XX + dx^ + fxy + gyy Xy =z o, may be found; 

afluming the Fluent x + ocy- xx +|3y^x^ + 7JK^^ 
r A a conftarvt Quantity j and fo of others confifting 
of more Terms. Ex. 
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Ex. 46. 

To find the Fluent of ''^^^''^ ; 

ex + x^ 

Let the Fluent be fuppofed d x Hyp. Log. c:^ + 

r+'; in Fluxions ^x ^^^'^^ +iTiXx^x ^^ 

ex'' + x^+^ 

drcx + dxr+Tx^x ax + bxx 

— = — — — — =: : 5 then drc 

ex + XX ex + XX ^ 


a 


zz a^ and dxr+i = ^. Whence r == -7 — — , 
and a = — - — ^ Therefore the Fluent required 

a be 


is ' X Hyp. Log. ex H- x 

Here follow fome more Examples wherein the 
Rules before laid down are promifcuoully ufed. 

Ex. 47- 

To find the Fluent of % F*. i; F: i; F: 2 &c. x F;^i. 
Let A = Fiji 
B = 2A =: y%z 
c =: 2B = z* A =: yz^z 
i> zi zC =: z*B = 2'A = yz^z 
C^e. 
And aziF: Az^ j3 =F: xz^ y =F: Pi, *=F:y2?, &c. 
and let bzzFizxj f=F:2(3, d=F:zy^ &c. then 

I. FiAizizA — B, as is evident by putting the 
Equation into Fluxions ; for the fame Reafon Fia^z 
znzoc — ^, F:pijz=z/3 — Cy Fiyzzzzy — d^ &c. 

2., Since azzzA — EzzPiAz^ and b or F:2a = 
FiAzz. Suppofe the F: Azzzziz'^A+Sf this in 

K 2 Fluxions 
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Fluxions gives J iz 


2* A 


1= — : 'C 9 therefore szz 


— ^C. Whence ^={2* A — iC. And F: ai = 

{zx—b—) 2*A— zB — -z^A-t-^C =i2*A— «?+ 

|C=/3. ^ - ^ ^ 

3. F: |S^ zr zp — r ; but r or F: 2/3 zz F: olzz zz 
f : zA— B X zz ; fuppofe its Fluent = 42' A — 42* B^ 
+ J,- this in Fluxions gives in — jZ'A + i2*B = 
^D. Whence Ji=^ 5 and m ji;' A -r- 42*8 + |D ; 

and therefore F: ^z = — — g-=-^ — zny. 

4. By the fame Method F: yz =z 

2*A— 42'B+62*C— 42D+E ^ ^ r t 1. 

^ ' ■' ' ^ \ And fo of others. 

24 

Whence 

I Fhjyij = A. 

Z F: zF:yz = zA'—B =z» zzF: Kz. 

F: 2; F: 2 F: ysj = -■ — ^ — = F: «2 = S. 

•^ 1X2 ^ 

F:2F:2F:2F:j2= 1x2x1 =F.P«=y. 

F:^F:;.F:^F:2F:;.2= ,^,^^^^ 

6?r. = F: yz zz <^. 

After a like Manner the F^ 2"—' x F: j'i; = 
2" _ . Fiyz'^z 


n 


xFiyz 


n 


Ex. 48. 

Suppofinff A=:F:j;2?, a=F:2F:jy2, /3z:Fc2dF,:2F^i?i^ 
y=:F:i;F:2;F:ijFry2^ ^c. as before. To find the 
Fluent of 2«j^. ^' - 

Put 


Sea,!. cffhV^lP^^, (^9 

Put E: z";y s 2fy+J J in Fluxions a?^ ss.a^ + 
if^'^^z + s , tl^ecefore i zz -rrmi^^yz a -r «?{*-^A, 
and i =: — »2*-'A+/, in Fluxions / =: nxn^t X 
^j^;2f--»i:;=/iXi::ri^ ^nd / := ^?X>- tXigP^<^ 

4- V i in Fluxions ^ = — n x »-ti X^*— 2X2:*^«i 


F: 2^ = 2?J •— »2«^' A + » X n — i X at*"^* 


» >< »— I X »— 2 >^2t-3p + i?X»;-::i X:»^^ ^»-^3^ 

Ex. 49, 

Let 3Ariy — r 24x^ = 3yAf*x — ay*x. Put jr 1= zx^ 
and j!' zi: 2W + x;5^ and expunging jr^ y ; 35*2 — 
sutzzi -rrr ,2^1x22; = — az^x. Again put xzs^ zv^ 
and X =: zi; + vz^ which fubftituted in the iaft 
Equation, it becomes. 3v^z -t* 3^^ = ^a^v* 

Ijiet uzz ~^ and z;.= r=, ^ dm la& 

Equation becomes ^az — 3« = — 2j • 

;^et J — ii = /, and / = /, and you^l- get;: the- 
Equation 3/z = z/, or 3/z -— z/ = o, or 

2Z t Z» 

r — = o, and the Fluent z»/—» or -r- = 

Z /" " # 

^ = — . Whence hgr ReAkution, ;r'+;ifJ =: tfxy. 

_ • 


To find the Fluent of azx + ^ + rx xi =: e+fx 
Xj; > putjr = b-^-rx^ then the Equation is transformed 

into 
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into "T^ + J^^ = e+fxxx*9 multiply by jr*^ =: 


* + ra?^ ' , then will -r^ ' j^ -^J '' z zz e\-fx 


4 


— .1 


X^xM-^*^ • And the Fluent is ^y"^ zz 


t^^mmmmmmt 


F+f^' -—7" / T-: — .7-+» ,. 

X^+A— ^rx;rx^ + rx^' ; dw 


19 <^ 'y ^tf+rii 


vide by > '' =: ^ + rx ' j and you'll have z zz 
e+}x ^ fXb+^ ^ 
a *^ aa+ar 

Ex. 5it 
To find the Fluent of -— - + -^^ — - = ex 

X y z , 

Multiply the Equation by —-7- , and we hare 

— — - + ^ / ^4r-i and the Fluent 

is -:^=A fome given Quantity. 

Ex. 52. 

• • • • 

To find the Fluent oi^ zz^+^ ^ — . 

p 9f y z 

The Fluent is Log. p zz Log. x + Log. y — 
Log. « = Log. -— } and therefore ^ = — - . 


Ex. 
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Ex. 53. 
To find the Fluent of cc+^z'^x'z = F. 


(t+i 


Let F = f+Pg' z*+i--. +, . this in Fluxions 
gives . •= - Z±J^2<^3E!!l!.z^z, fuppofe 

s — vA»+* 

* — — — — 2*+**"+/, in Fluxions 

/*+i Xj[*+2X»*<3» 

(»+3 


/ = ^ + I--»Xjr+I--2»X *+^ ; ,'-<-x-^» . 

/*+iXf*+2X/*+3X»'/3» "^ 

v,8cx:. Whence F=e!±^- aH-i— +;+/j.« &c. 

/*+iX«P 

That is Fl: J^+pi^ V» = ^+P^ 2«+i— _ 
y+i-»X«+^" -^ y+i-^2«x«+<3z » 

— C + tsff. 


/*+i X «f32' 


Otberwife. 


Suppofe F = 1 + <^ ^t : + ., then ; = « 
" , ■■■■ : 


7* ^ff boctRtijfe 


p— I 


Let i= ^^'!^^+ggL j!±^H-/; Whence 

/ — - — ' rzn: — =z= , and let 

w+i X v+i+ir 


* — ' ' : — " " " — ■ + f j oCCi 

Whence F: T+^'^x-^^ I±^l!!^:±L. ^ 

A + .^.^_^__ . B •-* 


■=^=;=r-=r C + esfr. 

Td firid dte FlUciit of «+ iSz* +yz*'+«r3B3'' 6?/.^ x 
vfz, having the Fluent <rf «+j^ z*k given* 

XI +o+Ga*« +Dz3»8rc. then «+ig2J»+y2:*"+<^23"&c* 

^ _^ .JL 

= « -h ^2!» X I + o + Gig** + 6cc> ^ J but 

I + o +C2;»»+ &c. '^ = I + o + — Cz»*^--^DzS* 

I 

+ ~x ^^ ccl 

'* I f 2!^ + ^^* Murtiplf thii 

Series into « + i8z", and ve fhallhave «-f i32:* + 
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« 4- o + — C2»» + — DzJ* 

^ ^ tfr. And equatliig 

+ (3a" + o + — C 

the Coefficients of« the feveral Powers, then « =: «» 
i8.= i?, y =-J C, * = -^D + -C, &ff. Whence 


— D, €£?f. Therefore Fl: «+i82" +y2»"+fe3»6ff. x 

ft 


x»»=:F:«+i82"1 z»i; x into i + — z*" +• 


*^-"%23« + E24- 6?^. 


aa 


Therefore if the Fluent of o-Hte^ zfi; be known, 
the Fluent of this compound Fluxion will be known, 
by Form nth of the Table, and this is ufeful when 
the Quantities yz^% J^23*, ^c. arc very fmall. 

Likewife the whole Fluent when a.+fiz'' becomes 
izo, will be found from this Rule, by Form 1 7th 
of the Table. 

. Ex. s5» 

To find the Fluent of z'^x^fy. 

Let x'^jTyizky Ai=B, Bzizc, t?r. then the 
Fluxion given is x"A » then by Rule VIII. put F: 2" a 
= z^A+j ; in Fluxions 2"A=2"A + nhTf^^z + i , 
or}=— »2''""*A2J = — »z"— 'B; aflbme Jiz— ;j2''— 'B 
+ /, then / n »x«— I Xg"""^Bg =: g x «^ ^^'""^C : 
Let /zr^Xw^Xz'-^C+w; then «=: — »x«~iX 
TT^Xz'^^Czzi — »X«^X«Il2X2"^3D, Then 

aflbme « = — » X «— i X «— 2 x z"— 3D + w, &?^. 
Then at laft F: 7^;)(rfy or F: 2"a = 2''A~;j2"-^B + 

L »x 


\ 
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X »— 2 X »— 3 X 2«— 4E — &?f. 

Then by the very fame Rule that thcfe arc had, 
yon will get the Fluents of A or x'y'^y^ and B or Ax^ 
of C or Bi;, £5?^. in any particular Cafe -, expunging 
by Degrees x y ,or z i^s there is Occafion, by Help 
of the given Equations. The above Series is the 
' fame as is found, £lxamplc 48. 
' Suppofe The given Fluxion is 2x*y^j, and rr-^A*;^ 
zz>7, and — xxzijyy, alfo xzzi: — ry and yz:=:rx -^ 
r^y^ X being the Radius, Sine and Conne in the Circle. 
Then we fhall have F: zx^y^y zz. zA — B, where Azz 
F{ x'^y^jij and B iz F: Az ; here AizF: rr—yy Xy^jf = 

— ^ ^7 andBrzF-rr-ixy.X^*^ '=lrr-ijy 
xy xrx =irr^-^iyyX ~_2Z. > whofe Fluent is 

\/rr—yy 

found from the" Table: 

And thus Mvave cxplain'd,^ as clearly as I could, 
the mo^ general Methods of folving t\\\% difficult Problem. 
The Reader perhaps may think me too prolix on this 
Head : But it muft be confider'd that this is a Problem 
of the greatejt Extent and Ufe in the whole Pra<5lice of 
Fluxions 5 nay it contains almoft the whole Science; 
and we cannot be too particular in treating on that 
which is tht Foundation of the greatcft Part of the 
Pra^iice. But after all, we (hall-find it exceeding dif- 
ficult in may Cafes to fihd the Fluents of Quantities, 
by any Methods hitherto know A. And it is much 
to be wifh'd that we had fome eafier Methods of find- 
ing Fluents, elpecially of compound fluxionary<iuan- 
titks, without tlie tedious Labour ot reducing; them 
to infinite Series, which in many C^fes converge fo 
flow, and are.fo much compounded as to be in a man- 
ner ufelcfs. . The tolJowing Propofition is defign'd to 
reniedy this Diificulty^inlbnie particular Cafes. 

PROP. 
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P R OP. XI. 

^ojindtbe Fluent of a given Fluxion by the TabU. . 

1. The following Tabic comprehends all Sorts of 
Flwcions ztid their corrcfpondent F/a^w/j-; not only, 
fuch as can be cxaftly had m finite Terms^ and thofc 
depending on the Sluadrature of the Conic SeSions^ but 
alfo thofc that can only be had by infinite Series. 

2. Thefe Forms are all numbered in the firft Column ; 
the fecond Column contains the Fluxions, and the 
third gives the Fluent thereof. The 21ft and all 
the following Forms relate to the Tranfmutation of 
Fluxions ; here the Fluxions in the fecond and third 
Columns are equals the fecond being transformed into 
the third, and the Fluxion in the third Column always 
belongs to fome of the foregoing Forms. 

3. Here 2, Vy y exprefs variable ^antities^ and all 
the reft are given ones, which may reprefent any .\ 
Quantities whatfocver. affirmative or negative. But 

in the 6th, 8th, and loth Forms, the Nature of them 
requires negative Quantities, and therefore they arc 
Vitten negative. 

4. In the fecond Column are fet down all the ne- 
ceffary Conditions relating to the Sigtis^ Indices^ &c. 
in each Form : likewife in whatXafes the Form will 
fail, and when the Series will terminate. But the 
Fluents in Form 11, 12, 13, and i4a[rc"defign'd al- 
ways to terminate, and are derived from the fore- 
going ten Forms, which therefore* may be called 
original Forms. 

5. In thefe original Forms, though the jf/;^ of the 
Fluents there given may in moft Cafes be fuffjcient, 
yet there are feveral Varieties both of numerical and 
geometrical Fluents -, fo that the moft fimple and ele-' 
gant may always be chofen to fuit any particular Cafe. 
It is fufficient to premife this concerning the Nature 
of thefe Forms. 

L2 ATABLE 
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Of FLUXIONS and FLUENTS. 


L zz 2.3025850929.94045684 6?r. 
N zi ,017453292519943295 (^c. * 


Forms, r Fluxions, 


z^-'z 


This Form fails 
when n zz 0. 



z-^zzz 


9 


3 


4 


' 2*" — ^^ 


This Form fails 
when f^zz — i. 


9: = L X Log: 2. Or L X Log: As?. 
Or fzz -i^ of the Hyperbola be- 
tween the Affyptotcs, whofc in- 
fcribcd Parallelogram is. any Space 
RR, and Abfcifa (taken in the Af- 
fymprot e) Rz or 2. 


^t+I X ^0 


z"—^z 


I 


ot.^^Z* 


"-^ 


<f>=~^X Log. of <t + 42:«_ 

^rea 
^ ^ 7&RR ^^ ^ Hyperbola be- 

tween the Aflymptotcs, whofe in- 
fcribed Parallelogram is RR, Ab- 


u 


fciffa "T + z" . 


m 
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^7 



uxtonSt 


■•551 


s 




Z Z 




« + i82' 


— « 




^r^ affirmative. 


6 


2r - z 


a, 


fiz* 


-— ^ 


//^^ ct is affir- 
mative J and *-^0 
negative. 


FluerUs. 


W 


^^•^"^mt^mmm^mmmt 


q> = " ■ — X Degrees in that Arch of 
a 6ircle ^hofe Kadius is i, and na* 

tural Tartgcnt y/-^ • 

Arch * 

^ = ■ p .-i ' of a Circle whofe Radius 

is any Linle R, and Tangent R^^-^ ^ 

4 Self or s^ ^ * 

^ = pp, ^-L- of the Circle whofe Ra- 

dim is R, and Tangent R^z±-^ 


h ^ ;= ^X»ulg,Lo8,of ^"+^^^ 
4> = ^7== xLog. of ' ^ —^. 


f = 7 X— xLog. of 


^ = 


L 


Area 


X Log, of 






a+iSZ"— 2\/»j32» 


■ 

1 


. — .rr-of the Hyperbola be- 

tween the Aflymptotcs, wh(bfe in- 

fcribed PSarallclogram is RR, and 

AbfcifTas (terminating this Area) 

x/'^+s/W'^ and y/a c/D v/jb5^. 

4 Sell or s, 
P = — =r-* of a right angled Hyper- 
»jRRy/ai8 

bola, whofe femitranfverfe is R, and 
Tangent at the Vertex R^/ — . 


MMMMM 


78 


'^he Doctrine 


Forms. 


7 


\ - 




Fluxions. 


i^mmmmm\ 


Z ■ Z 


a + ^;5' 


Here « and H are affir-\ 
matime. 


i ii an affirmative proper 

A .. . ._ . 

FraSiion, 


Sea.I. oTFLUXIONS. 79 


Fluents, 


■hi. 


1 — jX i*^^^ ALxLog* v/i — 2Jx+xx+BNxP 

fj^Q,"^ + CLxLog: v/ i~-2/y+jry + DN x Qj 
" + ELxLog. v/i— 2«*+** + FN xR fc?f. 

K = an ^r* of i^^. * = -^\ 

ij, ^, ty &c. = Sines ^of iK, 3K, 5K &?r. to 180°. 
J, /, «, &c. =: Cofincs) Radius zi i. 

P, Q^ R, &?^. iz Degrees of Arches whofe Sines are 
ax * b^ ex 

^I— -2J;^+^A^ V^I 2tX+XX y/l ZUX-^XX 


CASES. 
J. If ~ =|, then A«(-.2J=)— i.B=2/j.C=i.D=o=E=F i^c. 

A 

2. If - =1, A=(2Jzi)i. B=:2^. Czi — I. D, EjF^r. z:o. 

A 


3. If - zz\y A=r — 2J«Bi::2tf.C=z — 2/.Di=2^. 

4. If - =1, A=:2J*. Bzzia. C 


z 2/.JlJI=2^.-J 

>E,F&fr. zio. 
n 2f. D=:2^.J 


5, If -- zi |, A =: — ( 2s. B zz 2a. C = — 2/. D zr 2b. 

E zi 1. F ^c. zz o. 

6. If -^ =z ^, A z= 2/. ^B z: 2^. C zi 2j. D z: — 2a. 


A ^' 


E ZI — I. F £ffr. iz o. 


7. If •!? =: i, A =: — 2/. B =z 24?. C =: o. D zr 2^» 
^ E z: — 2«. F zz 2C. &c. zz o. 




So 


^7i6r bocTRiH« 


«■«■ 


IForms. 


^ 


Fluxions, 


i 

z z 


a-^z"* 


1 






Here' a is affirmative^ and 
— fi Wjgative. 


-^ /x' an affirmattve proper 
FraHim. 


^mm 


wmm 
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Fluents. 


-J — ;;rrX ^^^^ AL X Log. I — X. + BL X 


VQ> Ol"^ Log. v/i — 2JAr+;f;tf + CN X P + 

DLxLog. y/i-^-itx^xx + EN X Q^ 

+ FLxLog. y/x—zm-^rxx + GN X R ^c. 

' \^ 

>r L r iSoDeg. iSz" r 
K = an Jrcb of r— ^- ^ = ' • • 

a J h ^» &c. = Siocs > of 2K, 4K, 6K £5*r. to l8o^ 
Sy /, «, &c. = CofincsJ Radius ir i. 
P, Q^ R, 6fr. z= Degrees of Arches whofe Sines arc 
ax bx ex 



v/i- 

-2W 

» 

v/i- 

-2/X+XX 


l:;^* 





CASES. 



I. 

"fr 

= i» 

then 

A=- 

-I, B = 

— 2J, C zz 2a. 


2. 

'f.'^ 

= 1. 

A=- 

-i,B 

z: — 2 J, C 

z=L — 2tf , D, E Cs?r. 

— 0. 


3. If - =i, Ac= — I, 8= (—2/ = ) o, C=2«, D=i. 

4. If i = I, A=— I, B=o, C=— 2*, D=i, E, F&'<r.=o. 

A 


5. If - =|, A = — I, B= — 2J, C=2«,D= — 2/,E = 2^. 

6. If i = |, A=--i,B=— 2/,C=2^,D=:— 2j,E=^2rf, 

^ F^c.zz o. 


7. If- = |, A=: — I, B=: — 2j, G = 2/?, D = — 2/, 

E = 2^, F = I, G, tff. = o. 

M 


^2 


rbe 

Doctrine 


Forms. 

Fluxions. 

■ 

9. 

1 

z z- 

i 

Jci + fiz^ 

4 


X 


Here fi is affirmative. 
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Fluents, 


2L 


(h _. 2k. X Log. of v/ i^ + \/* + ^2" . 


<fi = -=-xL0g.0f <»4-2p2«'+2v/*+p2''XP2' 


•ii«l 


T * ^ 

T ' • 

= — =^xLog. of a+apz- — av^apz^+pv. 

^ = t^^f^l of the right angled Hyperbola, whofe 
Scmitranfvcrfc is R, and Ordinate Ry/J?^ . ' 

::r -rx 5^^^ of the right Hyperbola, whofe Semi- 

tranfvcrfe is R, and Ordinate ^.y a +182? x Pz' . 


2 


— X SeSlor of the right Hyperbola, 

whofe Semitranfverfe is R, and Ordinate 

oR / 

v/a+jSz^x |32« , when » ftands for a nega- 


tive Quantity. 
zz of the right Hyperbola, whofe Semi- 

R _ 

tranfverfe is R, and Ordinate — -j=:X\/»+|32;'' , 
when a ftands for a negative Quantity. 

M 2 


84 


1 • 

I'he Doctrine 


.« 


y. 


orms. 


lO 


Fluxions, 


SJ^'^'i 


^0i—fi2' 


= 4> 


Here a is affirmative^ and 
'-^fiis negative. 


••' 


1 


Sca.L /FLUXIONS, 



<P = 


v^ 


X Degrees in the Arch of a Circle 


whofe Radius is i, and natural Sine 




N 


d) = — — X Degrees in the Arch whofe Radius 


d,= 


2 /., — r~ 
is I, and Sine —^»-^^x> x Pz* . 


X ^ci whofe Radius is Rf and 


iRy/P 


Sine Ry^ 


(32* , 


4> = 


-^ri& 


iRv/P 


— , whofe. Radius is R, and Sine 


2R. 


?3i^(K — /3z« X P^;" , or verfcd Sine ^^(iz^ . 


a 


4> = 


I 

X &5^ of a Circle, whofe Radius 


nRRv/^ 

"IP* 


4> = 


2 SeBors 


of the Circle whofe Radius is R, 


2R 




and Sine —y/ a^z"* — 13*2*' 

a 


■ i » 


«5 


t6 


The 

DOCTRINB 

Forms. Fluxhf9s» 

1 
< 

II 

r 


• 
* *■ 

•• . .. / 

• • r . ■ - t • . 

1 

• 

Here \ is any qffrmative 

• 
* 

/ 

1 
N^.B; nis Form fails 

when — ^— + /{* « ^»7 


pegfitive. whok Number 
from —I /# — ,^ iMcltifive. 


1 ' >ft 




Here x is any affirmative 
/whole ^Number^ 




N. B. This form fails 

mm Jw T 

. vihen —V- is amy affir- 

mative whdi- Number 
fum h to X inclufively. 


MMM 


Sea. L of F hV XI Om S. 87 

Fluents. \ 


a Xf— nX«— 2tiXj— 3fiXSf^» • . . • till £— Xf, 

X ^ tp 

|3 X^— uX^-anXJ'— •3iiX-&?f. .... till J—Aa. 


2*~^y « — n X « . « — In X « ^ 

— B 


- Hr^'* c - 6?.. till - i^iiiiLF. 

J — 41) X Pz* ^ — Xn X Pz* 

^ =: Fluent of «+^z^ 2»«. 

— To — \'*+* 

« — «--f-I+Al|. 

# = « + t + f**! • 

A, B, C i^c. each preceding Term «ith its Sign. 


|3 XJ+«X^+2i X *+3fl X t?f tiH ^+xii> . 

_.x • ■ <P 

«' Xf-hflXt+2flXt+3iiX&?f. .... till i+Afl 


« + i»X« <4-2uX« «+3?JX« 


- -i±Jl^i^C - e?r. till ^ 4^2+>-0<^F. 
t + 4n X« « + ^»^X« 

^ r: Fluent of T+pP '^z^ir.' 

' ^ n « + jf*1| + »I. 

A> B, C fcfr. each preceding Term with its Sign. 


88 


Forms. 


13 


The Doctrine 


ttmmm 


Fluxions. 


7> — 1'*+'' V* 


A 


■•Mi 


— 1 


/ 


Here r is any affirmative whole Number. 


N. B. y&V Form fails when ^^^^ + ^ 

is any negative whole Number from 
— I to — T inclujively. 


1 
' ' 


14 




> . 


' Here r is any affirmative whole Number. 


N. B. ^bis Form will fail when /^ + i 
is any affirmative whole Number 
from I to T inclujive. 


I •. 


• • 
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Fluents, 


iT 


«''X**+iXu+aX|w+3X&?<'. • » . . till /A + T 


Z'+'y^-H u + rXio - . r«+T^Xna 

+ A + -■ D 


f+rn i+m—nXy o-rm— 2»Xy 


M+r-2X.. n + t?,. till J;±JJ1^F. 

^ ^+T.i-^3*,xy . f + ixy 

^ = Fluent of «+p%^ wi. 
•A, B, C y^. each preceding Term with its Sign. 


JXJ— iiX<y— 2nX^— 3"X^^' • • '^^^^ J+11— Tn 


/« ^XJil^iXf*— 2Xf*— 3X'^^- • • • till ^ + 1— »■ 


JM T+IXW* ft-;— T +2X1* /*— T+3X»I« 


+ - — ^C + C^c. till — Fi 

ip = Fluent of «+^'*a"S!. 

A, B, C fcff. each preceding Term with its Sign. 


mimmtmmmfanm 


N 


90. 


. fTbe Doctrine 


J Forms. I 


Fluxions. 


a>.j32J'' 7^Z 


^his S^ies will termimUe when 


v+i 


+ A* 


is any negative whole Nnmber. 


N. B. This Form fails when is any 

negative whole Number whatfoever. 


a + /B^J"' z^z 


This Series will terminate when — is tt»f 
affirmative whole Number. " 


r-T — \f* 

a + jS^J"' Z^'Z X into 

e -^fz' +gz''' + Az^" ^c. 


Here /* and tt muft each be greater than — i . 

Alfo z and a+^5^ muft be one of 
them zz o at the beginning of the Fluent^ 
the other zz o at the End of it. 

This Series will terminate when "—^ is 


arrf negative whole Number whatever. 


«*• 


J 


Sca.L 2/' FLUXIONS. 


Fluents. 






Aj 


« 4- 2«l 


B? 


^ r: • 


Dj^ Csff- X into 7+^ 




Cf 


A, B, C'(jff. each prececding Term with its Sign. 




w+I 


- + 


^Ay 


2v 


•Bj 


<*— 2» 


- — Cfl 


- + 


,4.i4.„^B^ + i + 2n^ w+i +3" 


4* 


D? 


+ 6?f, 


A, B, C fc?r. are the Numerators of each pre- 
ceding Term with its Sign, 


(^X: 




x/ 


( 4-.»i X « 


i + nX^ 


Ag 


t +2»» X OS 


B^ 


J+211 X /3 


_4±^21^c*, ^,. 


^+31 X (3 


^ = whole Fluent of 7+^'*z'z., 
A, B» C &ftf. e»ch prec<;ding Term with its Sign, 

but without the Quantities /, gt A, &c. 
"When any of the Quantities ^, /, gt &c. are want- 

the refpcftive Terms will vanifl\» 


N 2 


9t 


92 


yl&tf DO'CTRISB 



i8 


^+/^"+^2J^«+«;s3«^^^.^^^ 


19 


2,0 


a+|3;s''+>';s="' + c/^2:3'' 



^ '* Z'^Z. 


»4-i 


N. B. This Form will fail when 

w 4»y negative whole Number what- 
ever ^ or when any Denominator is o. 


mzy + nyz x js"~y 


—I 


ft..m 


or ^^J!l.xzy 


'■ 


— • ^ 

raye; + /^jzjt^ + mvz x 
intx) ^""V 


>»■"■* *jn—i «/■— X 
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mm^mmmmmmm 


Fluents. 




• 


px 


f+ nX» 




-J. . i — = . , ", r I 


/ + 31X* 


+ 




+ 6?f. X into ati*X »+p2''+ 72" +^zJ* (^^."^ * 

«!=;/» + 1. 

A, B, C &(. the Coefficients of the I ft, ad, 3d &r. 
Terms refpeAivdy. 


mm 


zy. 


■aMW 


^jTzf^ 


■■■ 


#4 


Forms. 


21 


2'2 


'• 




\ v' ,» • 


^3 


mm 


• T ifluH- ' 


24 


^A? Doc'f'RiNe 


Given Fluxions. 


e -^ fii 


m 


n ^9-1^ 


^ is axy whole Number tohatever. 


«— 1 


2^9-1^ 


e-¥fz^ X g + M\ 


e+/z^ >^g + hz^ j^^^z 


I 1 '\ « 


/&r^ X is artf whole ^Number griater than 
o\ r is'Jf^f ^f avy whole Number 
' whatever. 


e^fz^" 2^^-'z 


g 


+ 


1^ 


m-^-r 


Here either x or r^-^'K muft be afqfitive 
whole Number greater than o. 


Jtm 


Sea. I. e^FLUXIONS. 


Transforffid into other s* 


A— I 

V—e X 


V^V 


V 


gv 


v-e +/z\ ' 


fz 


Xfi— I 


hz 


x9— I 


pxe+fz^ pxg+hz^ 


•A— I 


X^ + 


hv 


P=g 


eh 


ifv 


f\ r 


e; = 


/ 

e+fz\ 


e X ^^ 


-_ r — A — I • 

hv v'"v 


p^fg--eh. 


6/-' 


^' — i 


© = 


g-^hz^ 


95 


tmf 


J 


$6 


"The Do C T R I N B 


Forms. 


Fluxions. 


^s 


e + fz^ z^'^^^ - 


k + Iz^ X g + hzf) 


ffi'^r 


^Here r is any affirmative whok Number 
v)baffpeFuer. 


a6 


O-i 


SJ^'-'SJ 


,9 


.>.29 


N. B. TbisPerm fails when /^g is greater 
tbanff. - 


27 


A is afry pojitive whole Number greater 
than o\ m is the half of any whole 
Number. • ., 


!2.8 


^x9-,^ 


I 


Here e anig are affirmative, 
X is the ba^ i^ atry affirmative whole 
Number greater than i. 

N. B. 'Tbis Form faiKwben ff is greater 
tban 4ez. 


• J^ 


Sca.I. e/ FLUXIONS 


Transform d. 


r 


f—U 


w 




d+av 


r—i 


+ ' 


f — bv bfTv 


m 


a -=.11 — kh, 
b zzfg^eb. 
dzzfk — el. 


Z 


x6— I 


Z 




P 


^xi—1^ 


'^ *gz' 


V 


W 


A-^I 


v=.if + g:2* . 


xp + 


V 




g 


^H-l? 


%\ — 2 


V 


V-iJ 


^2A— 2 


V 


% 


2A— 3 


Z'+'y^ ejg-^^-3 ^+v* * 


P = ij^ + I^V^. 


/ 


•f = >/2^v/'^ -/|- . 


V = — |j 4-^2 


iO 


V = + 1/ + ^2 


49 


^•i 


O 


97 


98 


\Forms. 


^e Doctrine 


Fluxions* 


z'^-'z 


h + k7^ X € +/«' + gZ^^ 


30 


31 


N, B. This Form faib when /^g is greater 
than ff. 


Z^^~^Z 


.v29 


k + 4z^ >c-e + fz^ + gz 

Here x is any affirmative whole Numher 
greater than o. 


Z^^'^Z 


k^lz' X e^fz' -¥gz^' 


Here e anfg are affirmative. 

A is the half of any affirmative whole 
Number greater than ^2. 

N. B. "This Form fails whenff is greater 
than \eg. 
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. 


Transfornid. 




a 


cd. b+kH' . dff.6-fg^ pea + gid 

f-p • 

zz . 


ft 


h = 


2. 
f+P 


2 

dzzik-gb. 


\—i 


IIz*^~'z v — if^ av — /iw 

X 


4 = ^* — ilf. 
p-ez — iff. 
t zzell^fkl + gkk. 

v = kf + g^. 


^ aX— 3 




»X— J 


J = l^/eg—gk. , 

rzzly/lg+gk. 


t = ell -fkl + gkk . 
V = — I J + ^^ . 

V= + is + ^2^* . 

— -■ ot— 


lOO 


Forms. 


3* 


ii 


^e Doctrine 


— ' — I 


Fluxions. 


Z^~'Z 


Jt+Jz'xe+fz^ + gz'^ 


m 


Here m is half of any pofitive whole 
Number. 




z 


Afl — I 


z X e + fkf 


■m 


h+kz^ + Iz"^ 


\ Here x is atrf affirmative whole Number 
greater than o. 


N- B. This Form fails when ^hl is 
greater than kk. 


Sea I. . of fhVXlOlJS. loi 


Transformed. 




a = ell—fkl-^- gkL 
P^eg-\ff. 




ZJ = 


i + fe 


t 


I I II 


X— I 


/ X z^--? ■ v""v 


^//'"' ^ '-^f^le^lv 


2 


p = v/ ^^ — 4^/. 
z;= e+fzK 


mtti^m^^ii'^mmmmmmfmimtmmmmmtmmamimmmmmmm'^i'^^^''^^'^^'^^^'^^^^'^^^^^*^ 


\' 
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-■- - -^■' 


Forms. 


f&e Doctrine 


FluxionSk 


Z^'^'^^Z X e+fz 


5 


*m 


2S 


h + kz^ + iz 


Here b and I are affirmative. 

X is any pojitive whole Nun^r greater 
than o. 

m is the half cf any affirmative odd 
Number. 

N. B. Tins Form fails when kk is 
greater than /[blj or when a is w- 
gative. 



» 


m 


h+ kz^ + Iz''^xe+f2i 


Here b and I are affirmative. 

A is anypfyfnive wbole Number lefs tban 

m is the half of any pofttive oddNumber. 


N. B. this Form will fail when kk is 
greater than j^hl^ or when a is nega^ 
tive. 
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Transforfttd. 


I » < 1 


A— I — — r^2« 


W 


vA— I pi 


/ 



L ^ rA— 2 72A+2«— 3 

^ ■■■ \A'*'^I 1 I I II »ii 11^ x«9K X T 


g^ypA— a^iA+2OT— 3 ^ 4- VV 


tf = ^i» — efk + «/. 
h ^/k — zel. 

V = — ^J + /'V/^ +fz^ • 

V= + |j + l\/e^f7? . 


^A — I .2»g--2A+^ 

-^ew — esv+q\ xv+\s Iv 

~ ^ % 


a^ffh^efk +eeL 


.n — 7=F 


S = v/2/ y^^l/ — tl . 

q "^ al ^ ^sse. 
1^ = — iJ + v/' 




mmmmf 
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The Doctrine 

Tie Ufe of the foregoing Table of 

Fluxions. 

I. TXT" HEN it is required to find the Fluent of a 
V V given Fluxion,*by this Table ; it muft firft 
be found out to what Form it belongs. To this End 
Jubftitute u or 6 (as the Cafe requires) for the numeral 
Index^ and then it may be compared with the feveral 
Forms in the Table. Or the given Fluxion may (and 
often muft) be reduced to another Exprcffion, by di- 
viding it by the higheft Power in the Radical, (that is 
by taking the higheft Power of the variable Quantity 
out of the Radical) and affecting the other Quantities 
with it-, by which Means the Fluxion will acquire a 
new Form and Exprcffion, for the Sign of the Index 
will be changed, (and this 1 call reducing the Index). 
Then fubfticuce ti or 8 for the numeral Index, and fee 
what Form in the Table it will agree to. 

For Example^ let — =:i: — ■ be given j 

aa+xx^bb — xx 

here x*^ will be x^^ On: 2, and if=:i ; and x or x^'-^x 

zz x^ x\ therefore the Fluxion is ------ — . ; 

aa+x^y/bb--x^ 
then comparing this with the Twenty-third Form^ 
we (hall have A z: i, which ought to be a whole 
Number, and therefore it comes not under this Form. 
Now reduce the Index by dividing by xx^ and we 

ihall have - — ■ — .^^^ -^ 

x^ XI + aax—^ y/ _. I ^ bbx-* 

x^^'-^x 

—7—- — r . ,, ~; where will be = — 2, 

i+a^x-^^^t+bbx-^ ^ — -*! 

and the Index —2 — 1 zr 9— i, thc^efore Xm . 
and therefore it belongs to Form '23. 

2. If 
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2. If the Fluxion, then, is a BinomiaU you muQ: 
firft try if the Fluent of either Exprcffion can be had 
infinite Terms by Form 3cJ or 15th, (which may al- 
ways be known by the Notes in the fccond Column)*; 
if it cannot, then try whether it can be had in finite 
Terms by any other of the Forms for Binomials, 
x^hich will be eafy by comparing the Indices. If k 
fall under the 11th, 12th, 13th, or 14th Form, there 
will be required two (or perhaps three j Operations, 
whereof thie firft is always for the Fluent of the 
vrigt>ial Fluxion^ and is to be found by fome of the 
firft ten Forms. But if it cannot be found in finite 
Terms by thele Forms, then the laft Recourfe i^ to the 
^fth, 1 6th, 17th, or 1 8th Form, as beft fuits the 
Cafe. 

3. Having found to what Form (or Forms) ,the 
Fluxion belongs, you have no more to do, but only 
t6 Write the refpeftivc Values of t\it general Quantities 
in the Fluent belonging to that Form^ and multiply 
the Rejult by fuch given Quantities as the given 
Ffuxidn was multiply'd into, and you have the Fluent.^ 

4. And in compound Binomials, or Trinomials, 
fuch as belong to the 21ft and following Forms, 
fince thefe are transformed into fiqgle bpomial 
Fluxions, ftanding in the third Column ; therefore 
you muft ffroceed with thefe according to the fore- 
going Diredlions for Binomials ; and the Fluents of 
thefe (fingle) Binomials being found,- will be the 
Fluents of the Trinomial or compound Binomial 
Fluxions ftandihg in the fccond Column, refpeiftivcly. 

5. But there are feveral Sorts of compound Fluxioos 
which cannot be»refolvcd without fome further Re- 
dudion. Now there are thefe two other Ways of 
Inducing a given Fluxion to a different Form or Ex- 
preflion. The firft is aftually to multity by any 
I^owenof the Quantity under the Vinculum (in any 
Binomial or Trinocnial Surd) and th^o lefien the 
Index of that Sutd by t;he fame Power if it is in the 

P Numerator, 
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Numerator, or increafe it in the Denominator: This 
alters the Power of the furcl Quantity. The other 
Way is adually to divide by the C^antity under the 
Vinculum, arid then leflen the Index of that Surd 
by 1 if it be in the Denominator, or increafe it 
by I if it is in the Numerator : This alters the Di- 
trienfion of the fimple variable Quantity. And in 
both you will have the more Terms according as you 
multiply by a greater Power, or continue yourDivifion 
the further. But the laft Term only will be of a like 
Form with the given Fluxion, differing only in the 
Index of the Surd, or of the variable Quantity. 

6. Therefore in any Fluxion, but efpecially in 
compound Binomials and Trinomials, if there be a 
Surd in the Numerator you may lejjen its Dimenfion 
at Pleafure (or take it quite out of the Numerator) 
if you multiply by fome Power of the Quantity under 
the Vinculum, and lejfen its Index hytht^fame Power. 

7. Alfo in any given Fluxion, if the Index of the 
fimple variable Quantity be too high, (as 28, 36, r9, 
fs?^.), or when it is too low or negative, (as — i, — 0, 
— 29, ^c.) it may be altered at Pleafure, by dividing 
by fome rational Compound Quantity in the Denomi- 
nator if there is any, or elfe by the Quantity under 
the Vinculum, 2lv\A fubtraSling i from its Index, if it 
is in xht Denominator^ or addipg i in the Numerator i 
and continuing the Divifion to a proper Number of 
Places. 

x</bb — XX 
For Example^ if ^a + xx ^ S^^^" » reduce 

L T J ^ J ; . flr-i^vv^— .1 +bbx-^ , 

the Index, and it becomes —, :; , but 

' i+aax—^ * "*• 

neither Way will it agree with any of the Forrtis j 

for in the firft Cafe d=:2, 2indxizx^''^x=:x^ Vt 
which makes z^i ; and in Cafe 2d, = *^ 2, and 
x-^xzzx'^^x^ and A=oi but a ought to be a whole 

Number, 
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Number. Therefore (by Art. 6.) I multiply both . 

Numerator and Denominator of — ^ ^ by « 

■ ■ bbx "■■'" x^ X 

\/bb — xx^ and it becomes - — ■ ' 5 

aa + XX y/bb — xx 

bbx • 

now the firft Term comes under 

aa + XX y/bb'-^xx 

the 23d Form, being of the fame Form as that in 

Art. I. And the latter Term ■ ■ • 

aa + xx\rbb — xx 

being aftiialJy divided by xx+aa (according to JrL 7.) 

— ^ aax 

it becomes — ==r + "T — \ — — - , the lat- 

^bb—xx aa+xx\/bb^~^x 

ter Term (like that Art. i.) belongs to Form 23d ; 
and the former to Fdtm 10. 

Or thus. ' 


Divide— X by aa-^^xx^ and it becomes 

aa-\^xx 

* xxxaa+xfc 


, , ^ J . . ^aax-'^'^^xx/bb^xx 
in the latter Term, and it is 1 +^gtfy-^ » 

which belongs to the 23d or 24th Form, where \zz 1 5 
and the firft Part belongs to Form 12. 

By thefe Operations the given Fluxion is reduced 
to feveral Terms ; all which (except the laft) muft be. 
ftill fiirther reduced if there be Occafion, by repeating 
the fatpe Method, till at laft all the refulting Terms 
will fall under fome or other of the^Forms in the 
Table ; as in the Examples here given, and many 
more will follow afterwards. By thefe Sorts of |[le- 

P 2 duftion. 
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du^tion, a given Fluxion is prepared for a Solution, 
when it does not fall dircAly at firft, under any of 
the Forms. 

8. In Form i6, when the Denominator of an)f 
Term happens to o, that particular Term mufl: be 
found thus ; take the known Part of the Numerator 
(that is leaving out the Powers of z\ and multiply it 
into 2.302585 L(?^. 2, and you have that Term. And 
the faid known Part of the Numerator will be the Value 
of the Capital Letter ip the next following Term. 

f I 

For Example^ In finding the Fl: jtf'i^/i + — , 

we have this Series — - + — — + 

> 420* 

iC^ id'- 

— '^ ffL ^c. Inftrtd of the third Term, 

2 4 

take — iB x Log::v. But B =| A z=.\ (without x) •, there- 
fore — ^B zz — i = C, Then the Series is + 


-iX 2.30258 Log:A; + ;; — 


2 

9. Thoiigh thefe Forms contain Variety of Loga* 
fithmic Fluents -, yet each of them may be changed 
feveral Ways into different Quantities. Thus, when 
a Logarithm is \f\ the Fluent, you may multiply (the 
Number whofe Log. is there) and then divide it by 
fome cotnpound Quantity, which you fee will make 
it fimpler : Or you may fquare it and take half the 
Logarithm : Or you may extraft the fquare Root 
and take double the Logarithm : Or you may multi- 
ply it or divide it by any given Quantity : Or make 
tjhe Numerator and Denominator change Places, and 

then 
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then change the Sign of the Logarithm, ^c. And 
thus: yoLL may always find the fimpieft Expreffion for 
the Logarithmic Quantity. 

X HX XX 

Thus, Log: y = Leg: -- =|Log. - = 2 Log: 

v/y =--Log:-^, C^c- 

10. And if you have an un tradable Fluxion that 
will aqfwer to- none of the Forms ; it may fometimes 
be transformed into others, by Prop. 9, which may 
then be refolved by the Table. . 

The following j^lxamplea will make the Procefs 
yery plain. 

EXAMPLB X. . 

XX 


To jkut the Fluent of 


Here « z= 2, by which expunging the mrmeral 

Index, the Fluxion will be reduced to ; — ^. 

which is a Fluxion belonging to the 4th Form. 

'J'hfiiefore cczz. — aa^ P zz i, 2 z: *•, and '^ ■ 

2.3.025 ^ — 

X Lo£. or a+jSz.' =: — ~^xLog. xx — aa zz 

a^-302585r Log. y/x^^^ the Fluent required^ 

Ex. V. 

rx 

Let the Fluxion — — be given, 

^bb-\'Xx 

Here »i=2 ; whence the Fluxion will be reduced 

«n— I ^ 

to ■■ , a Fluxion of the 9th Forms whence 


9>zzbb^ ^zii^j&z=,x^ and^=2.^0258Log.x+v^*4+A'* 
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X 

= Flucpt of J therefore the Fluent of 


rx 


\/hb + XX 


= 2.3Q25S5r X L: ;^ + y/^^ + xk. 


Ex. 3. 

I 

J'fl Jind the Fluent of ^*\ 

V — ux'^X 

Here tj = * , and the Fluxion becomes c — ax^ * x 
ix^n-^^x^ which belongs to Form the 3d and nth. 

Or rather thus, by taking x^ out of the Radical, the 


3 


Fluxion becomes — ^ + cx~^^ xhx ^ x^ which 
belongs to form 15th. Here « z=— .^, 13=:^, zzzx^ 

Then fince h /* = — • 2 a negative whole^um- 

ber, therefore the Fluent will be had in finite Terms, 


"^ .1^ 


and IS =: ^ x: — — -r — : X — a + cx ^^ 

14a 2Saa ^ ^ 


= — 2Saa Xc^ax^ , the Fluent re- 

quired. 

To find the Fluent of 


Z\/ZZ — cc 

This belongs to Form the 12th, having by Form 

hzz 
the 3d the Fluent of — - , in which Cafe, 

• -TT z: I, »j z: ^, and — i = 1 — 2z:w — u, and the 

given 
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given Fluxion becomes —-===- . But fince 

--^=1, therefore the Fluent cannot be had by 

Form the 12th. Wherefore I reduce it to 

' ■ — y which is a Fluxion of the loth Form, 

where »j=::-~2, a=:'i, pn— -^^5 and the Fluent 
= X>o 1 745 3 Degrees of the Arch whofc Sine 

IS — • , 

Ex. 5. 

Let the Fluent of -^^zax+xx^ or ax"" x \/2a + x 
be required. 

_ % 

This belongs to the 9th and 13th Forms. To get 

I , 

9P^ X 

the Fluent of — - by Form 9th •, here , 

mzzia^ P = I J 2 z= ^, t) = I : Whence the Fluent 


r:2.3025Logft?+x+^2<j;^+x^:= ^. The given 

Fluxion therefore would become axi'x x 2tf+jr 
Where «■= — i, ^= — x, ''^ == r» «=:2tf, |3=i, 
n = I, 2 z: X, y = 2<?+x, * = o : And the Fluent 


of X ^x y/2aJrX is = a? + x^ \/2a+x^ by Form 1 3. 
An d the Fluent of ax^ix ^2a+x zz aat +, 


£z. 


112 


. 1 

^e Doctrine 1 


fofind the Flum of 


Ex. 6. 


aa 
aa '"^ -^ 2J* 
bb 


This will be had by Form the 6th and nth. 
To find the Fluent of — by Form 6th, 

aa 
Here a zzaa^ P = Ti9 '» = 2, then the FJueht « 22 

a 

* T ^ i T 

~X 2.3025 Log. ^=: •— X2.3025XLog. 

p 


^ I , = *. Then by Form i ith, « = <w, fl = 


^-2 

aa 

whence the Fluent of -, is =: ^^^^— — - > 

aa aa 

bb% bb 

+ -^^^ — hbp — —2 ; and confequentty the Flu- 

^ ^2;*i; . h b^ 


2.3025Log.y^-^:- — 2J. 


E& 
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Ex. 7. 

..' "To find the Fluent of hicJ ^'Z}^ -. , 

This by Form 23d is transformcfd into hy^a^iv^H 

---T-^ • Where a = i, ^4-/2^ =: a^ x zz Vy g +*i2? 

=14^— 3^;, p = a: By Form the 9th the Fluent of 

.-y^ is -T-X 2.30258 X Log. v^i^+v^H^ 
: = (p. And bjrForm 13th, Fluent of — -^"z;— 1^ 

\/f? + 3*^ ^s zz —^^^tv^^a + ^v r: — I 

^v/tf— ATX 4^-3^ ^—^ X Log: 

To find $he Fluent of ^— r ;' 

3^ H — «•;# 


^r-ix* 


This by Divifion is reduced to -, ^aa — xx ^ 


bbA XX 

a 


(by Form 9th and isthfis' ^ y^^J^^^ _ ^.^o^U 

bo bb 

X Log. <»+\/^^~^* . And by Form the 23d, 

X 

xxs/aa — XX :, • . . X i"^' ^'t; 

^ T ifi transfornwd to ^ -+■ _ v1 X -TT 

^^ + — ;<;v ' -^ 
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bb + ba'^'-v 
- a 

zsiaa^MXZLV^ fzzbb+ba^^f^^i^ m^h ^^^^% 
^s: !• Now by Form the 6th, the Fluem of * — ^ — r-— 

b tbp • 
5B;2.30258v/T^xLog.ot -; .^ = ^. 


p^-v 




And by Form iith the Fluent Qi^^-X — ^ 

^ Xrr ^ — ^4y- i Whence the Fhient pf ■ VTf^^ 

2^^ bb ri b 

bb'\ XX 

' a 

. \/aa^xx ^'^ , 2>30g54 ^ — ^/^^ — jrx 

iszz — * ■' — A — ^^ — ^^ JLo£r* ■ I T^ 

^^ bb^ bb , ^ X 


JL.^ 


2^X2.30258 Log: : +^^ 


Ex, 


ne Fluent of bbx^x X - ^ ■■ ■ ilr required. 

Here 6 ;;n, and the Fluxioa would become 
A^^r-»-«x X ■ . ^."*"^ A * i therefore the given Flu»Qa 
, , •,-..,.' .. ^ bbaax+zbbaxx+bbini 

h reduced by Mttkipljcaaon to -'--^ ' ■ = — . — ■ 

x;ev ^ + axx va+x 
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- + 


III I t I I— <M^» 

■ llfc 


■ „^ ^ rr- 5 each Term whereof bdongs 

jto the 23d Form.. Let ^4/2?==^+^==^;, g+bT^tt 
ai+ax^ = 1, rzi — i, »»= — |, /=:tf^*— iii^^hen 

2bb 
Forip the 9th will be — ?- x 2.30258 Logi 

^av+y/p+avi zz —yj X 2.30258 Log: 

. ^1 ■ ■ . '. ibh 

x/^aa+ax+ Vab-^ax : = 2.302585 x — ^ X Log: 

of \/a+x + V^J^T^: = -TT At the Fluent ol^ 
the firft Term^. 
AgaiafoF the 2d aiid ^d Tecma : Make e-^-fafi ~ 

A = r in the fccoi\d Terms and x =: 2 in the third Term; 

.which thercfolrewil) be tnuisformM ix^ — — /" * 

v/4^. 

and -: ■■ ■ » whole Sum 1^ ^ ' ..■. ' . ; . - >^ 

— ""7 — ^TT, By Form the gth the Fluent of- . 


i«_BiaaBM> 


fcjl I <!*»< 


= -^..30..Lo.V3.+V>+^:=..30.,S 


.-W* ■ . . « < ■ ' 


X^xLog:v/^ + ^-i^:=^^B. And 

Q 2 by 


-I:l6 • ^f D d C T R IN ?^ 

by Fonn the 1 1 th, the Fluent of - ■ '^^^ - Is z: ^^b 

+-y->//+^v, multiply the Sum ofthefc Fluents by 

» _^ ' 

^bb:, and you will have 7^ J - " XB-^t/^\/pf^g: 

'^hdiL^hb ' ' b^ '■ - " * • ' 

. ■■ yr — B — — x^ab"^ax\/a+Xj to which add the 

2bh . 2bb 

* firft Term —7^ A, and you will have . A + 

ba^'^bb .b". — ^ — ^ — • 

« — -;;^B — — v/i?^ + ^^V^^+^> the Fluent re- 

^ired^ . . 

Ex. ID. 




?(!? /;/i tie Fluent pf — r-y^tf^^ — a^z + 16^*2:*' 

^^* The given Fluxion. will be- reduced to *- v 

4bz ^ 

l^a^b\^ d^z + 16^*2* ' 4v/i6**— 4!32r"'+tf*^*r-* 
• tf»55 - ^ *: 4bzz 

' , 4bx/a^b*—a^Z'{^i6b^z'' \/a^b*'-'a^z+i6b^z^^ 
^ch of thefe Terms belongs to the 27th Fornii 
^ For the firft Term, v= ---^a^+a^b^zr-^ pzzi6bb 

^ 4^' ^^^^ ?=-h 6 = — ^ and it will be 

f rgnsiformed into — " ^ /^ =: — ■ - "^ • : — ^ 

'Vyhoft fjuent by Form the 9th will be — ---" x 

^.30258 Lpgar; v+y^Tg+'^'^'=''^ K 2-30258 X 

Lpg: — - — I ^5 r^' ~i/^^b'' — tf 'z + 1 6^»2». • 

Again 
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Again for the other two Terms, here vr: — |tf J + 

^ 64^* ^ 

fecondTerm, and =2 in the third ; And thefe two 
Terms by Form the 27th will be transformed into 

and — , - — — — : ; + 


iSi^ix/pg'^^ViV i6bb\/pg^vv ^^bb^pg-^w 
whofe Sum is '^^ . — ^'^ , 


l6bb^pg');'W 32bb^pg+vv 

whofe Fluent (by Form the oth) - ^^-^+^^ - ^ 

XLog.of : v+x/^pg+w: = —- !- 

4* 

— 2,392585 x—TT- X Log: —^tf' + i6bbz + 4b 
\/tf»^*_tfJz+ i6^*2» ; Whence the Fluent of 


4^z 


^/a^h — a^z + 16^*2* is = — j-y^^ »^»— ^ 5z+ 1 6Wzz 

« , ■ • ^ _ ' «*^» «^ 
X a.302585 Log: la^ -k- -—-■ . X 

^^*^' — a^z + i6^»2;* : — -^-7r-X2-302585Log:i6^te 

32 w 

— 4^' + ^bs/a'-b'' -^ tf'2 + i63*2*. 

I (hall add a few m6re Examples, . chiefly' to 
illuftrate the Method of Reduction. • 

tf > ■ 

' , • ' .' . * * < 

Ex. II. 

jr ^/ — be prapdfed : Divide by z and it will 


— ^— I 


dz ^ 2» 

be reduced to — :: . This belongs to Form 

/+'=2-' 7th, 


Ht% 5^ DOCTAINB 

7tbi where «=— i, xzz$y ^=2, xzz\/-r-, K =r $6* 

tf=,587785i 3=,95i056} r=:o,and ^=,809017; 
if =—,509017 ; ■«=— I ; where always obferve that 
the Cofines of Arches above .5^)° are negative Num- 
bers : then will be found P, Q, R in Degrees $ and 

the .Lo garithms of y^ i — ztx-^xx^ ^/i ^ Ux-^-xx , 

y/i — 2tee+xXf for which Logarithms put S, T, V j 

- ••- .. J 

Then (by Cafe 6th) the Fluent is — • x into 

—,509017 X 2LS+,95?056x4NP+,8o90i7X2LT 
-.587785 X 2NQ - LV. . 

Ex. 12. 


Given. Ar-3x x oa— x»'^, this byForm 21ft (putting 


a • 


v^iiw— ^») is transformed into v— ^^ X ^ ^ 


— 2 


— iX 




*• • 


14th. 

Ex.. 13. 


— 5 which belongs to Form 7th an4 


^ — ■ T^ hegivitt ; .this is reduced to 


abb '^bxxY 

<wjr-'xx^^+^^ , ^x X aa + xx^ . . 
1 + ■ . — T — J both 

obF^-bxxf ahbZrpx^^ 

which Terms belong to- Form 24. 


Ex. 
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Ex. 14. 

1* 


jr^ x-x xa + x ^ propofed ; Divide by 
t+xxah—he] 

x+^, and it is leduced tofi>l^-.f£><£±^ 

b+xxai~-.l>x] 
Co Form 24Ch, and the laft to Form.25th. 

Ex. 15; 

i>/ rzz:^ — ■- ^^ ^/t?^ i Divide by 

40[7f-y, and it will be reduced to '-^ — ^ — ^ 

r-'y , ;^ i 


mm^mt 


aa^/ab -^ cy ^yy aaxa +y\/at^cy ^yy 
The lad Term belongs to the 3 2d Form, and (by 
reducing the Index) the two firft Terms become 

.»ww**y^'Tr— -^ " ". " !■■— i^— — ^— mmm '■■■■i»« - ' ^ ■■■! *ii t— i^*-!— • 

/, » , ■ — . I . . ■■!■ M ■! ■ 11 ■ ■ ^ W 

both which belong to the ^tyth Form. 

Ex. 16. 


CIVM ■^V^^~^^ + ^^ f Uiis (by Multipli- 


cation) is reduced O 


■■■ ' '^ 


a — PIP v^^^ ^h + 9ex 

dx^ic 
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' ' — r I the iirft Term belongs to 

a -— x^aa^bx +xx 

Form 32. And dividing the reft by — ^ + ^ , they 

are reduced to "^^^^ + ^^-^^X^ 
^/aa^ bx + a;;^ v^^^ -^ i;^ + ^^ ;f 

a X 9c The laft bdongs to Form 


a^^xs/aa — bx + xx 
32, and the two former are Fluxions of the 27th 


Form. 


Ex. 17. 


X X yL ctb'^ x)^ 
G«>«» — , . ,,: ■ : ; this .C|)y reducing 

_■ I 

the Index) becomes ^^^X— i +i?^^^^ ^ ^j^.^j^ 

I — • ^aax-^ +tf ♦at-* 
belongs to Form 33d. 


Ex. iS. 


Let ;; ; — be propofed j becaufe Aa^ 

a^ — aaz'' + z^ r ry » -h* , 

is greater than ^% it cannot be refolved by the 33d 
Form, therefore I divide by a^-^aazz + z^ which 

reduces it to . + V — . 

a^ aaxa^—a^z^'+z^ 


z^z \/aa — zz 
— ^4.^ ^. ^, -ri— A 5 the two laft Terms belong 

to Form the 34th 5 and the firft is further reduced to 

Zr-^Z zz 

: y — -^ — V 5 which belong 

to Forms 10th and 3d, 

Ex. 
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Ex. 19. 

XX 

Lei there be given — j this is re- 

. . aaxx ax*x 

dncedta 


aa--ax -^x^xaa^ax^ ^ aa-^ax +xxxaa^ax i 
the former Term belongs to Form the 35th ; and the 

— ax 


latter by Divifion is further reduced to 


aa — xx\ 
a^x — a^xx 


. — t; the firft belongs to the 

aa — ax+xxxaa — axV" 

binomial Forms, and the reft to Form 35 ; where 
obferve that the Part firft found (belonging to Form 
35^ deftroys a Part of this laft Fluxion ; and then the 

whole is reduced to this. 


3 

aa-^ax+xx X aa — ax\ 


ax 


aa — ax^ * 


Ex. 20. 
Given — 7— : — , extraft one Root h 

» 

of the Denominator (fuppofed to be put = o), then 
will Jb — z"=o, by this divide the faid Denon inator, 
and let the Quotient be ^4/2" +F2*" ; then the given 

Z*^ -loj 

Fluxion is reduced to this -=: — r , 

Jb-^z" xe + fz" + gz^" 

which belongs to the 29th, 30th, or 31ft Form, 


R Ex. 
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Ex. 2r» 

^bere is riven ; '. extrad 

two Roots aj b of the Denominator ; then you have 
tf — 2« iz o, and b — 2" =: o, divide the Depp- 

minator hy a — 2* x i' — 2% and let the Quotient be 
e+fz!' +^2^". Then the given Fluxion becomes 


z=: — — (puttings — bzzsy) both 

J X ^ — z'' X e 'Yfz'' +^2*» 

which Terms belong to the 29th, 30tb, or 31(1 
Form. 

If the given Denominator has no Roots, yet it 
may be divided into two Quadratics by the Rules of 

Algebra, as ^ ; which 

may be transformed to Trinomials, as in £x« 8L 
Prop. 9. 

Ex., 22. 


Given ... > here rand 

2m muft be Integers 5 put p r: \/a5— 4^, and 

k 
the Fluxion is refolved into thefc two Terms, — x 

then dividing by the Denominators — =^ + kz% and 

2 
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— i. 4« ^2% if there be OccaHon ; and the refulting 

Terms will belong to the 3 2d Form, and perhaps to 
fome others of the foregoing Forms. 

Ex. 23. ' 

To find the Fluent of ; ^ ^ , where J, x 

e±fx^+9c^^ 

are Integers ; and 4€'::>ff. 

X + ife^ 
Transform it into this fc^-^^x X : 


i +i^ + 9CX 

"L + lx 

+ fcfr. by Ex. 14, Prop. IX. and 


1 -^rx + XX 

the Fluent of the feveral Terms will be found by 
Form 28. 

Scholium. 

Although the Conftru£Uon of many of the fore* 
going Forms depends on feveral Things that have not 
y« teen delivered ; yet it may be proper in this 
Place to give a (hort Account thereof, that the Reader 
may not be intirely ignorant of them, which he will 
the better underftand after he has read fuch Parts of 
cfae fbliowing Book as they are founded on. 

I . It is plain by Prop. III. that the Fluxions in 
Fbrm i« 3) 19 and 20 belong to the Fluents there 
afligned. 

a. Form the 16th is calculated in Example 13, 
Prop. X. arid Form the i8th in Example 35. Like- 
wife the Fluent in Form the'i^th is found by Prop. X. 
Affuming Az^+^ + B;t»+'»+' + C2:''+»«+» (^c. X 

Z+^z^'^ ' = Fluent of »+^ ^z'z. 

3. By Prob. II. Se<5t. II. the Fluxion of any Quan- 
tity divided *by that Quantity is the Fluxion of the 
hyperbolic Logarithm of that Quantity ^ and that the 

R 2 Numbet 
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Number 2.302585 reducej the common to the hyper- 
bolic Logarithms. Now iY theFluents in Form 2, 4, 
6 and 9th be put into Fluxions according to the afore- 
faid Rul^, it will appear that they will refpedlively 
produce the Fluxions in thefe Forms. 

4. In Example 3d, Prob. X. Sed. II. it is (hewn, 
that the hyperbolic Space between the Aflymptotes 

is zz Fluent of ■ x^ in which if you write RR 

for ah^ R2; (or z) for ^ H-;c*, and Ri; (or %) for ^, you 

y ill have RR— , whofe Fluent is the hyperbolic Space 

in Form the 2d, Likewife if you write RR for ab^ 
-jr + 2" for tf+^, and uz'^^i for x^ you will have 

• F 

T as m Form the 4th. And laftly, write 

RR for aby and \/a+v/l3z« for ^ +Ar, and v/j3 x 


.i->j2* i; for xj and likewife write v^«-^</l32r» for 
^-4r;t', and— y^/3>< 4»»2*' "i for ^, and the DifFerencc 


of thefe Fluxions will be ^RRy/^P X 2^ % ^ ^ 
in Form the 6th. a — ^z» 

5. By Ex. 9. Prob. X. Sed. 11. the hyperbolic 

hha ' i 

Seftor is equal to the Fluent of \ x r; , in 

' - • 2 ^3 — // 

which writing R for a and ^, R \/-i- — for /, and 

Ok 

^Rv/-^ Xz^^'i? for /j you'll have 

.RRv/rpxz--^"'i; ^ ^3 j^ ^j^^ 6^h Form. ' . 
- 4X «— jSz"* 


6. And 
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6: And by the fame Example, the hyperbolic 

aiy 
Seftor is = Fluent of ; , ^ -^ = (writing R 
' * 2x/ai+yy 

RRy .^ / ^ f3%9 

Ipr and ^) ■ ■ , -^" ^ ; now if you write Rv/-^-^ 

2x/tiR+yy « 

forjK, and |;»»Rv/~ X2* i forj^, you will have 

- ' 

— ; in hke manner if you put 


^ T • ■ ' —a 

J, when •i is a negative Quantity, or --^z^a/Z 



— flp 


njK, when « is negative, and expunge jf and j^, yo* 

will get the Fluxion of the 9th Forni any of thefe 
Ways. 

7. Since the Length of any Arch of a Circle (whofe 

3.1416R 

Radius is R) is = -X Degrees in that Arch i 

180 

or Length of the Arch n: ,01 745 3R x Degrees in 
that Arch 2 And by Example* the 5th, Prob, VIIL 

Sea. 11. The Arch = Fluent of -HL.. if you 

. . RR + « 

' 132:' ^ ?jR j3 j„_, 

write Ryf for/, and — - v/— x 2;* z for /, 

you will have ^^^^^ ^ ^^^"^ ,^, whofe Fluent 
therefore is z: that Arch zz ,oi7453R X Degrees in 

• • * ■ 

^ \ -2 Seizors ^ ,, , . . 1 ^ 

the Arch =: t: — j from all which, the Con- 

ftru£lion of Form the 5th will eaCly appear. 

8. In 
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^ * ^ 

'8. 1^ like Manner bf the fame Rrobien), the Arch 

Ry 
jat Fittciit 0f ^-s^ziir- , in which Writing ftw j. 


Rv/-^-— > '^ -— \/«^ — iS^** , «ttd the Fhxion 
for/, yffu TWfll get ^ — - — x 


v/a — iS^" 




<ti< ha 


and fiRv/iS X — - , from which all the other 

Varieties in Forfn the ieth are eafily deduced. 
^Q, JForm the i ith is gradually calculated by Cor. 2. 
mp. iV.. where it is defnftttiftrated th«t the f hicnt of 

+^ zH-»;2Jisr: . 

in which -writtng^ for p, ^ for A, y for ^-Jh^^ > 

you will have, the Fluent of as +/32f'^ z z i again, 

Writing v+tj for^. Fluent of a+te«^ %*"^'2; (now 
found) for Ai you will have the Fluent of 

•HhlP z*+***js; ag^in, writing T+2n for ^,' and the 

Fluent of «+iz^ ai'^+^'i; (laft found) for A» you 

get "the Fluent of ^-fffz^^z^^^sliy and fo on. 
In like Manner the i ith Form is calculated from 


[f* P. 


Cor. 3. Prop. IV. where t"he" Fluent of a+^g2^ 22 — 

^+^^^.j^r,+f+^y,sB ^.^^b-y 3 lij^e Pro. 

cttsthc 13th and 14th Forms are gradually calculated 
from Con. 4 and 5, Prop. IV. Thefe four Forms 
might have been diflferently exprefs'd from what they 

are 
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are in cbe Table. Foe £inunple,, Form the nth may 
bp expreiied thus ; let ^ = ^ -H i, 1/ = 'r H« i 4- 1» 

+ pu, then the Mupnt of. «.+ fiZ'i^z'^^z — 

A 

— «♦ X*X^+nX^+2^X^+3'»X&fr. to A Places 

■■ , ... " • ■ ; 1 — !-X ^ 

f^ Xdx ^+ uX^+iJj x^+31 X ^c. toA PJaces 

^ , dRz"" d+n.fiz" ^ d+2n.fiz^ ^ 

continued to a+i Places 5 where A, B, C, (sfc. arc 
the 6r&y fecond, third, (^c. Terms with their Signs, 

f = Fluent of A+fi^z'Zy y = o+ite^ 

10. The 17th Form is derived from the nth ; for 
^hen z and y are o^ all the Terms vani(h except the. 
firft, in which taking o, i, 2, 3, Gfr. Terms (for 
each ef the Terms in the Quantity ^+/x'+^2**£^f.) 
and multiplying each by its refpeftivc CoefEcient, 
and the Sum of all by f, you will at lafl: obtain 
this Form. 

1 1. The Fluxions in the.2 ift and following Forms 
are transformed by Prop. IX. and their Truth will 
appear by the bare Subflitution of the Quantities 
therein contained. 

12. There flill remain. the 7th and 8th Forms, 
whole Calculus is fomething more difficult : Thefe I 
inveftigate after the following manner. Let T, U, 

W, 6JV. ftand for the Quantities \/i — 2SX+XX9 
x/i — itx + xx^ \/i— 2WX + XX, tff. then the. 
Fluxion of L X Log. T (or the hyperbolic Log. T) 

wiU b&-t T^^y and the like for U,W, &c. as 

I 2SX+XX 

is plain from what is delivered in Art. 3. Again, 

the. Fluxion of-NP (as will appeai: by Art. 8.) is 

* • 
ax ' 


f^. 


o,^A.^* «'»<i^o for *J^« rcftNQ, NR. Off. 
*** + ** Laftly, 
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Laftly, we muft takefor granted (for I fliall not ftay 
to demonftrate it' here) that thcPrododt df all the 
Squares of T, U, W, &?f. if \ is an even Number, 
or the laft drawn into the Squared of all the reft, if 
A is an odd Number, is always equal to i +;v\ 
Thcfe Things premifed. Jet us inveftigate any one 

Cafe 5 as for Example, to find the Fluent of — ^^ . 

i8o 
here a =3 and ~- z= 60 : Here 3, r, «, 6fr. :=: o, 

and / = — I, apd therefore x/i—.ztx-^^xx — 1 +x ; 
and all Arches above 180 are excluded ; hence I 

affume LA xLog.s/i^2sx+xx + BNP + CLx 


K 


Log, I + ;;=: Fluent of —7-5-.. This in Fluxions 
gives "^ 

Big — A j+Aat. Cx X 

i — 2sx+xx^'^T^= 7+^' put B^-.Aj=:I. 

^^^" 1-.2SX+XX + 7+^ "^ T+^ » ^^^"^^ 

them to a common Denominator, then 
+ 1 + A;^ + Ax"- 


+ cl'x: + c 


i 


I — 2j;v + I . i+x-J 

+ I -— 2J ' 

Here the Denominators being equal, we have 1—2^ 
zzo, or 2jz=i ; and equating the Coefficients of the 
homologous Terms in the Numerator, I + C = i,: 
A + I— 2jC or A+I — C=:p, andA + Czzo. 
From whence will be found Azz — 4, C=i,I=:** 

B=i— = (becaufe aazz.^^) ^a. Whence the 

Fluent is — |L x Log, v/i — isx+xx + |^NP + 
ILxLog.T+i. '■ -"-— 

• This 
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Bz" 
This done, I put x^ =3 -^-^ i and (by Prop. IX.) 


» ♦. 


transform the Fluxion ^ . - into this other ^x 

1+^^ 3 

, whofe Fluent therefore you have above. 

In equating the Coefficients, if you* had made 
A+I — C=i, and the other Equations = o, you 

would have got the Fluent of 


XX 


After the fame Manner may the 8th Form be ia- 
veftigated, rcmembring what was faid of Sines and 
Logarithms, and .obferving that (if you put T, U, 

^ • W, ^c. for I — ;^,^ \/i — zsx+xx^ \^ I'—z/x+xx)^ 
the firft T into the Squares of all the reft, if a is 
an odd Nnmber ; or the firft and laft into the Squares 
of the reft, if ^ is an even Number, is always equal 
to I — x^ : The Demonftration of which bjclongs not 
to this Place. 

Here note that in thefe two Forms, you may if 
you pleafe put P, Q, (^c. for the Degrees of Arches 

whofe Sines arc ; , =r , ~ (fc. 

Vl 2SX+XX x/l'-2tX+XX 

their Fluiions being the fame as the other. But then 

ax 
if the Arch whofe Sine is : be left 

Vl 2SX + XX 

•than a Quadrant, the Arch whofe Sine i^ 

a 

— ^ will be greater than a Quadrant. 

VI 2SX+XX 


PROP; 


1 
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PROP. XII. 

Ho correSi the Fluent of a given Fluxionary Equa- 

tion or Proportion. 

When the Fluent is obtained, by either of the 
foregoing Propofitions^ from any given fluxionary 
Equation or Proportion ; it is only obtained! in gene- 
ral. But fince the Defign in any particular Problem 
is to find the contemporary Fluents ; fuch general 
Equation or Proportion therefore is for the moil part 
imperfed till it be correded by the following 

Rule. 

1. Inftead of each feveral variable Quantity (or 
Member) in the Fluent fubftitute fuch a determinate 
Value thereof, as each of them, is known to have ia 
any one certain and particular Point or Place : Then 
fubfiraSl each Side ot the refulting Equation from the 
cortefponding Side of the Fluent -, and the remaining 
Equation will be the correS Fluent. And the fame 
Rule obtains when the Fluent is exprefled by a gene- 
ral Proportion. 

2. Or any particular Part of the Fluent may be 
otherwife had thus without the foregoing Corredtion: 
Subftitute the Values of the variable Quantities fof 
any particular ^ime^ Place or Point ; do the fame 
for another given Time or Place 5 and the Difference 
of the refulting Equations, gives the correfponding 
Part of the Fluent. 

3. Sometimes it may be fufficient to add fome 
given ^antity on one Side of the Equation, which 
may afterwards be determined according to the Nature 
and Circumftances of the Queftion. 

Demon- 
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Demonstration:. 

Let X=Z be the Fluent obtained in general, from 

a given fluxionary Equation, X=:Z. Now fince X 
may not be equal to Z (by Cor. 2. Prop. IL), take d 
SL given Quantity and let XzzZ+d be an Equation 
for the contemporary Fluents. Now at a certain 
Time when Xz:^, let Zzrr ; then you will have 
the particular Equation bzuc-^d at that Time ; this 
Equation taken from the former will leave this general 
Equation for the contemporary Fluents, X—^zzZ+d 
— c — dy that is X — ^^=:Z— r. Q^E. D. 

Scholium. 

Thefe Things are to be thus underftood when the 
variable Quantity in the Fluent continually increafes 
(or decreafes). But in Cafe it increafes and decreafes 
by Turns, or pafles through one or more Alaximums 
or Minimums : Then the feveral Parts of the Fluent, 
between any given Point and each Maximum or Mi- 
nimum muft ht feparately found by diftinft Opera- 
tions, and each corre£led by this Propofition, and then 
the feveral Parts colleSled into on^ Sum. 

]£XAMPL£ I. 

Let ax/=i2yy^ and the Fluent is tfx=:jy, now when 
jrno, let xzz.Oy and then (m — o=:jr»— o, or axzzxf^ 
which therefore needs no Correction. 

Ex. 2. 

A^ain let axz=.2yy^ and (inding the Fluent ax zzjy. 
Now when jyiro, let xzzb ; arid the 'Equation be- 
comes ^^=0, this fubft rafted from the other Equa- 
tion, leaves ax — ab zzyy^ the contemporary Fluent 
required. 

S 2 Ex. 3* 
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\ 


Ex. 3. 

Let hx—xxzzyyj the Fluent is ^;f~. f! = Zl, 
but at a certain Point of Time sczzb^ and alfoj^=r, 

' then the Equation becomes bb — ibb or \bb = — 

/ 2 • 

therefore the correft Fluent is bx^—^xx ibb —\yy 

— irr. That is by Reduaion rr — bb + zbx — xk 

Ex. 4. 

Suppofe 2byy-^ — - , the Fluent U 


cx^ 


hy^ — \ but when j^ = r, the Quantity — = A. 


z 

cx^ 


Therefore the corrcft Fluent is b x y* -^ r» = 
— A. z 

Ex. 5. 
•* • •• 

J- f y _ XX 

~^ ~ >/ ^ +x^ ~ ' Mpofingy given ; the 

yy 

Fluent is — = s/ic-+y\ but when y-a, x-o, 
andj/ = v<Jqr^, therefore the contcinporary 
Fluent IS '■^^ i. ~ ^w ^.-Va _v r^.. •; — TTTt 

xy = ibx/x^^'+y. 

Ex. 5. 
i^^/ ly = ' I ■■ : By Form the oth its 

Fluent is ^;> z= 2.3025 Log. * + \/aa -h *;f ; but 
when jy =z tf, ;? =: o, then the Equation is ^« = 
2.3025 Log. a. Therefore the correded Fluent is 

h — ha — 2.3025 Log, X + v/tf«+x7: — 2.3025 

Log. 
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Log. a ; that is by-^ba -zi 2.^01^%^ Log. 
X + \/aa + XX 


PROP. XIIL 

To invejiigate a problem by the Method of Fluxions.^ 

1. Let all the Quantities be denoted by proper 
Symbols, as is explained in the Notation of Fluxions^ 
and let fome one of the variable Quantities (with 
which the others may always be compared) be fup- 
pofed to increafe uniformly : And this may be called 
the Prindfal variable Quantity. Then the given 
Equations, or fuch Equations as are deduced from 
the Conditions of the Problem, muft be turn*d into 
Fluxions, fecond Fluxions, i^c. by Prop. III. in 
order to get as many Equations among thefe Fluxions, 
as you have OccaQon for. 

2. But becaufe fometimes fome Doubt may arife 
about the Signs of the Fluxions : Obferve that any 
fluxionary Equations, deduced from the Equations 
of Curves, or from any given Equations in the Pro-. 
blem, will contain the Fluxions with their proper 
Signs. But in any Proportions made between Fluxions 
or Moments, as in (imilar fluxionary Triangles and 
the lilje; then the* Fluxions or Moments of Quanti- 
ties that decreafe muft be aftually made negative i 
and thofe that increafe muft be written affirmative : 
Or, which is the fame Thing, (fincc one Part of any 
Whole increafes whilft the other Part of it decreafes, 
therefore) inftead of the negative Fluxion, you may 
take the proper Fluxion of the increafing Part of 
that Quantity. 

3. Since 
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3. Since Velocity, is always meafured by the Spaces 
uniformly defcribed thereby ; fo may the Fluxions 
be meafured by the Moments unifortply generated by 
the Fluxions. Therefore the Moments (uniformly 
generated or, which amounts to the fame Thing, 
confidered as arijing or vanijhing) may be put for 
the Fluxions, and the Refult will always be the very 
fame in all Operations. . And (ince in many Cafes, 
cfpecially in geometrical Problems, the reafoning and 
calculating with the Moments will be more eafy and 
evident than with the Fluxions ; the Equations that 
are gained thereby muft at laft be changed into 
fluxionary Equations, by fubftituting the Fluxions 
inftead of the Moments, which muft always be fup- 
pofed to be taken in the firjl Injlant of their Genera- 
tion : Or, at leaji when the Operation is over, thefc 
Moments muft be fuppofed to be diminiflfd ad infi- 
nitumy that ihtxtfirft Ratio may be always obtained. 

4. In the Refolution of any Problem^ the Nature 
and Conditions of it are to be clofely examined and 
ftridly purfued according to all the known Methods 
of Algebraic Reafoning^ by attentively confidering the 
Relations of the Quantities, and their mutual Pro- 
portions and D^ependance on one another ; and forming 
your Proccfs according to thefe their Properties, by 
duly comparing together the ^antitiesy their Mo^ 
merits or Increments^ their Fluxions or fecbnd Fluxions^ 
&c. as the Cafe requires ; till you get a competent 
Number of Equations or general Proportions. And 
then you muft proceed to expunge fuch Quantities 
as are fuperfluous, till at laft you get a fluxionary 
Equation or Proportion with the Quantities required. 
Then if there be Occafion, 

5. Find the Fluent of the faid Equation or ge- 
neral Proportion by Prop. X. or XI. and corredt 
it by Prop. XII. And then you have a compleat 
Equation or general Proportion containing the Quanti- 
ties fought. 

6. But 
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6. But to* obtain an Equation of the indctermin'd 
Quantities, by having the corredl general Proportion 
before found, or by having only the fluxioriary Pror 
portion ; you muft aflign to each indetermined Quan- 
tity in the faid Proportion, (or in the Fluxion thereof^ 
fuch a determined Value as it is known to have in 
any particular Cafe ; and from thence you muft draw 
an Analogy from the Fluxion zXont (of the general 
Proportion), or from the correH Fluent alone, (or 
fometimes from both together.) From whence there • 

will be had an Equation between the Quantities re- 
quired ; or at leaft between iheir Fluxions, whofe 
Fluent muft then ht found znd corre£led. And note, 
thefe determined Values (-of the Quantities) may be 
cither exprefs'd in Numbers or Symbols, as any qne 
Ihall think proper. 

Sometimes it may be fufficient to aflume a given 
^antity^ by which multiplying one Side of the 
Proportion it will be turned into an Equation ; and 
this given Quantity may afterwards be determined 
according to the Nature of the Queftion. 

Thefe are the general Rules^ but after all, many 
Things muft be left to the Sagacity and Invention of 
the Artift. 

r 

CoROL. Hence every Problem belongs to Fluxions^ 
in which the Increments^ or the Proportions of the In-r 
crements or Moments of the feveral variable Quan- 
tities contained therein, can in all Cafes be computed 
and exprefled by Equations. 

Example r. 

To find the Velocity wherewith the Ordinate BM of a^ I G. 
Circle increafes in every Pointy wbilft it moves uni^ j . 
formly along the Diameter AD. 

Let AD^ir^ ABzzx^ BM=:yi and by the Na- 
ture of the Circle 2rX'^xx zzyy I this Equation put 

into 
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' into Fluxions gives 2rx — 2xxzz.2yjf^ or xzny^ a 

general Equation for the Increafe of y in all Points. 

r— j^ 

Therefore in A where y is o, and ;ir is o, x zzy 

TX 

becomes—^ izy, therefore j^ is infinite. If CBzzBM^ 

or r — x:izyy then x=y, and ^ and y increafe equally. 
But in C where r — xzzo^ thcnj^-^k), therefore j^ does 
not increafe at all. In i where Cbzubm^ then j^zz — x^ 
therefore j^ decreafes as faft as x increafes. Laftly in 

D where jK=o, and xzzzr^ y= -— =: — Infinity, 

and there the Ordinate decreafes infinitely : And in 
all the intermediate Points it has all the intermediate 
Degrees of Increafe or Decreafe. 

£ X. 2. 

Xo find the Space a defcending Body will defcribe in any 
Time by the uniform Force of Gravity. 

Let zrr Space, xm Time, v=z Velocity, acquired 

in that Time. By the Principles of Mechanics z o(, 

vx oc xx^ and therefore z o:vx ^xx\ that is the 

Fluxion of the Space is every where as the Velocity 

into the Fluxion of the Time 5 that is, (becaufe the 

Velocity is as the Time) as the Time into the Fluxion 

of the Time. 

Now if only the Ratio of the Space and Time be 

required, it will be fufficient to take the Fluent ; and 

x^ 
' then 2;oc---, or z^x^^ that is, the Space is always as 

the Square of the Time. 

But if the abfolute Quantity of the Space is fought, 
we mutt reduce the general Proportion or its Fluxion 
to an Analogy from fome particular known Cafe. 

Thus 
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Thus it is known by Experiment that in the Time /FIG. 
or I Second, a Body would acquire fuch a Velocity i. 
as to move through j or 32? Feet uniformly in that 
Time, or to have defcended through 7 i* or ibrk feel 
in that Time. Whence 

m 

JX 

iisiix :/ - =: Fluxion of the Space 2 when ^n/ ; 

wherefore from the general Analogy (zoca^x) we have 

sx sxx 

— :tx II z : xXf and z = — , and finding the 

SX'' 

Fluent, z = — , which needs no Qorre&ion (be- 

caufe when2;:=:o, x=o). 

• * 

sx 
Or thus from the Fluxion and Fluent, -j: ix: : zt 

X* ^ sxx 

— , whence z= rn*- 
22// 

Or laftly thus, fince is n 2, when /=^, therefore 
from the general Analogy (z ocxx) it will be I ^ : // 

" sxx 
z: z : xxi whence 2=: — , and thus the fame Equa**; 

Cion is obtained any of thefe Ways. 

Ex. 3. 

Jf a Body is projelled upwards with a given Velocity a, 
tofaid bow far it will afcend in any Time x. 

Let z = Space, v = its Velocity ; then by Me- 
chanics z OC vx. Now fince the firft Velocity is 
given, therefore the Space j, which would be uni- 
formly defcribed in the Time /, of its whole Afcent, 

sx 
will be given ; wherefore / : j : : x : —-=: Moment 

of the Space z at the firft Inftant, that is when azzv. 

T There- 
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sk 

G. Thcrctore trom the general Jfroportion (2 ex vx^) 

I* 


FIG. Therefore from the general Proportion (2 ex vx^) ~ 

; ax : : & : vx : : z : vx I whence z zz - - ; but 

fa 


the Velocity the Body lofes is as the Time, there- 

ax 
fore i : a : : X : — r: Velocity loft, whence 

ax , ^ . sx sxx 
V —a J' y therefore z zi — -— 5 and 

sx sx^ 
the Fluent z = — -tt, which needs no Cor- j 

region. 

Hence if ^ be greater than 2/, the Body will have 
^efcended ag?iin below the Point it was projeded 
from. 

Otherwife thus. 

Let z zz Space, v zz Velocity, s zz Velocity ge» 
nerated by Gravity in the Time /; then by Mechanics 

z cxvx. Now fince the firft Velocity is given ; there- 
fore the Space i, which would thereby be uniform- • 
ly defcribed in a given Time /, will be given ; where- 
fore t : d : : X : z= Moment of the Space k 

at the firft Inftant, that is when azzv. Therefore 

from the general Proportion (2 oc vx) — - : ax :: z 

: VX : : z : vx.j whence z zz' -- ~ \ but the Ve- 

ta 

locity the Body' lofes is as the Time ; therefore 

t : s \: X : y zz VeL loft ; whence v^zz ^ — - - , 

dx dsxx 

^erefore 2J == — '— -^ i and the Fluent z zz 

dx 
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dx dsxx . , d . 

7 "~ laiF* but / : i : : I : tf = J J there-F I G. 

sxx 
fore z zz ax ~ . 

Hence if ita be greater jthan sx^ the Body will 
have defcended again below the Point it was pro- 
jefted from. 

Ex. 4. 

To find the Time wherein a given Cylinder full of JVater 
will emfty it f elf by a Hole at the Bottom. 

"LttACzzh^ CEzzXy AEz=:h — x, t = Time of a. 
running out 'with the firft Velocity, z = Time fought. 

Now the Moment of the Quantity running out OC z 
X Velocity -, but the Velocity is as x/CE^ and the 
Moment of the Quantity is as the Moment of AE, 

or — Xy whence -^x cc Zk/x^ therefore z oc — 7- % 

\/ X 

' •>— > tx 
But h\t\\-^x\ —7 — =: Moment of the Time 

at the firft Inftant. Therefore (from the general 

_ . / — ^\ --tx ^x * ~* 

Proportion ^ « ^^ > — ^- : ^ : : z : ^ : 

— " X — • tx ' 

z : — 7— , whence z == —7 — • and the Fluent is 
\/* \/i>x 

I » 

2tX^ 

z zz:. 5 but in the Point yf, z = o» and 

. \/h • ^ 

x=hy therefore the Fluent correded (by Prop. XII. ) 

is 2 = 2/ y^ ; and when ^ =: o, then the who k 

Time z zz2t. 


T 2 Ex' 
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Ex, 5, 

F I G. 31? find the Time wherein a given Frufium of a Cone 
3. . full of Heater will empty itfelf by a Hole in the 
Bottom. 

Let the Cone be compleated, and put VGzzp the 
Altitude; TGzzb the Height of the Fruftum, TS 
=x. Circle CD=d, Fr=b, /=:Timc of running 
out (of a, Cylinder whofe Bale is d and Height i&) 
with the fkft or greateft Velocity, 21= Time fought. 
Proceeding here as in the lad Example, you'll find 

Zx/^x oc Moment of the Quantity oc — at x Circle 
EF oc - ^"^ X M^* . Therefore z oc -^'^ 


-^dx J ■ 

* ' ^ ' pps/x ^ ^+ * • » fro'n the general Analo- 

gy i therefore z =z — -= x T+^ . ' And the 

ppy/bx 

Fluent is 2 = "^T >^ ' *^^*^ + ^^^"^ + K i 
and when corredled, the whole Time 2 = / y 

And if the FruftUm were inverted, the Time 
would be found to be / x ^fP—^P^+^^^.^ ^hg^^ 
4=Ciide Jb! x=:GS. ' 

Scholium. 

If£For;rbe the double Ordinate in. any Curve 
CJi the Time of running out might have been ^und 
the fame Way, only by fubftituting the Value of EF 

or 
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or y had from the Nature of the Curve, into the FIG. 

Equation g=i . ^ y and then finding the Fluent^ 

where dzz Square of the Diameter of any Cylinder, 
and b^:i Height, /= Time of the Cylinders running 
out with that firft Velocity. 

JJt ACE he {the SeHian of) a WaU fiippotHng a Flmi 4* 
behind it^ and joining to the perpendicular Side AC ; 
to find the Curve ADE terminating the other Side of 
the WalU fo that its Strength ma^ be every where as * 
the Prejfure itfuftains. 

LetACzzh, AB—x, BD=y. The EfFcft which 
any Number of Particles of the Fluid prelDng at B 
have to break the Wall at C, is as CB x Number of 


Particles x their Force, that is oc h — x Xxxx^ (be- 

caufe the Number is as y, and the Preffure or Force 
as x). And the' Sum of all the Forces afting on AB 


to break it at C is as the Sum of all the i'— ^ x xx 

that is as the Fluent of bxx — x^x^ and therefore as 

hx^ x^ 

— — , and when xzzh^ the whole Preffure on AC 

to break it at C will be ih^ ; therefore the Effects of 
the Preffure at B and C will be as^JS^ and AO. But 
the Strength of the Wall in B and C is fuppoled to 
be as thefe Forces, and by Mechanics *tis known to 
be as 5D» and C£* ; Therefore AB^ : AO : : J?D* : 
C£*, that is y'' oc x^ ; And the Curve ADE is a Semi* 
cubical Parabola whofe Vertex is A9 and therefore 
convex towards AC. 


Ex. 
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Ex. 7. 

FIG. Suppofe a Wtnd to blow againft the perpendicular Side 

4. yfC of the Wall ACE ; to find^he Curve ADE 

bounding the other Sidej fo as the Strength of it be 

' every where as the Force it fuftains. 

* 

Let ABziTC^ BDzzy^ ACzzh. The Force of any 
Particles at B to break the Wall at C is as C5 X Num- 


ber of Particles oc h — x X >^ or oc h—x X ^ 5 and 
therefore the whole Force of all the Particles on AB 
to break the Wall at C is oc the Fluent of hx — xx 

X* 

cchx ; therefore the Force to break it at C by 

all the Particles on AC is ihh or as bh^ and this muft 
be as the Strength of the Wall or as C£* ; confe- 
quentfy x* ccy'' and x ccyy therefore ADE is a right 
Line. 

Ex. 8. 

Let ABC be a heavy Body^ BC a Spring fixt to the 
Block D : Let AB be clofe thrufi up to C, that the 
Spring may be clofe bent, and fixt thus to the Stock D 
^ a Pin. To find with what Velocity the Body will 
be projeSled by the Force of the Spring when the Pin 
is fuddenly plucked out. 

Let BCzzb the Length of the Spring in its natural 
Pofition, CNzzXy vzz. Velocity ot the Point 5 when 
it arrives at N, wzz Weight of the Body ABj /= 
Time of defcribing CN. By Mechanics or the Laws 

of Motion v oc -^^^ , — a (by the Nature of a 

b"^x I 
Spring) / : Likewife by the Laws of Motion 

' ^x ^ ^ . b — X ^, X . _ bx — XX , 
/ ^ —i therefore V cc --— X —or vv ot — — — ,and 
V wv w 

finding 


Sea. I. e/* FLUXIONS. 

finding thcFlucnt,*!;* oc — -^ — -, and whcn^=^,F I G; 

V* oc — 5 that is the Square of the Velocity is re- 
ciprocally as the Weight of the Body : Confequently, 
if the Body is projected horizontally, the Squat:e of the 
Diftance it is projected to will alfo be reciprocally as 
the Body. 

Univerfally, fincc b — x reprefents the Force 
of the Spring at Ni and b the Force of it at C; 
if inftead of i, we put / = abfolute Force of the 

bf , 
Spring at C, then will ~ be as the Square of the 

Velocity for all Springs* 

Ex. 9. 

Let BC be the ^adrant of a Circle^ A the Center^ RS 6. 
parallel to BA. To find the Nature of the Curve DF^ 
that conftantly biffeHs the Angle made by KFand the 
ArcbFC. 

Defcribe the Circle n e infinitely near FC^ and draw 
np A^ and n parallel to CA ; then fince the Angle 
F nzzLn Fp^ and Side Fn common, and the 
Angles Oj p right, therefore onzznp. 
' Let ASzzx^SFzzyy AB or Apzzv^ ADrzib^ 

and fince on-zinp^ that is jt z= v, therefore x ziv^ 
and the Fluent Arz=T;, and corrected xrztn— ^, or 


b+xzz V. But by Prop* 47. Eu. I. b+x ( = v* ) 
znyy +xx^ that is bb + ibx zzyy ; whence the Curve 
DF^i$ a Parabola, whofe Latus redtum is ib, and 
Focus the Point A. 


Ex. 
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Ex. to. 

F I G^ ^^ fi^^ ^^ ^^ ^ theVihration of a Pendulum in a» 
sj^ extreamly finall Anb of a Circle 5 or in any otbtr 
Jbrch. 

Let the Length of the Pendultim CBrrry Cord 

AB^c^ BFzzXy Arch BE—Vt Em-zlv^ Ffzzx^ then 

^ ^ CC €X 6. — 

f ccxx 
y/cx^^ , AJfo let / = Tiww off a Body's 

defcending or afcending thro' the Cord AB^ x zl 
Time of defcending or afcending thro* the Arch 
BE^ then 4/ = Time ©f defcribing AB with the 
Velocity in B v by the Nature of the Circle v zz 

•» ■ ^^ ~ > . The Times of defcribing any 

^ ccxx 
^\/cx — 

Spaces uniformly are as tJie Spaces diredly and the 
Velocities reciprocally ; but fince the Pendulum falls 
fit>m A and:, is fuppofed to defcribc the A-rch AB in 
defcending,, or BA in afcending', therefore the Velo^ 

cities in B and E are Z!&y/DB and \/jp^G, or as 
^ Md\/^^ tber^OTe ht : -7- : : 2r 


p 


Vc v/ 


'-'I z : ;j wbcnce z :=: 7- -——t-: 

\^c — x ivcc — ex 

1 


J 


= (cejeding cxx—^ccm 


¥rr ___^ K + cxx 


as extreamly fmall) - ^ ^ '^ . : And the Fluent 

^c^x (by 


V 
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(by Form roth) is 2 = -^ X Arch of this Circle F I G, 

— , and when xzic^ then z = 
c 

-^xQuadrant5H='-X3-Hi6: And 22 or 

ihe Time of an entire Vibration is = 4/ X 3-^4165 

3.1416 ^. 
Or, which is the fame Thing, .2z= — ^ — X Time 

of dcfccnding through twice the Length of the 
Pendulum. Or putting s = i6tt Feet, r = Feet in 

3.1416 /2r . ^ 
the Pendulum, then 2z zz —^ X s/ Y^ ^^ 

conds. 

And to find the Time of Vibration in any Arch 

JB'9 we have 2; =: 


2v/4^^— 4^*^^ ^^^ + ^^ 


X I-- 


4v/^~xV'^ 


ex /i^y/C-^X A^r 


^rr 


x: J^^^^=:^yir:=^ ' (putting ^ - --^) = 

-£0.x= .+4* + ^^■«■+^:|^'*•*- 
whofc Fluent, by Form 1 7ih, is ^ x : i + -, + 
3* ... . 315* ^^ 


».4» * *• T^ 2«4».o* 2'.4rr 


2'.4 


4. -i B + -£ C. Where ? = F: 


4'.4rr ^ 6».4ir * 4^/^^ 

-- . l;^"*" , the Time in a very fmall Arch. 

' ^ U There- 
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F I C Therefore the Time of Vibration in a very fmall 

7, Arch, IS to the Time in the Arch, the Chord of 

cc ^^cc^ 
whofe Half is r, as i to i H J 4--^ B 

CoR. Hence if the Pendulum r meafures T^ime by 
vibrating \n a very fmall Arch ; and if c be the Chord 
of the Arch a ; then che Seconds loft in 24 Hours by 

....,-, .... , 86400 x^r 

vibrating m the Arch 2^, will be nearly — r 

^ ' ^ lorr 

or -^ r , and the Minutes loft ^ — . 

rr . rr 

Or if I'ime be mealured by vibrating in the Arch 

2ay then the Seconds Ipft by vibrating in the Arch lA 

(C being the Chord of ^) will be ^^^xCC— cc, 

nearly. ^ 

Ex. II. 

8. ST^ //li /i&c Meridional Parts for any Latitude. 

Let Radius CA zz r, the given Arch of Latitude 
ABzzVy Sine DBzzyy Meridional Parts of AB=z. 
By Conftruftion of Mercator\ Chart, as Coline of 


the Latitude {y/rr — yy) : Radius (r) : : {v\z : •:) 

V : z zz. ' — , but by the Nature of the 

v^rr — yy 

Circle v zz — ~- ■ ■ ' ; whence z zz 


s/rr—jy ^^ — yy 

• T^ 1^1 2.30258r _ 
-whence, by Form the 6th, z zz x Log. 

— - = 2,30258r,x Log. J ^~^t , But in the 

Triangle 
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Triangle £5F, as EB (v^rr—^) : Rad. (r) : : £Ff I G. 

(r+j) : Tangent of the Angle B = ^^^^'^^ , ^ 

'zi r J -.^•? -zz Cotangent of half the Complenient 

of the Latitude AB^ whence z zz 2.^02gr x Log* 
Cota)igent of half the Complement of the Latitude. 
And byCorreftionz =: z.^oi^SgrxLog.Cof. of half 
the Co. Lai. — ^.30258r x Log. Rad. and this is the 
Arch of the Nautical Meridian. , But fince the 
Meridionail Parts in the Tables are exprefled in 

Minutes, therefore z n: 

X Log. Cot. i Co. Lai. — Log.Jtad. = 79i5»705 X 

_ Cot. i Co. Lat. - Radius 

Log. ^^ =79i5>705xLog. ^,„.c^^^,^ . 

CoR. I. Hence the Meridional Parts for the 

Difference of Latitude of two Places is zz 7915,7 x 
Difference of the Log. tangents of half their Comple- 
ments of Latitude. 

CoR. 2. Since Radius : Meridional Difference 
of Latitude : : fo' Tangent of the Courfe : to 

the Difference of Longitude ; and '--^ — ::= 

^ ° 79'5>705 

,000126331, therefore 

As ,000126331 : 
To Tangent of the Courfe : : 
So the Diff. of the Log. tangents of half the Comp. 
of the Lat. : 

To the Difference of Longitude. 

Otherwife thus. 

Let / = Tang, of the Latitude yf 5, DC zix^ 
then by the Nature of the Circle yyzzrr-^ xx and 

u 2 ^ yy 
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— — ^x » 

F I G. J3^ = ""^^j ^'^^ J^ = • ^"^ ^y Trigonometry, 

j^ (""7^7 : — X : : Rad. (i) : / — — , ind y 

ry 
= /Af. Likewife ^ : r : : j^ : v = -?!--. And by 

X 

the Nature of Mercator*% Projcftion, ^ i r i i v 

/ry\ rry —rrx .„ 

(f) '.z-^=: — . But t^x^ =yy:z 

r 
fT'-'^^Xy whence x = -' , and y zz 

, and X =: ^ , and jjy = 


; therefore z =: t X 


— > . Therefore, by Form the 9th, z — 

\/i + // 

2.30258r X Log» / + \/i+li : But if / is the Tran- 
gent, \/T+Tt is the Secant j and by the Elements 
of Trigonometry, Secant + Tangent zi Cotan. of 
half the Complement of jiB. Therefore z zi 
2..30258r X Log. Cotangent of half the Complement ' 
qf the Latitude JB. 

To find the Meridional Parts for the oblate Spheroid. 

Let the Semitranfverfe CA ir r, Semiconjugate 
CG = c. Arch JB=v, Ordinate DBizy^ CDzzXy 
Meridional Parts of JB^ put zz Z'^ and / = Tan. 
of the Lat. at 5, as before. 

Then by the Nature of the Figure ccrr — ccxx zz 
' rc?y> ^^^ — ^^^^ = ^^yy* But by Trigonometry, 

> = -«(^)=''^"l-C) = '=•?«• And. 

Dy 


^ 
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. ' • . ^ F I G, 

by MiTcator's Projedion, x : r i : v : Z =: — - . g^ 

• - rr .» 

And firicc a^/zzrry, we (hall have y ri - /'" ■■ tf.r » 

^^ x/rr+ccn 

CCt ; » . ^^^^Z^' • _ 

J = ■ • . ' r 9 and y zz "■ ■ .' - ; » » ^ — . 


*rrcctt 


; but V =1 v^x* +ji'* = 

rr + ccttY . 

. / ry \ r^cty/i +UX s/rr + £:f// _ 
fore Z ( ) = ■■ J ' r — 

reds/ 1 +tf . _ red X i +/^ _ r# 

rcct — rH 

Put rr ^-^ cc zzffj en 


Cofcc. Latitude, thenz r: '^ 


v^i+// rr+^cctti/i+n 

zzz^rffx— L'^ f—^ - (by Form 

cc+rr( *\/i+^ 

zizzirzz \ v ^ 

the 23d) z — rffx cc—rr+rrv X — 


2 


^ X =^=i ; whofe Fluent, by 


z •— 


Form the 6th, is Z=z^ • f^ l, - X Log: 
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8. • — -; — Z'^tJL X Log. ^ 


=«— i/i X Log. -_^ , bccau(e by Trigonometry 

r^ — k/~^ 

^^1 + 4 briLl±£f =:(r. In Minutes Z = 2- 

f ' + T" /• 

7915-7— X Log. v/ J, Or putting — or 

i^^5I5_ = i, thenwill2=z-^5i7i^Log. 
r 2 

^ , . Where (T zz natural Cofccant of the Lati- 

tude CO the Radius 1, and z zz iht Meridional Parts 
for the Sphere. 

Or thus. 

Since — = y, therefore , = v^, therefore 

Z =; 2— 7915.7^ X Log. \/ — • But by Trigo- 

i-^dy i 

nometry, \/ — — = Cotan. i Arch whole natural 1 

I— ^ 

Cofine is <^. Therefore, let^r zz nat. S. Lat. j4 = 

Arch whofe nat. Cofine is dy^ to the Rad. i ; and 

S = Log. Cotan. T-^— .10, as bad in the TaUesj 

then Z zzz^ygtg.ydB. 

In the fperoidal Figure of the Earth, we ftiall 

have d zz .093, or thereabouts, according to Sir 

I* Newton I or ^=1.148, zccOrAing 10 Mauperfuis. 


Ex. 
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/ 

Ex. 12. 

To find the Nature of the Curve which a heavy flexiik p I G. 
Line will form itfelf into by its Gravity, p^ 

Let the Line be fufpended on the two fixt Points 
), ?, and difpofe itfelf into the Curve DAP ; -^its 
^crtex, .4^ its Axis, and BC an Ordinate. 

1. The Part of the Curve ABB is kept in its Po-* 
tion by a certain Force at A a£ting in Diredion AZ 
arallel to the Horizon ; For if the Line be cut thro' 
: A it will reduce itfelf to a perpendicular Pofition/ 
nd this Force a£ting at A is always the fame whac- 
rer Length the Curve be of; For if the Line be 
It thro' -at B^ and then the Point B faftned to the 
[ane ; it is evident the Force at A is neither greater 
)r lefs ; for the Refiftance of the point B does the » 
oie as the Tenfion of the Line in B did before ; 
d the Force in A or the Tenfion of the Line in A 
jft remain the fame. 

2. Let a zz, the given Part of the Line whofe 
eight is equal to the Tenfion of the Line in A^ 
J ACznx^ BC=yy AB=Zj draw the Tangent 55, 
1 BRz^BA^ perpendicular to the Horizon, and 
parallel to it* The Line BA is fuftained by three 
-cesy for its Gravity a<5bs in Diredion BR^ it is 
wn at A in Dire&ion AZ by the Force a^ and it . 
ijftained in B by the Tenfion of the Line in Di- 
ion SB ; and thefe three Forces being as BR^ RS^ 
BS^ and BRzzz by Conftruftion, therefore the 
cc a =:RS : Whence by fimilar Triangles BR (z) : 

[a} : : h o {x) i B o (y) : i x ly^ and ax'zzzy^ which 
le Property of the Curve. 

. Xake BrzzBb the Increment of the Curve, 
r r n parallel and B n perpendicular to BS^ then 
^zziBoy and rnz=:bo. Since ^iJ is the perpen- 
dicular 
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F I G. dicular Force or Weight of the Line at 5, Jffr.or 

^* z is the Increment thereof, and therefore at is the 
locremeiu of the Tenfipn of the Line in By and x is 
the Fluxion of the Tenfion, ^nd tWefore the Fluent 
;tf=: Tenfioh or Force afting in Direftion »r; But 
in A where xiio^ jchis Tenfion z=.ay thcjefore by Cor- 
redion, the whole Tenfion drawing in Direftion of 
the Curve is a-^-x ; and this is the Force 55, as was 
fhcwn before : Therefore again by fimilar Triangles 

IS . . 

^+y {PS) : z {BR) \ i z i x \ \ z i x^ whence ax + 
fix z;: :fZy and the Fluent zax -^xx zz zZy whicji is 
aQOtber Pi:operty of the Curve. 

4. If the Point B be fo taken that the Angle RB^ 
or 8BC be half a right Angle, then will AB or :2 be 

zza\ for then xz^^y^ and z zz (-- zzj a. 

ax ax az 

5- Suu:cjr= — = - 


xe» 


^ \/2ax+xx s/aa-^zz 
az 


41+X 


; therefore by Form 9th,^ = 2.30258^ x Log. 


whence the Curve may be eafily conftruftcd. 

Ex. 13. 

^0 find the Nature of the Curve BM in winch a Body 
moving {after its Fall thro* AB\ itfhall defcend equal 
Spaces in equal Times. 

Let ABzza^ BPzzXy PMzzy^ now fince the Ve- 
locities of Bodies are as the Spaces defcribed in equal 
Times, and the Squares of the Velocities are as the 
Heights fallen from ; therefore a : a+x : : (Square of 
"the Velocity in (he Axis at P: to Square of the Ve- 
locity 
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Jodtyinth€CurveatM::P/*:Af«M:x*:i»+^*::)F I G. 
;&* : x*+jrS and by Divifioii a:x:: x^'iy*^ there- 10. 
fore xi^zrdys or x^—(^y^ and fihding the Fluent 
^^zza^y^ or ^jy^rifx' : Therefore th< Curve is a 
fcrti cubical Parabola convex towards BP. 


Ex. 14. 

If a Body heprojeSi^dfrom any Point A parallel to the n;. 
horizontal Plane ^C, and be urged towards that 
Plane with a Force tvbicb is as any Power of its 
Height above the Plane 5 to find the Nature of the 
Curve it wiU defcribe. 

Let AB—r^ ADzzXy DPzzy^ ^ = Velocicy ac- 
quired in falling through ADy /=:Time of falling, 
/ = Force in D or P, which fuppofe to^be as Jj^D". 

Now from the Laws of Motion v oc //, but /oc 


.« / 


X 8 • r ' r— X X 

— and /oc r — x , therefore v « — , and 

n . 

^0( / X X ^^ ^^ ^ ^ — ^»^^ ancTfinding thrFIuT 

V 

ff-hl 

ent '^ oc ^ ^"^^ — , but in yf,Sr=o, therefore 
^ n+i 

f^ ■*' •— r^^x 
the Fluent correftcd is 'yi; ex ; • 

But the Fluxion of the Axis is as the Velocity of a 
defcending Body, and the Fluxion of the Ordinate', 
is as the Fluxion of the Time, or as a given Quan> 

i\tyb% therefore x :y iilvzz) \/ r-— — 

H-p* 

X : ^, 
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F I G. : ^, whence j^ = — S or jf = 

V ■— 

y and the Fluent will give 


i , «+i 

the Nature of the Curve. 

bx 

12. Case i. Lct^zrri^ then y=: - ; defcribc 

^lax — XX 

^ the Quadrant JEF 5 then by the Nature of the Cir- 

rx 

cle, Arch JE m Fluent of — > therefore 

^ V zrx — ;tf3f 
take j^ or DP rr — x Arch yf £, and P will be in 

the Curve required. 

hx 
Case 2. Let»=:o, thenjr=:~-— , ^Xi^kyzz^by/x^ 

or ^bbxzzyy ; therefore the Curve will be a Parabola^ 
as is well known. 

13. Case 3. Suppofe »=— -i. Here we muft have 
JRecourfe to the original Procefs , itfelf, and there we 

X 

fhall have w oc \ defcribc the Hyperbola HE 

' to the Aflymptotes AB^ Bt ; then the Area ADEHzz 

V —*—-»- 

^ Fluent of - ; therefore v oc \/ADEHy and y =: 

^^ 
— — for the Nature of the Curve AP. 

V/Area ADEH 

lA. Case 4. Let»=: — 2, theny zzbxy/- . 

~ " X 

LttJE be a Cycloid, JG=tv, DE = u, AGB 

being the generating Circle \ then uzzv + -y/rx— xat, 

and 
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and ii =:t; + x zz (bccaufc v = F I G. 


rx 


= ,) Xv/^— ^. Butv =:*r*xxv/^-^» 

vhence y =z ^«v/r, therefore take DP = b^/r X 

[)£, and P will be in the Curve. 

hr X rx: — XX 

Case 5. Let»zz — 3 jthenj/ = — , 

s/zrx — XX 

/hence y n br\/2rx — xx^ and the Curve is an 
^llipfis whofe Semi-axis is AB- 

Ex. 15. 

1? know whether a given Curve Line be concave or 15, 
:onvex towards its Axisy in any given Point thereof. 

Let AB be the Axis, BC any Ordinate, take DB 
zBFy and draw the Ordinatcs De^ Fo infinitely near 
C\ draw en and Q* parallel to A By and produce 
^ to k. Now by the Nature of Curvature, if the 
jfve be concave towards the Axis, in the Point C, 
d the Ordinates increafe, then the Point of the 
irve will fall between k and g^ and therefore the In- 
iment^^ is lefs than »C, whence (? ^ or ^ <? — gk 
It is g — n C, will be negative; but ok is the fecond 
Dmenfof the Ordinate, and that is as the fecond 
jxion when B k and D e approach to, and coincide 
:h BC ; therefore if the Curve be concave towards 

Axis the fecond Fluxion of the Ordinate will be 
jative. And the contiary will happen if the Curve 16. 
ronvex towards the Axis. Vvherefore 
L.et the Axis AB:=lx^ Ordinate BCzzy^ then com- 
c the Value of j^ by the Nature or the Curve, 

fubftitute Numbers for all the Quantit'es if there 
3ccafion, then if its Value comes out negative it is 
cave in that Point, if affirmative ic is convex to- 
ds the Axis. 

X a Ex. 
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Ex. 16. ' 

F I G. -^ l^^ ^^^g inflated info the Form ^ n Curve^ and 
1 7. kept in that Form by a Force or Prejfure aSing per- 
pendicularly upon every Point of the Curve 5 to find the 
Proportion between the ^en/ion of the Curves and the 
Force ailing pfrpendicularly upon' it. 

Let AB^ BQ be two equal Particles of the Curve, 
and kt the Force acting on the Particle B reduce it to 
the Pofition ABC\ compleat the Parallelogram 
ABCF^ and draw yfD, CD^ perpendicular to -^5, 
CB ; and then the four Points, A^ JS, Cj D, will lie 

in a Circle. Ijtt AB ox BC — z^ AD or CD^r: 

Now by Mechanics the Point B is afted upon by three 
Forces BA, BC, BE ; BA or BC is the Tenfion of the 
Curve, and BE is the Force afting perpendicularly 
againft the Curve, therefore thefe are to one another 
as BA to BEy or (by fimilar Triangles) as i BD to 

"z. Let now the Points A^ C, approach to B and co- 
iiicide with it, and i BD becomes %r, the Radius of 

Curvature ; and z is the Particle of the Curve, 
-wherein the Prcflure a6ls : And therefore the Force 
a&ing perpendicularly on any Particle of the Curve is 
to the Tenfion of the Curve, as that Particle of the 
Curve is io the R/idius of Curvature in that Point. 

Cor. Therefore if the Particle of the Curve and 
its Tenfion be given, the Force afting againft that 
Particle is reciprocally a3 the Radius of Curvature } 
that is, diredly as the Curvature. 


Ex. 
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Ex. 17. 

IJF is a Curvt. Une fupparting a Fluid j to find the FIG. 

Nature of the Curve. , 18. 

Let the Axis of the Figure CJzzt^ CD—Xj DBziy^ 

{Bzzz^ let z be given : By reaCbn of the Fluidity of 

ie Water, the Tenfion of the Curve is equal in all 

bints, and therefore by the forgoing Example, the 

refliu'eat B isreciprqcaiiy as the Radius of Curvature 

1 B. But by the Laws of Hydroftatics the Preflure at 

is 93 the Height DB oty. ajod (by Prob. V. St6t U.) 

• • • • 

c Radius of Curvature is -^, therefore — ^-r* 

X y !K 

d afTuoHPg the given Quantity — , then — =—-• 

•• 

'=:>yyzy and the Fluent aax —y*zi but in 

X zzz and yzzb ; therefore the Fluent corre^d i% 
i'^aaz—yy — l^bxz^ or aax zzaa-\-)y — ib x 

— — — aa-~^bb +yy x V 

^* +:y *f which reduced gives x = ^ 

the Equation of the Curve fought- 
"or. Draw EK perpendicular, and IK parallel to 
> and alfo the Tangent EI\ than if EKzzp^ EI 
s =z Area EjK^ which is as its \y eight, then 

^ OS 

Mechanics) p\qi\s: — =Tenfion of the Curvc^ 

P ^ 

ice (by the foregoing Example) fincejyziiiPreflure 

, it will be yz : -^ : z : -~, and thence - — 

\ P X p 

a? = Xt and therefore —— n aa. 

a • p 

Ex; 


1 
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Ex. iS. 

p J Q^ 7*^ fnd an, infinite Series y or fever al fucb^ wbofc Sum 

may be bad. 

■ • » • - 

Aflume V = or or ^c. For 

X 

Example, let v = zr i + ^ + ;tf* + ^^ ^c, 

. I— A? 

X: Xj therefore vzzx + ix"^ + ^x^ + \x^ &?r. 

Suppofe the Fl: vx"x =: + q-^ then by 

^ n+i » 

putting this into Fluxions, we Ihail Bnd q = 

— ;^+i . — x«+* X _ x"+^ X 

»+i »+i I — X * » + iX^ — I 

I 

n + 1 

X ' I ;^"+' 

to or -— t; ; therefore q = x : + 

X — I * »+i »+i 

j^« ^« — I 

— + (^c. + ^ — V, ^Whence Fl: vx^x = 

n n — 1 

— — + — — X:-— H + , fcfr. + 

»+i »+i //+! n n — i; 

X — V. 

X* X^ 

But Fl: vx'^x is alio zz F: x^x X : ^ -{ 4- — 

. ^^ rj ^'"^^ ^'+5 ^'+^ 

4 »+2 2X»+3 3X»+4 

tfi infinitum. 

Therefore — (- — , (i?^. z= 

^+2 2X«+3 »+^ 


ff 


/ I , *«+! * 

»+i »+i ff p 
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m"+' — 1> , . , FIG 

Pm __ — o ju,(j tiien * = i.- 

»+i 
Therefore the foregoing Series will become 
I I I ' I ,, 

^ — 4- — — + — — Cj?^. 


«+2 2X»+3 3X»+4 4X»+5 

6fr. to I. 


11—2 

Or, which is the fame Thing, —y^ X : i + i 

+ 7 + i ^c. to "-rz = Sum of the infinite Series 


^+2 2X»+3 3X»+4 4X»+5 
ad infinitum. 

Now if » be put fucceffively equal to any Integer 
Numbers, there will be had fo many infinite Series, 
each of which will be equal to the Sum of a given 
finite Series. 

For Example, fuppofe »:= i, then f x TT\% or 

I = to the infinite Series -—+—•+-— 

1.3 2,4 3.5 

^- Mir 


4.6 
Moreover, whatever be the Value of *, if w or 

the F: be known, we (hall always have the fi- 


nite Series —7— x : w'+^ — v+x+4Af*+4^' + i;f* 
. . • to —7-7^*+' zz to the Series t- + 


4- -r 4- — , iSc. ad infinitum. 

3X»+4 4X»+5 ^. 

Thfe 
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F I G* The ^ke may be done by afiluaing any other 

Quantity for z; j as for Example, let v ±.¥: 


or V zz — X + x^x + x^x + ^oc^ (^c^ and 

VZZX + iX^ + ^7 ^ ^X^o^ &ff. 

SUppofe, as before, F: vx^'x = ■ + j 5 then 

if-f» I 

X^+^ X 1 . ' . 

* n+i *^— I n+i 

+ X — V, and a zz — — X : 1 + 

-^ »+i « — 1 » — 4 

x"^r I . . J^* 

... +x^v zz — — X,: — V -K X ^ 

a^— 7 »+i ^ 4 

X7 X^"* X"^^ 

"T *~* •!" ~~~~" • • • "T* • 

7 10 » — I 

Again, F: vx^x = F: x^xx: x + |x* + ^^ ^c. 

v*+a ^""f"S x""^^ 

sz + — + • , G?^. therefore the 

»+2 4X»+5 7X»+8 

1 A?* 

finite Scries X : vx^+^ — . x; + x -| + 

n+i 4 

— . . . H = the Sum of the Series 

7 •«— I . »+2 

'- ■ ■■ " + : , &c. ad ififinimn\ ^here » is 

4X»+5 7X»+8 

any Number in this Series 2, 5, 8, 11, C^^. and in 
general, 

If v = — ^ — , then n muft be fuch that n+i 
I— ;f* 

may be divifible by m. And if you make w"+' -^ t> 
='0, and ^ z= I, as before, you may get &s many 
particular Series as you pleafe. 

Ex, 
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i6i 


Ex. 19. • . 

to Exprefs the Fluent of afimple Exfreffion ax^x, h F I G. 
an infimte Series i and from thence to fum up that 18. 
Series. 

Put ax^x = F and exprefs the Index by two Parts 
as tfx*+*x-*+'«, then aflume F =-7— — jr-*+'+ j , 

then F or ax^xzzax^x-'C+ iX^**x+i. whence/ 

= 7^ X T^ *** = f — I X -4«*«. Again, 

Aflume s = illL>$ji **-H'x-'+' + / = Bx*+'' 
«r^+' + / ; whence / = i— i X 5/x. 

Aflume / = tzlJ<Ix'+' x-+' + ^ = C;«*+' 

k+e 

}r-'+t + V } then v = < — i X Cxx. 
' Aflume V = ^ff^Cx*+/W+» + w, &c. 

Whence For Fl: ax^x = J^+* X : ^qjiT" + |q:j ^ 

+^5* + f+;c + .V + ^'- = "^ ' 

where y/, 5, C, &c. are the preceding Terms. 
Therefore taking f, i, e, &c. any Quantities at 
Pleafure, the Series will be known, and the Sum ot 

it given. 

I. Suppofe azzu h,c,d,e, &c. = 2. Then Fl: 

x»x =Jf ' X : i + i^ + i^ + iC, &c. = -. Thcr*» • 
fore i+.iA + iBt &c. = |. 

■ • 1 

Y 2. Sup- 


i6^ ?r*^ DoCtRIN*. 

FIG. 2. Suppofe ^i r, J^ ^, &c. =: m. Then Fl: ax^'x 

=r;tf'»+' X: — + - A + B + C, 

m+i /»+•! 2i» 2wr 


Bj &c. 


y — I 

'im 

Then F: ¥^-^x =: ^v" x : -4~ + 


B + 


C, Sec. = 


»+4 


;; 


Whence alio 


I 1 

A •\^ 


»+5 


»"+i 


I ^ ' T^ 


» + 2 


>^+3 


»+4 


C&c. 


I 


Ex, 20. 

213. ^0 find the Curve which ajleiHiMe Line ^jIR is put 
into by the IVind^ oY any Fluid movit^ agaiilfi it. - 

Let AE be the Axis, and BE^ Cf Ortffeates in- 
finitely near, Bd parallel to AE. Call AEyX\ EB^yy 

'AB^ ziBd, x% Cd, y, BC, 2 ;^nd let; z=be givtti. 
TheForce of the Fluid a^ng perpendicularly againft 

the ]^article of theCufVe 2, is as the Quantity of 
the Fluid aftirtg on it, and the Sine of Incidence, 


that is as ^ X — , or — , that is as "^ ; And (by 

Ex. 16. i>efore) that Force will be as the Cur- 
^Vatute in J?, or reciprocally as the Radius of Cur va» 

ture, that is (by Prob." V. Scft. II.) as -j; » there 

fore 
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^c -^ OC ~^ 7 or -^-^ = -Z-f^. therefore ■?- z=F I G. 
^ zx ^ ' X z 213. 

—r^^ and the Fluent is —7- zz -r- ; but in Ay y 
y* ^ z y -^ . 

= i, and X == o, therefore the *corre£ted Fluent is 
— = -r r, whence ;y = «;-— ^, therefore 


a+x xy =:«2J» zvi^a+x x 2J* — x"* r: tf»i;S or 

i 1 ■ ■ ■ . * , • sA' x^x 

2ax + xxxz* == a+fc x^S and;?; 2: ^ >^ s 

. y lax -f* XX 

and the Fhatut z =: s/iax + xx, an Equation to 
the Catenary. 

Ex. 21. 

To find the Curve of Traffion to a right Line. That 228. 
isy if a heavy Body be placed at A^ and a Cord AB 
of a given Length faftened to it^ and the End B 
drawn along the right Line BD ; to find the Curve 
defcrihed by the ^ody A. 

L/et AB he perpendicular to BD^ and let AE l^e 
the .Curve defcribed by A. Draw the Ordinates jSC, 
e c inBnitely near each other, and -^ to BD^ ' and 
draw the Tangents jEZ), ed '^ and Do '^ to ed. 
Then put ABj ED or edii^b^ AE=z^ BCzzx^ 
ECzr.y^ CD-izs \ t\\tnbbzzss+yyy and 2ji = — 2yjf. 
And by fimilar Triangles, y : i i i — j^ : z, and 

y : */ib — yy : : — y : x, whence 

--by bss , . -— y ^ s^s 

2; = — - rz -, and x = —-x/6h-^yy « r, . 

And by Form 2d 9nA 4th, zzz — bLx Log:;y =: 

LT 

— — xLog:W^jj. But in Ay y—b^ or s-zzo^ 
2 

therefore the corrcft Fluent is z = 2.30253^ X Log: • 

b ,2.30258^ ^ bb 


y 2 bb'^ss Bu 


i:66« ^< Doe T*.! t«B 

rip. ^i , i/rr^i^+l^—-^ 
r.^S " 1 — X I>og: ^ — 


» * 


A/rr-^ik — ^y/- 


ss 


hrL sy/rr — ib^i- h/rr — is 

XLogr 




2vrr—bl?\ svrr—bb—bvrr--ss 

Therefore x ir ^ X '^ Log: 

^\/rr — bb 

. — ==:;; — Arch ^D. 

jv/ rr -- b^ — bv rr -^ SS 

Agaift P : ^ : : jr : 2? = -f = p^ZIT^'ZI^* 
jfnd 2^:2.30258^ X — Log: rr-^bb—xf** *^d cor- 
X wfted ;2=:2.3ol5^xLog: j^rzrjpr^* 

^GHOLrUM. 

fy ^b — vy 

Since y = z^ tjiereforc whoa ^ is t 

TT *~" bb ^~ vy 
Maximum, -y or — • — . — =^— i = o, and rr-^ 

*^ zby 

bb —yy zz Oy whence y = s/rr—tfb ; then P=o, 
aad j=£. TiieFefore the Curve can apprpach ihc 

Circle no nearer than r — \/rr--bb \ therefore if a 
Circle be defcribed from the Center C, with tlic 

Radius ^/rr-bb^ this Circle yriflbe an Affymptow 

to the Curre. 

I 

And let -thefe few Examples here fuffice, to Ihcw 
the Application of the Rules, to the Calculation of 
particular Problems. We will now proceed to th? 
Refotution of men' c g e ner al Problems in Matbefnatics^ 

and Natural Philofophy. 

^ E C T. 


\ . 


\f!f.lSS, 


4 , 
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SECT. It. 

22i? InveJIigatfon and Solution of fontfi 
of^be moft gtmral and ufiful Fror 
■ bhms in the Mathematics, 


A till* < I 



P JR .0 B. I. 

^0 (kttrmine the Maxima and Miftima <f 

^antities. 

HEN a C^tntity is nequifed to be the 
• grcateft or kaft {x>Qlb)e, under certain Con- 
ditions, it is called a Maxinainn or Minimum ; and 
at that Monoent it neither increales nor deoreafes, and 
therefore its Fluxion is nothipg. Now fin(« any 
Quamity is a Maxinoum or Miaimuoi, wken ifs 

^Pluxion is nothing, upon the Suppofition of only oqe 
variable Quantity therein, and the fiime is true when 

^oy other Quantity alone is fuippofed variable : Con- 
requendy when there are feveral variable Quantiufs 
in the Maximum or . MinioKim, then each: of t|i0c 

'Fluxions mull be fcparately equal to nothing* Th^'f^ 
fore 

t. Tut tbc €9ffiaHt' ^antity m for,, the Maximum qr 
uqmr^d \ and get an Equation involving fh^ 

by 
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IF 1 G. h ^^^P of which and other given Equations^ exterminate 
AS many of the variable ^antities as you pleafey if 
there befpueral : -Then put the remaining Equations inte 
Fluxions^ and for each Equation exterminate one Fluxion^ 
till you have but one Equation ; in which {^brought aU 
to one Side) make the Sum of all the Terms multiplying 
each particular Fluxion^ feparately izo, and you will 
get as many Equations^ which ^ together withihofe atjirfi 
given, will determine all the unknown S^uantities. 

Sometimes we muft make the Logarithm of the ^uan- 
Itity a Maximum or Minimum^ or the Log: of the Lo^ 
garitbm of it, &c. and put its Fluxion = o. This 
Procefs is fometimes neceffary in exponential ^antities. 
For if the Quantity itfelf be a Max. or Min. its Log, 
will be fo too. 

2. But when the Fluxion of any Jingle Siuantity is 
found =zo, then that ^antity itfelf is^ either a Alaxi- 
mum or Minimum, or aftanding Quantity. Or 'if an 
impoffihle Equation come out, the Siuantity will have no 
Maximum or Minimum but what is infinite. Oftentimes 
the Equation will have fever al Roots, all which mufi It 
feparately tried^ to fee which of them will anjwer the 
Conditions of the ^ejiion, and give the Maximum or 
Minimum required ; and this is done by putting theJingU 
variable ^entity in the Maximum or Minimum equal 
to feveral fucceffive Values exprejfedin Numbers. 

230. When the Nature of a Curve, as ECD^ is required, 

which (hall contain fome Maximum or Minimum ; 
then fuppofe two Points of the Curve F and G to be 
given 5 then we muft find an intermediate Point C, 
io that the Part between F and G, or FH and GI, 
may be a Maximum or Mininum. For if the Point. C 
be not fo fitudted, that the Part between FH and 
G / be a Maximum or Minimum^ 'tis plain the whole 
* cannot be fo. Therefore, 

,3. Draw two Ordinates FHy G I infinitely near, in- 
tercepting an infinitely fmall given Part of the Maxi- 
mum 


J 
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mum GT liCmmumy and alfo of the given ^antfty men- FIG. 
tmied in the Problem^ to find an inter mediate Point C, . 230. 
dimo the Ordinate P C, an arithmetic Mean between the 
other two FHj G L This ordinate divides thefe infi^ 
mtelyfinaU ^gantities inttt two Parts j then the Fluxion 
ff the Sum of each nwft ^e pit r: o, which gives Jw9 
SftationSj from whence the Mature of the Curve will 
^ hoi. 

In Cafes more compounded, where the Problem 
involves feveral Conditions^ an^ the Nature of the 
Cyrv^ i§ required. Let EFD ht the Curve, ^nd 
let any Point F be given therein, and let C be tny 
other Point in the Curve, infinitely near F. Draw 
the Ordinates FH^CP^ and i^;» paraMcl to th^ 
Axis AB. To find the Situation ot the Porat F^ 
fo that JxFC—BxFm may *b6 rr a Maximum or 
Minimum •, fuppofing A, B, conJlant Quantities'. Let 
FmzzSy Fczzty Cm^zny a given Quantity. Then 

^ Ass 

A x/ntt+ss^Bszzm^ in Fluxions ^ — . ^ ^Bs =::o, 

^/nn+ss 

whcace As •=, B y/m\Ts = Bt, for the Nature of 
the Curv« EFD. Now fince HF {ory) is aivcn ia 
fefpedl of the Point F i therefore Ay B may be madq 
up of y and any given Quantities.* And the fame 
Thing holds good of any other Point of the Curve. 
Jlicrefo*^ When At^Bszzm^ the Equation) qf ihe 
Coju-ye i^AszzBt. But fince At^-Bszz Mak. ox 
Mi»^ -therefore the Sum gf all x\'\^At—Bszz Max, 
^Min. iim\^F:Az--F:B>:^'m, where i^ C or 
t ^Z^ Fm ot s ^ X. And if: either FiAzov P^i 
Bxht given, the other is either a Maximum or M- 
nimm. 

Whence the following Rule, 

4. Let AH = X, HF zzy, EF :^ z, and letj be 
given J andfuppofe FiJz — FiB ^ =m. fVhere A 
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FIG. and Bare given ^anfifieSi or made up $fy and given ^uan^ 
23Q. fifi^^9 orfuch as denote a Maximum or Minimum. And 
all the Conditions of the ^ejlion being properly expre£id\ 
colleB all the Quantities affeSed with z^ for the Value of 
A \ and all the S^uantities affeSed with x, for the Valiu 
cf B\ then thefe Values being fubjiituted in the Equa^ 
tion Ax :=: BZi inftead of A and jB, gives the Equa- 
" tion of the Curve. And the fame holds good if you make 

Fi-r- — -F : — = ^ Max. or Min. 
B A 

S C H O L. • 

Concerning curvilincal Spaces, it is in EfFcft the 
fame Thing to feek the greateft Area contained under 
a given Perimeter, as to feek a given Area under the 
leaft Perimeter. The fame will hold in Reljpeft of 
Solids and their Surfaces. 

Example i. 
Tofnd xz+yy a Minimum^ fo that x+y+zzzb. 

put xz+yy=m^ and expunging 2, bx-^xx — xy+yy 
zzm. In Fluxions bx — 2xx—yx-xy+2yyzzo^ and 
taking the homologous Terms, bx—2xx — yxizx)^ 
and lyy — xyizo^ whence 2x+yzzb^ and xzz2yi and 
therefore J' =j^, xzzib, z=^b. 

Or thus ; 

Since xz+^zzm^ in Fluxions xz+zx +2yyzz09 

alfo from the Equation x+y+z-zzb, we have jc+jf 

+ZZZO ; and expunging 2J, we get --xx — xy+zx+ 

yyzzo^ and therefore zx — xxzzo^ or 2?=^; and 

2yy — xyzzOj OT x'^2y^ whcnce x^ y^ z are found the 

feme as before. 

'Note, In this Example if x be given there will be 

a Minimum, but the Maximum is mfinice ; and 

, if j^ be^iven there will be only a Maximum : 

Therefore in general there is no Maximum or 

Minimum but what is infinite. 

E X.' 
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Ex. 2. 

iToJindx the greatejl in this Equation x^-HW^+axy-^y'ivsO.^ I g. 

Fpr X write m, and the Equation is m\ — am^+amf 
y^izo\ InFluxionstfwiy— jy*j^:zo, whence ^y^zzam^ 
by which and the former Equation, m and y are de- 
termined. 

Ex. 3. 

^0 find a Cylinder of a given Solidity h^ with the leajl 

whole Surface^ 

Let /r: Altitude, x =: Diameter of the Baft,, cTi 
3.1416, then^^ = h and f-?L r: Sum of the 

Bafes, r^o'^convex Surface =: -^ j therefore -^ - 

X 2 

+ ^z:«i : In Fluxions cxx — ^— =:o, which re- 

X XX 

duced gives xzzy/^j and thence ;^ zz v^— n ;f. 

£ x« 4" '^ 

ft 

In the Semicircle ABC^ to find the Re£f angle AD B 19. 

a Mdximum. 


Let ACzza^ *AG zzx^ DBzz \/ax — xx^ then 

xy/ax — xxzzm^ or ax^ — x^zrm'' : In Fluxions ^ax^x 
— 4X5X = o, whence x = la. 

Ex. 5. 

Given the Bafe AB and Perpendicular CD^ in a loa 
. Triangle A CB^ to find the Angle AC B^ the great efi 
fojjible. 

Biflea AB in £, and let CDr:/, ^Ezry, JEflrry; 

and by Trigonometry (CJS) \//>/ + jj — 237 + yy : 

Z 2 (Radius) 


tJZ ^^ DOCTRIN* 

_, _ _^ pR 

F I G. (Radius) ,2? : : p : ^ =^.<:^; 

20. \/p p+ii—Hy+yy 

and (^C) ySTT+y • (5.<:&)-7==^^±r 

2pqR 

k . 19^ • — : -^ — _ — c ^^*— /^ 

• • ^L^ • ^ ■■ 1 ' will. ^-W«WrM*Mi«MMM*l «». U« ^1 _ 1^ 


— • 2 


\/pp+i+y '><\/pp+i--y 

zz ;», and p^ + 2/>^jj + ?* + 2p*j^* — 2 j'*^* 4-j^4 3: 
"^^^1 ■ : InF Juxions 4p;>^ ~ 4y^j^ + 47^^ = o, 

andjyJ z: jj— 7?>? X J^ atftd one of the Roots hyzzoi 
the other Quaotuy -;?* zi ^jf — Pp i^ an inapoffible 
Equation when p .is bigger than ji ) therefore the 
Point D falls in E. 

. ^ Ex. ^. 

21, y^^ Point P beiffg, given in the Tranfver^e of the EUipJis 
ABK i to'find PB the near eft Diftdm to the Curve. 

Let yfC = /, CDzzc, JPzzpy PR=q, P^szx j 

then ^5* = y x'pq+qx-^px-xx^ and PB"- -= 


cc 


^ X^?+J^— /*-^'*^ + XX zzm^ : In Fluxions 

ecqx — ccpx — 2rrx^ , . 

— — --' ^ 1- 2XX zz o i reduced x -z 

tw I * . . 




2 X tt—CC 


tt — CC 


Note, If CP be greater than -y then j^ will be 

greater than PR^ which the Nature of the Qudtion 
will not admit. 


Er. 
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V 

3"(? Jr^jw /i&^ Line EF to touch the Angle C of the FIG. 

ReBangle ABCB^ fo that the Part^ contattCd 22* 

between the Sides A By AD produced^ may he a 
Ji^nimam. 

\ 

Let^D=tf, ABziK EBzzx, EJ=zlf+x, then 

■dF = Jt±fl, and EFzz Jj^' + — X*^'. 

,- , asbb la^b 

zznti w w+2w+Ar;r+ -- — + -^ — + aa -n fn^ i 

XX X 

2 a abb X 2aabi 
This in Fluxions is ibx+ixx — — 

X^ XX 

rra-, i-cduced is x^+bx^^aabx^^^abitzOj divided by 
x+bzzo^ one of the Roots, and then x^^aab zz o, 

iod X ^ i/aaby or from the other Equation xzz-^b. 

Or thus : 

ba 
By fimilar Triangles x\a\\h \ -- :=i DF, then 

X 


EFzz, \/aa+xx + U bb ^ — -- — mi In Flux* 

xyg aabbx , - 

it>ns ' ' - - — ' ■ ■■■ n o; reduced 

^aaJ^xx ^3 lhb+'^ 

x^zzaab. ^ ^^ 

Ex. 8. 

To find a Cone of the greattfi Solidity under given 

Convex Surface and Bafe b^ 

Let the Diameter of the Bafe = x, Side = v, 

r CXX CXV , 4 

^=3,1416, fhen the SUrfact = — +-^ =3^, and 

Solidity 


\ t 
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FIG. Solidity n^ — \/ vv ---^xxzzmi and expunging v, 

— / -^ ~ n w, or Mxx — ibcx^ = i44i9!i* : 

12 "^ CCXX C 

> In Fluxions, Zbbxx — Zbcx^x^o \ reduced ji?* z= — ; 

c 

b b /rr 

hence x z=l v/"*"> 't; =1 v^—,.and Height =:^_, 

and the Height, Baft, and Side will be as ^/^^ i and 
1 \. And the fame would be true if a Cone of a 
given Solidity, under the leafl: Surface was required. 

E X. 9. 

^0 find y and x fucb^ that ay^ ^y^x^ + x* may be u 

Minimum^ 

This Equation in Fluxions is %ay^y — ix'-yy — 2y*xx 
'J^/^^xzzo : And comparing the homologous Terms, 
^dy-jf — ix^yyzzo^ and /[X^x — ly^xxzzo j whence 
2ay''zz2x% and zx^zzjy, and therefore 30^=;^, and 
thencej)/~o, or yzz^a-, henccv*— o, orx*zif^. 

Note, if ^ be given, the Quantity ay^ — jy»;c*-|-x* 
has a Minimum, but the Maximum is infinite ; and 
if X be given, it has a Minimum, ^ but the Maximum 
is alfo infinite : Therefore if neither be given, it has 
a Minimum, but no Maximum. 

Ex. 10. 
^ofind xy^u^z^ a Maximum fo that ;^40'+^+^— ^• 

Here yy*ttiz* zz j», and expunging x^ y-u^z^ X 

m 


b — y — « — zzifw, or b—y — w^z zz 

T 171 ' 2my 3mu 

In Fluxions, — y — « — ;?; r: — — -— — — 

-^ . • y^u^z* y-u^z^ 
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; and colleding feparately the homologous f I g; 

Quamtitics, yzz =-:•, u = — — , z = — — — 1 

-^ y^W^Z^ y^U^Z* y^u^zs 

. m y u z ■ 

whence zz — = — =: ■ — =:^— y— n^— 2; 

y-u^z^ 234 

therefore uziiy^ z zi, ^u zz ly, and therefore ^y zz 

h — u^, or _y zz ih^ hence x zz^\bf y=: risby u zz 

Ex. II. 

To find a Trapezoid AB CD of a given Area *, wbofe 2 J* . 
two Sides and Safe AB+BC+CD jhall be tbeleaft 
poffibk. 

'LttBC=x^ BAzzyy CDzzu^ perpe ndicular BE 
or CFzzz. Thm y+x+uzzmy and z\/yy — zz + 
zy/uU'-'ZZ 4- izxzziby or (dividing by z) s/yy—zz 

+ y/uu'-zz + 2X zz — .' Put thefe Equations into 

, yV'-zz uu-^z^ 
Fluxions, and y + ^ +» =0, and ^. ' > + 

• v^yy—zz y/uu-^zz 

—liz . . . yy — ^% 

+ IX zz ——r y and expunging x, ^ + 

^^ y/jfy zz 

uu'-^zz . • —2iz , yy 

ly — 2« zz ; whence 


s/uu — zz ^^ y/yy-^zz 

uu 

— 2y 1=0, and 4z» = %y^. Alio : — zn 

y/uu — zz 

zzo^ and thence 42* zi ^uu. Therefore 37* ir 3«% 

- ^ -, —zz zz -^ibz 

and J zzu. Laftiy - - ' ,.; ■■ — -^ ; = ■■ ^ ' , 

\^yy --r zz y/Uu — zz '^'^ 

that 
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FIG ^h^^tifi '■ ' 4-#- ■ M —a^^ and expung^flg 

^. 2^ ^^ 42' y z J 

ft; and //, -^ — h-p- = — ^IT^v^S?^'^** *nd^ 

^7 

^^ ^uu-%z zz I t/i'hb^ and ;2 x v/— • HcQP|{ 

^J5 = 2AE = 2FD, and ^5 - BC = CD : And the 
Figure is infcribed in a Semicircle^ whole Diameter 
is JD. 

t4^ G/V^» /i'^ Velocity of a ProjeHikj and its Heiglf AB 

above the Horizon : To find the Angle of Elevation 
JLAG^ to throw it to the greateji Diftance pojjible^ 
on the horizontal Plane BC 

Let sznAi) the Space defcribed in a giKcn Tijne^ 

dzzDE rhe Space defcribed by a falling Body in the 

fame Time ; ^ zzAB\ and let AG .be the L<ne gf 

Projcdlion, AL parallel to BC, GLzzx. Then by 

bss + ssx 
the Laws of falling Bodies, d: b+x : : ss : 


^•"^ 


=z AGk Therefore AL= J ^f^±I!l. —xx -BC 

d 

zzm, or iss+ssx — dxx — dmm ; in Fluxions, ssx — 

ss ^ 

zdxx ZZO9 whence x zz — -r. Therefore AG ^ 

-^j^^bd + 2SS, AL — -—^x/^d^ ss.ACzzi^^- 

= CG ; whence the Angle FAC is biffofted by the 

line of JElevation or Direftion AG ; and ^/^^ + ^^ 
I s ; :\AL : GL : : ) Rad. : Tangent of the 
Angle of Elevation LAG. 

• ♦ ' ' ■- ' '' Ex. 
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Ex. 13. 

< 

J/ the Weight w be given^ md the Radii of the Whed p I G, 

and Jicel BA^ AC ^^ to find the weight y^ toberaifed 231. 
by the Defcent ofw^fo that y may receive the great eft 
Motion poffible in a given Time* 

Let AC:z,a^ ABzzb^ and put p+^::zw^ fo that the 
t*art p may ju(l balance y upon the Wheel, and there- 
fore bpzzay. Let 2i&iz Velocity gain'd by Gravity in 
one Second, and v= Velocity gain'd by j^ in its Afcent, 

in the fame Time \ and then -^ z: Velocity of te^ & 

a 

and the Motion which would be generated in q by its 
Gravity will be zz ihq. But fince the Motion of the 
Bodies w, y, is generated by the fame Gravity of q^ 
therefore that Motion will be equal to the former ; 
for when the Force is given, the Motion generated^ 

in a given Time, will be given. But vy + —vw 
zz Motion generated in w and y^ therefore vy + 

— vw zz 2hq. But qzzw^^pzzw-^ 


b 


whence 


2hq 

V = -T — ^ n 


2*X w — -y 


b - b 

— w+y —w+jp 


2ahxbw-^ay , 2ahy X bw — ay ^_^ 

' 5 and vy cz: — ^: ■ - - — fffi 

b X bw + ay b }C bw + ay 

l^u^y — ayy bm 

by the . Queftion, or ^^^y. = - ^f; lo 

Fluxions, hwy—zajy x ^ + «)'— «> Xie?— ^ 
1= o, and ^hfW'^iahBy — as^y — o » which rc- 

A a duccd 
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FIG. duced is y = -^^-r — ^X —r = ! . And 

iba 
bence is found v = — r- x : 1/2—1 : 

^•/ 
And if ^ =: tf, then y =z .414W. 

Scholium. 

If the Braehium a was fought, all the reft being 

given, we (hould come to the faoie Conclulion, that 

•4i4^te; 
&8, a zz — — — . 

y 

Ex. 14, 

» 

232* The Anh AD being given^ to divide if into three Parts^ 
ABf BCy CD i fo that tie ProduS of any Powers - 
of the Sines BE'" X CP x DO"^ may be the greatefi 
fojjible. 

Let Radius RAzzi^ Arches ABzzA^ BC::rB, 
CD=C, ^ndAD=gi Sines 5£=:;f, C/=y. DO=Ji 
CoCincs RE=X, RI^rT, ROzzS i Bq=J, Bp=x, 
and let ^yj"— Max. by fimilar Triangles X\RE) : 

I {RB) : : x {Bf) : J (Bq) = -j j likewife b = 
^j and c = 4r • ^^^ ^^^ -^+5 + C zzgy thtre- 

fore ji+ B + c =0, or — + -^ + T^^ 

And fince ^jV = Max. therefore ms^'^^xf'f + 

. , , • « . ^^ ny rs 
nf'^^yx'^f + rf'^^sx'^f zz o> or + -^ .4. — : ~o. 

From thefe two Equations we get — i = 5 x : 

^ + ;vr ; and — J =: — X : + -■^: there- 
of T r x y 

Sx^ Sy swx sny 

fore -i^ + -i— = .+ -^. Hence (ae- 

"^ Gordug 


J 
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' Sx 
coding to Art. i of the Rule) wc (hall have - - r: F I G* 

' ^ «. . 232. 

smpc . Sy sny . r '"^ «*' 

— -— , 4nd -^ = — ^ 5 therefore -^ =: -r-» 
rx -T ry X S 

and -^ = — . HcQCC — • T --^-^ wd 
— : -XT- : : r : » i and «f ^ j«^, -zr- : — : : w^ ir. 

But by. Trigonometry, — , ~- and -r- are the 

Tangents of the Arches A^ B^ C\ therefore the 
Tangents of the Arches A^ By C, are refpcdively 
as the Indices of the Powecs m, n^ r. And the fame 
holds true for any Number of Arches whatever* 

Cor. 1. If there be only two Arches A^ B\ then 
m-^n : m — n : : Tan. A^ l. B : T.A-^T.B : ; 
(by Trigonometry) S.A^B : S.A—Bi that is 
m^n : w — » : : 5.'Sum of the Arches Aj B ; 
S. of the Difference ; whence the Arches will be 
known. 

Or thus. Let Tangent o( Azzmv^ of B::znv9 of 

A+B-t. Then by Trigonometry ^'^^ ^ ^ = /, 
a quadratic Equation for ^. ^ ^^^^ 

Ct)R. 2. j?f /i'^^ ^tf /irtf^ j^fhes A^ B^ Ci let 
their Tangents be fnv^ nv^ rv^ and Tan. Sum == / ; 

T^n.A^Bzzz. Then by Trigonometry — X-il. , 


■ I I n 


zz, z, and ;= / j reduced — ====: — 

I — 2rrv l-^jr+«r+iir.«ov 

zr /, a cubic Equation for v.^ 

And if there be 4 Arches, you'll have a 4th Power » 
if 5 Arches, a 5th Power ot v, &c. 

A a a Ex. 
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Ex. 15. 

I 


FIG. 31? jini x^ a Maxi^um^ putting s zz 


X* 


Let X == Hyp. Log. of x. Then fince x^ is z 
A^ximumy its Log; (by Art. i.) is a Maximum ^ 

X 

that is, jJSTor • is a Maximum: and the Log. of 


x^ 


X 

is alfo a Maximum ; that is, Log. AT*^-^ Log. at* , 


or Log. X — xX is a Ato;. and its Fluxion, ^—^^ 

X 

X 

— Zx-no. ButJTir: — , (fee the next Prob.)j 

X . 

therefore — - — y — Xx == o j whence X'at + 

Xj^ 

Xx = 1. 

X t T^ V» V' tH 

Let ^ = I + 1; 5 then X=: v -j — -^^-^ 

234 

&c. {hj Example 3, of the next Prob.) ; therefore 


.2 


V 1 — &c. + v-^ H — &c- X : 

I 23 a 3 

iH-v : =: I. That is, tr -f 41;* -.^ 4^;v&c. =2 i, 

[Whence, by Revedion, ^=.56, and xzzi.^6. 

But becaule this does not converge faft, put n n 
i.^St and n+v=x j / zi Hyp. Log. n (=12,302585 

X vulgar Log, «), then will Xzzl + 


n %nn 


V 

+ (^c. whence we fliall have I J^— ^ 


n znn 

+ 
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4- / + :xn+v ; = !• That b, F I G* 


/ + i x»/ + /+i + J XV + —zr'vvyScc. = I. 

In Numbers. 

i.oo2i92i+2,53i8o22t;+i.^46593Wf» ^^ = !• 
Or z.Q^iv+vv = —.0017586. 

Whence 5c?=—, 000866 1 J MdH+voxx=i.^$^ii$^. 


Otbira»fe thus. 

Let /'+^ = Jr; »= Number of the Hyp. 
Logarithm /, as before. Then x (or the Number of 
ihc Hyp. Logarithm Z+i pr of JT is) = » x : i + 
f 4- i^ + ip^ ^^* (by Schol. 2. of the next Prob.) 
Whence the Equation xxlTx X ^ = i , becomes 

7+^ + l+P X ^»/c> » + »J> + |iif^ (dc. 5;; I. . 

■1 

That is, 

+ / y + 24/ >;>* : X » = I. 

+ 2 J 

In Numbers. 


1+1X1+ 


1.002192 + 3.949611/ + 5.008515^ £s?r. = I. 

Or '.jSS^dp +.pp = — ^00043768. 
Whence / = — , 0005 549^ and l+p = .4441 309 
= Hyp. Log. X ; or T^i X 1434^945 = vulgar Log. 
of X (Sec Cor. to Ex. 8th of the next Prob. j =s 
0.1928836; whence ^= 1.559134. 


Note «^or k^ has ro Minimum. 


Here 


s. 
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F I G« Here follow fomc Examples of finding the Nature 
of Curves, that require fome Maximum or ACnimtm. ; 

» Ex» 16^ 

23P* Ta determine the Nature of the Curve EPD, fo that the 
Length of the Arch AD being giveH^ the Area ABD 
Jhall be a lAaximum. 

Let HFGIht an infinitely fmall given Part of the 
Area, and C an intermediate Point (according to the 
Rule Art, 3.) and draw the Ordinates F//, G/, and 
CP ; and Fm^ Cn parallel to AB \ and fuppofe 
CmzzGn. 

Put the given Quantities FHzzpy CPzzf^ Cm or 
Gnzin\ and the variable ones F/wzzv, Cnzzs. 

Then by the Nature of the Problem, K^+CG=a 

given Quantity n ^/w+m + \/ss+Mn : Therefore 

w^ • ss 

+ — ' 'zz o. And becaufe 


y/vv + nn \/s5 -f nn 

the Area^+jJ is a Max. = jw, therefore pv + ai 

zz o, ox pv =: — ji, whence 


w 


\/ w ^ nn 

--—====— 1= / ,^^ , ; that is (making 

y/ ss '\' nn 3s/ss + nn 

V 

the Ordinates alike afFcfted) 


py/vv + nn 

Fm : Cn '' 

* '^^'Ttt: — ix:; = "rr:: — "^ ; conic- 


^ss + nn FHxFC~ CPxCG" 

Fm 
quently (any one as) is an invariable 

Quantity, Therefore if AH=x,. HFzzy, EFzzz^ 

then — r- zz — , ot axzzyz^ for the Nature of ihc 
yz a -^ ' 

Curve,* which will be a Circle. ^ 
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If the Length of the Arch he given^ and the Solid to F I G. 
be a Maximum ; then will p^v + q*s zz i» j whence "230. ' 

p*v = — ^*j; which gives . or r- 

^ ppi/sn;+nn yyz 

a given Quantity, or aax z:: yyz . 

If the Surface AD he given^ to have the Solid a 
Maximum. Then youMl hdytpy/w-^nn + qy/ss-^-nn 
= a given Quantity ; and ppv + qqs zzm*, which 

V X \ 

gives — - or — - a given Quantity, that . 

is ax zz yzt as in the firft. The fame Equatioti * 
will be found, // the Salid be given^ and the Surface 
be a Minimum. 


Ex. I 


7- 


To^nd the Nature of the Curve ERD^ which generates 27%. 
the Solid of leajl Rejijiance \ whofe Length arid great eji 
Diameter are given. 

Let CP, an infinitely fmall Part of the Axis, be 
given ; draw the Ordinates CR^,PT\ and the inter- 
mediate one SIF\ and let PTzzpy ^=j, Tmzzv^ 
Fnzzsy Fmz=.Rnzzn. 

Then by Mechanics, the Force of the Fluid 
againft the Part TF of the Surface, will be as the Cube ' 
oT the Sine of Incidence, and magnitude of the 

«i pn^ 

Surface, that is ^^F^ XpX PTj or p^* There- 
fore the Fqrce of the Fluid upon the two Pans STF, 

n'^p n^q 

FRi will be ■ , - + p— = »», a Minimum. 

• n* + V" ^ nn +ss 

^. ^ — in^piw ' 2n^qss - ■ . , 

Therefore — ZZ—ZT" — , . = o. And 

nn+vv nn+ss 

iijacc s + vziz given Quantity, therefore v = — J, 

whence 


J- 


184 ' 


715^ Doctrine 


wp^ 


FIG. whence 

233. »»+w 


234' 




nn+ss 
Quantity; diat is, iputting/=ry, vzzx^ 4> — =«, 

Wbift the Aria of the genera/if^ Plane ABED^ and 
tbe greatefi Diameter BE are given ; then fv+qs zz 
a given Quantity, and pv zz — qi \ which gives 


n^v 


n^s 


nn + w 


nn + ss 


.% s 


or ^. — zz a. 
z^ 


If its Bulk A -B, and greatefi Diameter be gtven $ 

then p^v+qqs zz a given Quantity, or p^v zzL'-^q^i^ 

, . • . n^v n^s y^x 

which gives - — -r— = t^^t-^ or ^.— = a. 

Ex. i8. 

To find tbe Nature of tbe Curve ADKj wherein a Bsdj 
. will defcend from A to K in tb^ Jhorteft Time 5 tbt 
Points A% K being given. 

Suppofe BE an infinitely fmall given Part of the. 
Axis, and draw the Ordinates BD^ EHj and the 
middle one CM ; and let the invariable Lioes be 
BDizpj CMzzq^ oM-zinzzgHi and the variable ones, 
BCzzVy CEzzs \ then the Velocity at D wiH be as 
s/SDy and at M as \/CM y and the Times being as 
the Spaces direftly and Velocities reciprocally, there- 

fore — - will be as the Time of defcribing DM^ 
and — — as the Time in MH\ therefore ^ ^; ■* 


v/CM 


fs/t 


+ y^^ + »» ^ ^^ alfo t^+j =: a given Quantity; 


y/i 


whence 
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whence -7 — ; + -- — . = o, and FIG* 

y/Pvw + nn \/q \/ss+nn 234. 

V- + s = o } therefore we havc^ 


,*atMiB^ 


\/P \/vv+ nn 

. . ; that is (putting ABznx^ BD=y) 

\/iy/ss + nn 

'^yz = "y"* a given Quantity; -whence i^azt- 

siy/y^ or ax^=yz^z=:yx^+jy^y M6'ilC\/Z^:r:y\/jj 

-which denotes a Cycloid. ^ 

Jf the Velocity at D he as imy Tower or Sums of 
Powers of BD% which call R 5 it will appear the fame 

Way, that -.- = a giycn -Quantity- 

If ti>e Area ARK be '^ven \ theh^-f-^y is given, 

vv ' sv ' ' ' 

or pv zz — 2-^, wheace i . > = — 5 ,. , :or 

• « • - - « • ' » .• , , - , 

rv'5. and if the Velocity, at D>e.« 


j^D^, then ^ 


j^"-t-^i a'^+^ 

Ex. 19. 

Given. CA^ CT and Ihe Length of the Curve ADTi 235^ 
to find the Nature of ity fo that the Area ACT mof^ 
he a Maximum^ 

Let the infinitely frnj^ll Parts of the Area 5 C 5, 
and of ihe Curve BE b? given : and draw the mean 
Ordinate G D^ and put CDzzpj CEzzqi Bo'Ziv^ 

Vgzzsy Do or Egzzn. Then \/vv+nn + x/ss+nn 

= a given Quantity, and *- zzm, aMaximufti; 

B b There- 
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VV ' S5 

FIG. Therefore , 4 — -i — o, and pv-z: 

— qs- \' whence "■ • - - - • s: ' , •:> rr- ; or 

y/w + nn qy/ss + »» 

^ r Put CU = jr, JJtf =i^ D^ssjri 


tb5n--7' =: — , a ;|^«n Quwtii:;^ or «x:§iy2J, aa 
]^ati9n to tbe/<4ircle. 

Ex. ao* 

To find the Nature of the Curve ADFt^ in f/uhicB a Boij 
will wwuefromf to A in tVekcfi Time fe0le j tte 
Vehcitj at en^ P^ E bein^ q^ CS^^ fj^ff^^ower 
if tie Difiance. 

* Take ECB ^n iBbnkely fmatl given Angle, and 
draw the mean Ordinate CDi and put CRzzp^ CB^g^ 
9e:^v^ Dg±.s^ Do oi Eg^zn. Than the Time be^ 
ing as the Space direftly and Velocity reciproddfy^ 

Whence ^ • :^^o, aoa 

fince the Angle ECB is gtren, if Rad. = i» dien 

- = LBCD, -^ = L DCK and — + — =^» 

^ i Pi 

given Qgancky^ and — ::: -^^^^^^ } thwcfbre 

— P J 


W —J J 


^ ^ 




or 
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o^ — : — rrr: ~ — : rrsr » *«*' >» 


p^^XBD f-'xDE * jr-'« ^iS 


I 


= -;;;:zr* * 8*^^ Quantity. 

If j9ir=:o, AD is a right Line, where s is the Per- 
pendicular from C 

If m:=Li^ then -r is a conftant Quantity, and * 

the Curve is a Log. Spiral. 

Ifmzzi^ then ax=yZf the Equation of a Circle. 
if RjzOfff Sums of tie Powers ofy^ reprcfenting 

the Velocity ; then will -~ = a conftant Quantity 

as l^efbre. 

Here follow ibme Examples of Curves, where 
more Cofidioons are concerned in the Queftion« 

Ex. 21. 

TV determine the Nature of the Curve EFD^ fo thai 230. 
the Points JE, D ^««f pven^ as alfo the Length of 
the Areb ED % the Area ABDJhatt he a Maximum* 

Let JH=x^ HF:zyj EFtnz^ then fince the Pplnti 
£» Df are given, the Length of the Axis AB is given, 
therefore the Axis ABzzFiax ; alfo the Curve E^ 
zz F: izi and the Area of the Figure =: JFt cyx^ 
Therefore coUefttng the Quantities th^t are affeAed 

with z, and alfo t^c^ that are affedted with x ; we 

fliall have Vi Az — F: Bx n F: hz — F: a+cyXx 5 

whence ^ = ^, B=a + cy^ therefore by the Rule 

Art. 4. AxzzBz becomes hx^zaz+cyz^ for the Na- 

ture of the Curv& which denotes the Arch of a 

Circle. 

Bb2 Jf 
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jjf the Solid generated about JB^ is rtquirtd to he a 
FIG. Maximum \ then the Solid n F: dyyx-y and A-zihi 
230/ 5iz(2+^, and tx=az+d\yz is the Nature of the 
Curve. 

If the Surface generated hy ED is given^ to baive the 
'- Solid a Maximum I then the. Surface zi F: gyz^ 
whence Az=.b+gy^ Bzzdyy \ znd.gyx zzaz^ + dyyz^ 
for the Nature of the Curve, Here the Coefficients 
a^ bj Cj dj g are conftant Quantities, affirmative or 
negative, to be deteroiined t>y the Circumftances of 
the Queftion, 

Ex. 22. 

235. ^ofini the Nature of the Curve ERDj which generates 
the Solid of leajl Rejijiance moving in a Fluids wbofc 
Lengthy great eft Diameter^ and f olid Content is given. 

LttJP±x, PTz^y, DT=Zi then Axis ABzz 

' F: aXy and Solidity =: F: byyx^ then by the Keafon* 

ing in Ex. i6. the Force ot the Fluid upon the An- 

nulus PTF^is —r^xs;, which is a Minimum ^ 
and the whole Re^ftancc zz F: ~ .— x z. And col- 


z^ 


lefting the Quantities afFeded with 2;, and alfo thofe 
affeftcd with x^ and we have F: Jz — F: .Bx =: 


ryy* . ryy* 

Ft -/— x^ — F: ax + byyx \ whence A r= ~i—% 
zi z^ 

B = a + byy. Therefore (JxzzBz) - . - x^az + 

z^ 

iyyZy for the Nature of the Curve. 

If inftead of the Solidity j the Surface is given ; phcn 

the Surface n F: cyz. Therefore A :=. -7^ + <y, 

zy 

and Bzza. Then {AxzzBz) -W-x + cyx z::aZt 

z^ 

for the Nature of the Curve DTE. If 


Sea II. ^FLUXIONS. 189 

• If both the Surface and Solidity be ghern then FIG, 

A = ^^- + cy, B-a^byy. And (^x=5i;) ^jX 
-i-cyxzzaz+iyyZj for the Nature of the Curve. 

Ex. 23. 

^ofind the Nature of the Curve ADK^ wherein a Body 234. 
Will defcendfrom A to Kj in thejhorteft Time ; the 
Points A^ ' K being given^ and the Length of the 
Curve ADK. 

Let AB=x, BD=:yj AD=z. The Velocity at 
D is as v/y, and the Time of defcrtbing DM or 2?, 

is as the Space divided by the Velocity, or as — 7-, 

ai 
and the whole Time of defcribing ADK zz F:— 7-, 

and the Axis AR = F: W, alfo the Curve A DKzzi 

^xcz. ThenF:^i — F:5x = F:-4r- + ^X^-^ 

a § . 

F: hi. Whence A z= ~7-+r, j5=:3, and (AxzzBz) 

x/y 

ax ' 
CX+ -zzbz. for the Nature of the Curve of 

quickeft Dcfcent. 

If the Velocity at D be Juppofed to be as jp* , the 

ax 

Equation of the Curve will come out rx + ~^ =^;^. 

Ex. 24. 

The Length of the Curve ADGj and the Bafe AG being 2316. 
given i to find the Nature of it^ fo that its Center of 
Gravity defcends lower than that of any other Line 
of the fame Lengthy when the Points A^ G are fix t. 

LetAB^x, BD:;py^ dD—%^ then the Bafe y/G 
zz'Sxax. \\itQ\x:vtADG'ZLY\hz. and the Diflance 

of 
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cf the Center of Gravity from AG is =r F: eyz^ hj 
F I G. Ptx>b. XVII. following. Hence F: Jz-^^iBx z: 
'^36. F;t+ryXg~F;tf^, md Jzzi+cy^ Bzza^, and 
(AxzzBz) t+cyxxzzaz^ for the Equation oif tbc 
Curve. In C, where ^ = i, let jr = d^ and then 
i+ cdzza . Let CEzzv^ yzzd — v, and b+td^^vxi 
or tf— rv XX = aZj and if ^ r: — i^ then x zz 

— r— , «n Equation to the Catenary, by Ex. 12; 
Prop. XIII. 


PRO B. II. 

» 

To find the Lggariihms of Numbers. 

Logarithms are a certain Set of Numbers^ fo con- 
trived to anfwer to a Set of Numbers in their natural 
Order, that the Sum of the Logarithms of any two 
Nuinbers ftiail be the Logarithm of the Prodgd of 
tbefe Numbers. 

Hence therefore, lince ixi=:i» the Log. of i + 
Log. I zz Log. I, that is the Log. i = o. 

Alfo let JBzzQ then Log. if +L(^. j8=Log. Cj 

C 
and thence Log. A or Log. — = Log. C— • Log. B. 

B 

Again, Log. A"^ zz Log. A+ Log. A^2 Lc^. A; 
And Log. 4^ ^ Log. ^+Log.^+Log. A=^3luOg.Ai 
And for the fan)e Reafon Lc^. A*zznx Log. A. 

Laftly, let -rf5= I, then Log. A + Log. 5 = 
Log. izzQ% therefore if the Log. :fi (or the Log. 
of a Number greater than i) be affirmative, the 
Log. of A (a Number lefs than i) is negative. 

From what has been faid it follows, that if there 
be a Set % Numbers in gepmctrical Progreffiod pro- 
ceeding 
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ceeding from i both Ways ad itffimimi ; and another FIG. 
Set correfponding the reio» in arithmetic ProgreffiOA 
proceeding both Ways firom o \ then diefe latter will 
I'eprefent the Logarithms of the former, and both 
ivill be exprefsM in the fbUdwiog Form, 

Numbers^ — , — , ~, s, iir, »% n^y «♦, l^c^ 

Logarithms^ -3/, -2/, — 4 o, /, 2/, 3^ 4/, (^c, 

Nqw let the Nuonber of geometrical Proportionals 
be increafed and their Di&rences decreaied ad infi^ 
mtumj that the Series miy contain all poffible Num« 
bers \ and let the arithmetic Proportionals be in like 
Manner increafed ; and then the arithmetic Series will 
alfp cratain the Logrithms of all Numbers. 

Therefore let ^ be any Number, and pi its Log. 

then the Increment of that Number will be »^"*^-«^ 
this Increment divided by the Number itfelf, gives 

' = n-^i *y likewife the Increment of the 


Logarithm is jp^+ 1 X /— //> that is /. Now fkice 
th^i and / are the fame for any Number and its 
Logarithm, therefore the Increment of the Logarithm 
will always be in a given Ratio to the Increment of 
the Number divided by the Number ; therefore if we 
put ^ = Number, and 2; = its Logarithm, and af- 
fume the ^ven Quantity M, we fhall have z in Af x 

- ; and fince the Fluxions are as the Evanefcent 

X 

Increments, therefore z tzMx — > and the Fhjcnt 

z = Afx Fluent of -- . Therefore, 

ic .- - • 

3* 
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FIG. ^4( Md tbf Logarithm of a Number ^ divide tbeFluScibn 
of the Number propofed J by the Number itfelf 'j and 
find the Fluent^ which multipfy by the conftant ^uan-* 
tity M, and it will give the Logarithm thereof 

, Note, When M= i, the Logatithms arft called 
the Hyperbolic Logarithms ; in which Cafe, the 
Fluxion of the Logarithm is equal to the Fluxion of 
the Number divided by the Number. And the Fluxion 
of the Number is equal to the Number multiplied 
by the Fluxion of its LogaritHm. 

Exam pl e i. 

Tofndthe Log. of bx. Here the Fluxion of the 
- h ' '• - • *. • 

uX X X 

Loe. is M-T- = M — 5 but the Fluent of J14 — 
^ bx ^ ^ ' X 

= I-*og. Xy therefore the Log. bx = Log. ;^.. . But 

when x:= I9 then Log. bx = Log. b^ and Log. x no j 

therefore the Fluent correfted is Log. ^a: — Log,^ 

= Log. X ; that is, Log. ^x = Lc^g. b -}- Log.*;c. 

This finds the' Logarithm of a Produft having the 

Logarithms of the two Faftors given* 

■ . I 

Ex. 2. 

^0 find the Logdrithm of 0^. Here the Fluxion of 
Its Logarithm ~ M-X = Mx. ; and 


^" - X 


fix 

taking the Fluent, Log. at'' = Fluent of JWx-^ — == 

ft X Log. x^ which needs no C6rre<5lion (becaufc 
when ^=1, ;f" ~ i, and Log, ;»? = 0). 

This gives a Rule for finding the Logarithm of 
any Power or Root of a Quantity, when the Log. of 
the Quantity is known. 

Ex. 


\ 
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Ex. 3/ 

To Jini the Log. • The Fkxion of the Log. 

• • • , " * 


n+x n nn n\ 

— 7- + 6?^. thercfoi'e the Log. ^ = Af x : ^ 

in* ' *^ n n 

^ x^ x^ 

^ • + ^c. If X be n^ative 

2»* 3»' 4«* 

the Signs of all the odd Powers muft be changed. 
After the faroe Manner the Log. = M x : 

X X* x^ x^ ^. 

— + — + — ^ (^c. 

n 2»* 3»» 4»* 

Otberwife thus. 

To find the Log. of n+x. Let »+x i:> ; then the 

I^^x l^lx 

Fluxion of the Log. is =t . And (by 

n-^-x y 

Rule 8, Prop. X.) the Fluent or Log. n+x- : = 

X X^ ' x^ x^ 

Mx* — ^ + — ^ + — ^ + ^c. and cor* 

y 2j* sy^ 4^* ' 


X 


correfted^ the Log. n-^-x — Log. n = Mx : — + 

y 

X* x^ 

+ (^c. And Log. » + AT : = Log. n + 

Mx: — ^ + 4- A ^c. 

Alio Log: =Afx: — H 1 + 

C c CoR. 


^9f .5^^ POC TRINE 


Cor. fbe Log. of bx = Log. b + A/ x ? 

u 

X x^ x^ x^ 

— — — + r &c. And the Lor. of 

ix-^ =Log. b+Mx:^ + -^ + 


x^ 

ScHOL. Thefc Series \vill find the Log. of a Frac- 
tion, or the Log. of a Produdl: having the Log. of b. 
And it finds the Log. of any large Number n-^x^ 
having the Log. of b^ and making bzzn. 

£ X. 4. 

H^X 

TofindtheLog, of • Its Fluxion is =r 2 Mx 

n' ' ' X 

nx ,^ ^ 9c^x x^x 9fix 

= 2Mx : — + -- — + — r + 


»» — XX n n^ «« ffi 

ft 

ft'\'X 

4- iSc. Whence the Fluent or Lpg. =: 

n^x 

X x^ x^ x^ 

'^^ = -7 + 7^ +1;? +^+«^'- O' 

UlC JLiOK'. ' — » I » ■■ -I- • ■+• • •#■ 

»— A? 1 3 5 

h e?^. where / 1= — ^ A^ B. C, Grr. 

7 9 m ' ^ 

are the Numerators of the preceding Terrtis, with 

their Signs. 

X 

CoE. TheLog.of ^x^^^=Log.*+ ^ 

n — X ° I 

+ — 1 H — tiff. 

^ 5 -7-' SCHOU 


I 

t i 


\' 
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ScHOh. The Series ih this Example very fpeecfily: 
finds the Log. of a Fraftion when x is very fmali, o^ 
n very great. 

^ The Series in this Cor. finds the Lo^. of a Produft, 
having the Log. b one of the Fadors given. Like- 
"wife it finds the Log. of a large Nuniber n+x^ 
having the Log. of ^, »jnd making bzin'^x, gnd 

Ex. 5. 

Tojind ibi lj0g. of n, haloing the Ugarithms 0/ »— ;c 

and M+x given. 

• fi 

The Fluxion of the Log. of 


& ' 


^nn-^xx . 

Mxx ,^ XX x^x x^x x^x 

= MX:— + — — + — r + — 7-f 


nn-^xx nn n^ n^ n^ 

n X* 

l^c. whence the Log. ' = ilf x • + 

y/nn — XX 2»* 

x^ x^ n 
— — + ^717 ^^- but Log. —:=;;::::=::. — Log. n 
^ 6^ ^ ^nn — xx ^ 

Log: »* — X* ___ 


Log. \/m—xx zz Log. » 


^-^^■""■^^ 


2 


_ Log. n+x Log. »— .y ^, f 

Log. » 5 — J_ £ , Therefore 


^ Logi »+Ar + Log. n — x x* 

H , + -7-7 + 6?r. pr /i^ J!>f . » z: 

Log,«+x + Log. n — X IMe tA efi 

2 123 

-I + (^c. where ^= — ; jfj 5, C, 6?r. the 

4 »ii 

Numerators of the preceding Terms* 

C C 2 SCHOL. 


I' 


-U.I — dik 


?9^ Xbe Doc TR I sis, 

ScHOL. This Series is very proper for finding the 
r % of^.'^J^ffiC prime Number «, having the Log. 
ot the adjoining Numbers »--i and »+i given, and 
therefore x — i, . " 

Ex. 6. 

^«fin4.the.Lag.of n^ having the Logarithm tf the 
adjomng Numbers »— i and n-\-x given. 

Let ifin-^ i =y, then will • " ^ ^ L. 

. ^/nn^—i ('y-—i 

y ^ 

^^'^» '^'^ Fluxion of the Log. of y/— 

. . . - y^^ 

"^ yy y* yi "^TT" ^^* ^ ^'* 

therefore the Log. v/^'^ili = ~ 4. — Lj._L 

y—i. y ^ 2^5 "^ 5^5 

^+ T^ ^^- XM ; and whenjr is infinite, LogV— 
= 0, andy + -L, + ^ £j?,. «o. ti^^re- 
Fore ftill the Log. ^-^ or Log. *" -^ = 

•^ ' v/ 1^« — I 

^""'T "^ "^ l^_+_^^^- Whence 

Lo^ « - _Il2il«+J X Log. «— X T 

*• • *> y 

— r + — + — A- (^c 

33" 5)" 7)!^ 

5cHoi. This Scries is for the fame Purpofe, and 
converges fafter than that in Example the JTh. 

Ex.' 
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fo find the Logarithm of a large Numhr », having 
fhe Logarithms of »— x and n^^sc given* ' 

Put^=Log.»-j-5f — l.og.n-^x = Log..— --• 


Then the Log. ^-^ Log. »*^;tf = Log. 

Log. —5 X Log. ^_- Log. — ^ 

— = ^X 


n 


n^^x 


. Log.^-^ Log-jj:::::^ 

(by Ex. 3 and 4) ix » ^ ^«« + 3«- +4«^ ^ 


// 


jr 


fore Log. n = L^x^. » — x + — x ♦ i + •""'~ + 
^^ 7.V5 d 

Log. M^ - Log. «~-x ^ therefore i.^. » = 


«J 


Log. »+.y + Log, n—x , ^ ^ . JL . 

ScHOL. This Series converges far fafter than either 
of the former Examples. 

Ex. 8. 

^0 find the Hyperbolic Logai^ithm of io» 

c- 5»°X2'° 5*0 7^3 
Since -"irrj^^iTr or ~r X - = 105 therefore 
. ^ ^ ^ 1000^ 10 Log. 


> > 


^, 
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10 Log; A + 3 Log. ^^^ =: Log. lo. By Ex. 4s 


I I . I I 


Log. |3:zAf x!-^ -t* --X-T + ^Xr;? &?^. therefore 

^ ^935 7 9 

(putting ^ =61 -i* h LikewiJe 3 Log. — ^ =r ^i— 4. 
^* ** 81^' ^^ ° 1000 253 " 

^<? Be Ce ^^ . . r ' Q v 

3 5 7 . 64009 ) 

Here Af=s I,. ^=firit Term of each Series^ and 5, 
C, A &c. tht Ntitflerators of each preceding Term. 

. •The^'particiimr Te>m$ of each. Series being found 
will be as foUows. 

l) A = 2,222222222^:^22222212222222 

- . 3) -^ = 9*449474165523548239598 

5) 5^ r=: 677403512337211468441 

• ' 7) C0 ss 597357594653625^335 

9) ^^ = 57359439815848826 

M) Be, =? 570388280968170 

13) Fi? t:= 6052489164910 

JS) Ge ==: 64759J43328. 

17) ii = * 705437^^ 


H< I I ■ ■■' 


19) A = • 7792354 

21) /jr = . 87640 

23} Z^ IZ ^* ^ - g^ 

25) il/^ = II 


'23 i4355i'J'^4TO975576629507 


^ = ,0711462450592885375494071 

3) ^^ = 333451132149956432x4 

^\ Re zs:: 28i309833556i«i^ 

y) Ce = 282525950815 

9) I>^ = .' 30896931 

11; £^ = 3554 


. 3 Log. 4^*'$ = ,07 1 14957985 19481263550404 

. — ■■■■■■ — ' ■ ■ ■ ■ . . ■ ■ .. . .... — • ■ — 1. ■ * 

H. Log, 10 j:;p. .2.3025850929940456840179911 &f(r. 

COROL. 
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CoROL. Hence therefore the Number Af, mention- 
)d before, and madeUJe of in the foregoing Examples, 
^ili be koowii for the comtnon Logarkhms« for 
aoce the common Logarithm of 10 i$ i» tberefove 

i:3025S5&t:.xM=i. Whence M^- ^^^^^'^^^^^ 

EC ^4.3429448 190325182765112% &r« 

After the fame Manner may Br^s or the common 
Logarithms be found, fince we know the Number M« 
For let the former Series or loljogA^P^ th« 

Utter Scrie$ or Lqg. ^r^ = ^ then the Log. 2 = 

10— -MP g+M^ 

or ^ -^, whence are had theLogarithms 

of 4 and 8 ; likewife the Log. 5 = — T^T^ • -^"^^ 
thus. 

The Log. of 7 = Log. 8x4 = Log. 8 — -^ 

"^"SJl ToS^ TS^C .■5V«i/ . » - --, 

+ -y- + -y- + — - +. — ^c. by Ex- 
ample the 4th. And KkeWife 

Lqg. 3 = Log. 2 X i = Log. 2 + — — * + —— 

+ + 6?r. from whence b had the Log. 

5 7 ^ 

of i5 md 9* 

Or the Log. 9 = Log. 10 X ^ % = i j— + 

TcA "tso ttjC - - J _ - 

•*—— + + — ^ ef^. and Log. i j = Log. 10 

TTffAf TcA "TsB TcG 

5!C"= ' +-7- - -^ - -J- -.— -^^'V 

$oth thefe by Example the ^. Aitd b^fot i>iheF«w 
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SCHOLIfTM I. 

The Rules in Example the 3d and 4th are the onVf 
two Methods by which the Logarithnt of a Number 
can be found without the Help of other given Loga- 
rithms. And therefore to find the Log. of a great 
Number thereby, we muft take two or more fuch 
fra&ional Numbers, that the Produft of fome Powers 
of thefe Numbers niay make the Number whofc 
Logarithm is fought : . Aod then there will be bad 
two or more Series, which will give the required 
Logarithm ; in the fame Manner as is (hewn in Ex. 8 
for the Log. of the Number 10. 

Scholium 2. - 
To find the Number from the given Logarithm. 

Let n = any Number^ 

I = Log. of ity 
n+x = a?r^ other Number ^ 
l+z = its Log. = L. 

m * =: "jT^ =2 2 . 302 585 Sec* for the comnun Loger*^ 


M 

Then we (hall have z = 
that is x :r: mnz + tnxz. 


Mx 
n+x 


, or Mx z=: nz + xZi 


To find the Fluent, by Sir /. Newton^ Method, 

(Prop. X. Rule 2.) 


1 mnz ♦ # * 

+ mxz 

m^nz^z m^nz^z 

+ m^nzz H 4 

2 2.3 


m^nz^z minz^z 
X = mnz + m^nzz + + 


2-3 


iw*«z» m^nz^ m^nz^ ^^ 
X ^ mnz + + h ■ _ . ■ trr . 


2.3 


2.3-4 


.-,.,. 


"Which 


^ 
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"Which is corrcd 5 becaufe when x —O^ 2 n o, F I G. 

— z — 3 

Therefore n+xzzn x : i + »»2; H ^ H h 

2 2.3 


^4 ""^5 

^!L? h -2^^ — fcff. that is =»x:i+«2 + 

^•3«4 2.3.4.5 

2345 
ier wbofe Log. is l+Zj where zzzL — /, 

Cor, If nzzij then Izzoj and zzzL. Therefore 

_ - fnL J, PiL ^ fttL ^ mL _ 
1 +mL '\ A + B + C + D 

23 4 5 

&c. =: Number wbofe Log. is L. 
And if mzzi^ then 

I + L + H + V &c.=: 

2 2.3 2,3-4 2.3^.4.5 

Number whofe Hyperbolic Logarithrh is L. 


P R O B. IIL 

To draw Tangents to Curves. 

I. In all geometrical Curves, where there is given 25. 
the Relation of the Abfcifla and Ordinate. Let JP 
mx, PM=y^ and draw mp parallel and infinitely 
near to MPj and MR parallel to JPj and draw the 


Tangent MT^ and let Pp or MRzzx^ Rmzzy. Then 
by the fimilar Triangles rPAf and MRm, y:x::yi 

^-= PT the Subtangcnt, that U ^ =z PT. 

' ■■ J'. 

y 

D 4 Tbirefgrt, 


F I G. Therefoi^e^ ly Help i)f the Equation cftbe CutV^^ ex- 
^* terminate x ory out of the Quantity --r^ ^ and you wiU 

y 

get the Value of the Subtangent. 

2. In mechanical or tranfcendent Curves referred t4 em 

yk 
Axis^ the Subtangent -r— maybe cleared of the Fluxions 

by the Equation of the Curve^ by the Help of thofe of 
the known Curve it is related to. 

26. 3-^ ^^^ ^^ ^^ Curve ^Mrrferred to afixt Point A\ 
draw A^ perpendicular to AM^ and lef AMzzy zzAR^ 

■I / yx yx 

Rnzzyj RMzzx ; and byjimilar triangles ~ — or-^ 

y 

zz A^ the Subtangent^ out of which the Fluxions nuij 
be exterminated as before. 

There ire fevcral other Methods of drawing Tan- 
genes, buc chis is the mod general and eafy. 

Example i. 

27. To draw a Tangent to the Circle, Let AP-zix^ 
PMzzyy Radius ACzitr-^ then will 2rx — xxziyy^ 

whence 2rx'^2xxzz2yy^ and x zz ~^^ Thcrc- 

•^ , r — X 

_ ji _ yy ^ 2rx— flw ri 


ioxtPTzz r^ 


• 


y r— >r r-— ^ • 

jC« X» 2 a ^ 

28. ^^ draw 4 Tangent to the Ellipjis. Let Tranfverfe 
AB=2aj Latus reftum zz b^ APzzx^ PM—y. Then 

by the Nature of the Curve — p- rz 2ax — xx^ and 

' b 

in Fluxions ■ . / zz 2ax — 2x;v* or y =: 9 

b •^ 2ay 

. . ^ "• : ' ■ ^ ■ - 
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confcqucntly PT = -^.-zz- — 7- = -. p I G. 

X ^ y ia — Px a — X *■ * ^» 

Ex. ^ 

7^0 draw Tangents to all forts of Parabolas, Let 25. 

AP-zix^ PMzzyj and ;? — j*" , putting the Paranieter 

yx 
z=i. Then X z:«n^-"% therefore PT'ir . =: «y« 

y 

= «rx. And therefore in. the common Parabola, 
where «it2, TPzz2Xzz2JP, 

Ex. 4. 

To tiraiv 4 Tangent to an Hyperbola. Let APzzx^ 2 - 
PMzny^ Tranfvcrfe zr 2 j, Latus Reftum = b. Then 

the Property of the Figure is, — ,— =2«r+*y; la . 

Fluxions — ^ = 2i7x + 2:>rx or y ir — b\ 

b -^ zay 

y ba+bx a-^x 

Ex. 5. 

Let M]B be an Hyperbola between the AJJymptotes\ 29, 
Put JPzzXi PMzzyy and aa=xy 5 then xy+yxzzQ^ 

or X = — ^ i whence PT = -^— = — x. and the 

negative Sign ibews that T lies on the contrary Side 
of PM with A. 

Ex. 6. 

To draw a Tangent to the Ciffoid AM. Let AP 30, 

—X, PM—y^ JB=a, BC the Aflymptote.' Then 

by the Nature of the Curve izy* • — xy^ := a?^ ; wheacc 

. . , . . 2ay—^2xy , 
layy ~ 2xyy ~- y*x =r 3^**, or x n — y, 

D d 2 whence 
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F I G. 'thence PT=-.- - -Jl—^, or expunging 

^^ ^ax — ixx 


30- 


3^ — 2 J? 


Ex. 7. 

31. ?1^ draw a tangent to the Conchoid. Let CA zz 6^ 
jiy=aj JPz zx^ PMzzy . By the Nature of the 

Curve, If + x y/aa — xx =z xj, whcirce x\/aa — xx 

xxy^ b-^x . : ^ , „ . yx 

— ' . =z xy +yx ; . whence PT zn —r- = 

\/aa — XX y 

yx\/aa — xx b + xxaax — x^ 

tfi? — 2x;^ — bx — yy/au — xx ' — baa — x^ 

and being negative, it lies on the contrary Side of PAL 

Otherwi/e thus-, 

22. "LttJPzzv, AM-y, PM=a^ AH-b, MR-x; 
Then by the Nature of the Curve v + a^=^y^ and 

/ 
v=yi and by fimilar Triangles P^= _, and 

y 
i_ vxPp _ v4 » hy * 

'0— rr-^ — — , and thence xzz^zi^ ov x=^ 

^ by 'o'u 

Mi therefore ^r=Ji. = _^. 

W y lyo 

Ex. 8. 

2^^ i^t AM be the Catenary y AP—x^ PM—yt AM=Zy 
by the Nature of the Curve 22=2^1*+**', whence zz 

a "^x 
= ax+xXi and z = x ; but y* = i;* — x* = 

2 — — 2 

--_x' ~^' = ^^ X* = (expunging 

zz) 


J 
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oak* , . ax , , „_.. yx "P \ G. 

zz) -^^^, and ^ = i therefore Pr= -j:._ 

zz . . ^ y^ •* 

, Ex. 9. 

T'o draw a Tangent to ih( Cycloid. Let AP = a-, 33. 
JPAf=jf, AC— 2a, PB=u, Arch AB=z. , By the 
Nature of the Figure jy=2+«, and thence j^ =z i; 4- ^^ 

but from the Circle i; = — x, and « = x ; whence 

V^ z+u ' ^a-^x PB 

Ex. 10. 

To draw a Tangent to the ^adrajix AMB. Let ^m 

AC^h CB=r, AP=x, PM=y, 'DN=z, NI-s, 

CM=^Vy N^=tj RM=u. Now by the Nature of the 

Curve bz=ryi therefore bz^ry^ and by the Property 

• ■ » 

of the Circle rs = tz\ whence i; =; -"f- = — , and 

p t 

J = ->-;- . By ficniUr Triangles ty -zzsu^ and thence 
b 

tyj^yt^ui +ji, that is (becaufe w^-b'-r-x or 

— si \ 
u=.'^^Xi and rr — ss = tt or /= — j— j ty — 

-^ V = (us — jx = ) — r "^^ 5 whence x ±: — , - 

t "^ p bs 

+ _^-'- 1. Therefore PT = ^ = -^ + 

^ ^ J y PS 


-:!- = (becaufe « = — J - , — « 


"IT "^ ' , Ex. 


Ex. II,. 

FIG. Le^AS be dny given Cume^ and AM another Curved 
^^. fucb that AP = Arch ASy and Ordinate PM::z 
A^y to draw the Tangent TM. 

Let AP=x^ PM:=yy A^v, Tangent 5i2=j, ^ 
zity AS=:z. By the Nature of the Figure Af=:2, and 
V = jr, therefore x = 2J and ^ = j^ ; ar^ l^ fimilar 

^R tx yi 

Triangles v= ~=- z = — - ; therefore PT=^ (A- 

SR s y 

£x« 12. f 

36. i^/ BM be an exponential Curuey APzzXy PM:zyy 
and a* zzy. Let ^, i^ be the hyperbolic Logarithms 

of tf , jK i then xAz^Ty and AxzzT— — 5 i^hcncc 

w I 
PT'r: ;^~= 3J ;^n invariable Quantity : Therefore 

• BM is the Logarithmic Curve. 

~ » 

Ex. 13. 

^6. -^^ ^^^ Nature of an exponential Curv^ be expre^d 
by this Equation x* =zy -y Let jP, J'bc the hyperbolic 
Logarithms ofxyj ; then xX=i Ty and x'x -t JwJ= f*; 


♦ but x^= -y and r s^: --^ , (by Prob. II.) therefore 

X y 

* . • • 

♦ J' * y^ 

x+Xx ::;z'^j oryx+yXx zzjfy whence PTzz-^ 

_ y^ _ I 

"^yx+Xyx ^'^rX/ 

( £}t. 14. 

37. y^ Jr jw i? Tangent toArchimedes*s Spiral. Let Radius 
AP —ry Arch ^ =2, AMziyy c a given Line. 

By 
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By the Nature of the Figure r% =: gr, and thpncc FIG. 
z = ~,i and by fimilar Triangles x: = — =1 ^, 37* 


whence mzz -7- = 


_ jw _^ r|y 


y rr 

Ex, 15. . 

?i dram a Tangent to the reciprocal Spiral. Let 3!. 
Kadius BA-rza, Arch5C — *, BP=z, JM—y^ 

JR» = X. The Equation of the Curve is ab:^:^^ and 

therefore zy+j^ij=o; and by fimilar Triangles ^2= * 

i— tf^, oxyz—'—ax^ whence zy — /^^ rro, or i n 

-^. Therefore yfT = —7— == — ^ = ^t a given 
a y a 

Quantity. 

£ X. i5. 

Let AMD he a Spiral of fucb a kind^ that putting .39. 
^AMor ACzzy^ Arch MCzzv^ ADzza^ a given Une^ 
^ennd inr- =:JP^ Let Arch BEzzz^ and by the fimilar 
Se&OfiAMCj AER, avzzyz^ whence expunging v, 

"z^ ir tft, alfo tM or x =r — , or 5^ =: — . Arid 
222; = ay X whence x = — — = ^-^ , and therefore 

-^ 2Z 2a 


t R O B. 


2o8 ^e Doctrine 


P R O B. IV. 

Tojind the Point of inflexion or contrary Flexure 

of a given Curve. 

F, I G. The Point of Inflexion or contrary Flexure is that 
Point which feparates the convex from the concave 
Part of the Curve. 
j^o^ In the Curve AM any way related to the Axis JP^ 
let AP zz Xf Ordinate PM=y ; draw the Ordinate 
pm parallel and infinitely near PMy and Air parallel 
to AP. Now the Ratio of Mr to r w is the greateft 
or leaft poffible in the Point; of contrary Flexure, 

that is or — r is a Maximum or Minimum, 

tnr y 

• ♦• • •• 

. whence (by Prob.L) its Fluxion -^ ~ = o, oryx 

— xyrro; hence if xzzo, then jr no, orifjfzro, 
then X zzo. 
41, . In a Curve BM referred to the fixed Point P, tokc 
Mm infinitely fmall, and draw Pi», and Mr per- 
pendicular to it, draw the Tangent MT and Pf 
perpendicular to it ; and let PMzzy^ Curve BMzzz, 

Airzzxy mr=y. Then, by fimilar Triangles, 

PTzz 2!L = '1!L . But in the Point of Inflexion 
* z 

z 

the Perpendicular PT is a Maximum or, Minimum, 

therefore its Fluxion or the Fluxion of - t— = o, that 

z 

._ yzx + xyz-^yxz ... .^\ ... 

is 7 ^ I ' ■ "* — o, or yzX'^yxz+xyzzzo. 

Out 
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Out of which any of the Fluxions may be cxtermi- F I G. 
nated by Help of the Equation i*z:x:*+y* and its 
Fluxion, xnaking any of the Fluxions invariable, or 
the fecond Fluxion :=: o. Hence therefoi:e to find 
the Point of Inflexion, the Rule is 

1. In Curves referred ta an Jxis^ let APzzx^ PMzzy^ 40. 
put the Equation of the Curve into Fluxions,^ and again 

put the r^fulting Equation into Fluxions ^ making both x 
andy given ^antities, 

2. In Cfif-ves related to a Pole or given Point P \ let > j^ 
PM'ziy^ BMzzZy and Mm^ mr^ Mr will be as 

ij, y, X. Put the Equation of the Curve into Fluxions^ 
ana the refulting Equation into Fluxions again j writing 
I for fomefirfi Fluxion each Operation : Then you will 
determine the other Fluxion which muft be fubjiituted inPo 
one of the following Equations that contains that other 
Fluxion. And then you will get the Value of y. 


If x-rz I. then y = ^ rz —^^, 

y z 

Ifyzzu y = ~ 


— X — z 
I/zzzi. y = --^^ =—^ T. . 

y — X 

Example I. 

Let the Equation of the Curve be ax* zz x^y + aay. 
This in Fluxions is 2axxzz2yxx+xy+a(^y*, which 
put again into Fluxions, 2^x'-zz2yx'-+2xxy + 2xxy 
z:r2yx^+4xxyy and expungingj/, ax^zzyx'+zxxx 

2aX—2yX . . , n J ri. 

: ^5 that IS by Reduction ^^+yx=:4X'^; 

aa+xx ^ I -r » 

whence x zza^\. 

£ e Ex. 
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Ex. 2. 

FIG. Let BMbe Nicbamedes'sCohcoid. AB':z:a^ AC=b \ 

42* then its Nature hyx = bl^ y/aa-^x. In Fluxions 

- hxx -J- x^x 

yx+xyzzx^/aa — xx — — ; and cxpung- 

y/aa^^xx 

y^ZJy j x zzjy and this again in Fluxioot 

xxs/aa — XX 

^a^b-^a^x^ — ^aabxx _ _ 

IS , = : — x"- = o,^ and reduced x^-^^ 

aax^ — x^ y/aa — xx 

^bxxzziaab. 

« 

43 . Lr/ ^/^X ^tf a Cycloid effueb a Kindy tb^t Arch AD : 

DM : : ADB : ^X. Let ABzzzr, ADBzia, BK=b^ 

,^ , bu '.., . 

PD—z^ AD:=LU\ then jy =: x + , 4ndj|^=:2;+ 

• * 

— ; by the Property of the Circle z — — rr-x'> 

- . • r^ , . ar—ax+rb . 

and tt tz =-» iif^hencc j^ = — - a: ^ 

y%rx—^x a\^Q,rx-*^x 

• PI • brx --- arr -- brr .^ 

m rhaxiens " — -,. ^* = o, reduced j^ = 


2rx—xx * 




£x« 4* 


44, Z^/ jBAf & the belicoid Parabola^ R^dj^ ^5 ^ 

PE=r, Arch ££='1;, PM=y. Then, by tbi Na- 

jure x>f the Curve av zzr —y , whence m^zz — ^ 


rx fx 


X r— y, but by Ximilar Sectors v z: — , or v =? — ^ 

y y 

whence 
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■^' ar FIG* 

whence rak = — zyy X r—y \ and j' = =- 

iy%y — f 

(puttirig;?2:i), andjfzr-IIfZ x^^, whence 

y - ^ty' = MJ^yEL±^^ , and ex^ 
y — lary X ^jy— ^ 


punging jf, 4^* XJK — r + tforr = 2tfry x 2y—r% 

m,--^afif ' 

^ thatis4)yx;^r-^ + aarryc^y — r + aarr 

T.yy'^'Zry 

X ly--^ — o. Which reduced gives 4)'^— lary*-)- 

Ex. 5, 

5iif/^^yi 5Af /^ h a fort of Spiral, Pf or PRzza, 45. 
ArchiJ?*=:'y, and Itta^zuvyy exprcfs its Nature 5 then 


ax 


2v^ -{-yyv = o, but by fimilar Triangles v zz 
whence zvyy + ayx 3= 0, and :i — — - — putting 
y — i\ And expunging v, x :=: — --; — , and x z= 

^; therefore j = "Zr^" = ^ + "^T » ^'^ J'* 
= 4^, wkence;^ = ^v^2. 


P R O B. V. 

7b /«^ /i^f Radius of Curvature in Curves. 

Let Amq^ be a Curve referred to the Axis AE, and 46* 
fuppofe C to. be the Center, and Cm the Radius of 
Curvature in any Point' i», and defcribe the equicurve 

E e 2 Circle 
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FIG. Circle Dm coinciding with the Curve in mn. Draw 
46. DC^ wr parallel, and ^F perpendicular to -^J5, and 
produce mBtoHy and draw nth parallel and infinite- 
ly near mBH-y and call the Abfcifla^^,, x ; perpen- 
dicular Ordinate jB ;», y \ Am^ 2 ; mC\r\ jDF, b% 

4F ox BH, <:\ mrj x\ rn^y\ and »»», 2; then 
CHz^r—b—x. 

By the Nature of the Circle BHxiDC—DHzz 
Hm\ th3t is 2rx+irl?^^hi — 2ix — xxzzcc+2cy'\-yy% 
which put into Fluxions rx — l^x — xxzzcy+yy; which 
put into F luxions aga in, rx 'ix^x—x^zzcy+yy'\-y'^'y 

therefore r — ^ — xxx—yxc+y=x''+yz=:z^. But 

ry ry 

by fimilar Triangles r — b — xzz — = ^4-, and c+y 

z 

fX ' TX 

n — zz - . , whence the former Equation becomes 

z 
z 


-^. : -zzz"- \ which reduced gives rtz -^ 


z^ 


z z yx — xy 

for the Radius of Curvature of the Circle Dm or of 
the Curve Am in the Point m. 

Now fincc we are at Liberty to take any one of the 
Fluxions x, r, Zy as invariable ; we can, by the Help 
of this Equation ij^zr^J^+j^ and its Fluxion, exter- 
minate either of the other mdetermin'd Fluxions out 
of the Value of r, and by that Means find feveral 
different Forms for the Radius of Curvature, to fuit 
different Cafes. And the fame Way will feveral 
Values of mHy CHy be determined. Thus we (hall 

z^ z^y 

find when x is given, the Radius = ■ n — 4r; 

— xy —ic% 

Z^ ry*^ 

when y is given, the Radius zz — nr— =: ^. .. j 

^yx yz 

and if z be given, the Radius az —^ = — t,: 

7 X ^y 

Again 


\ 


• B 

34 


1 


\ 
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Again in Spirals or Curves leferr'd to a fixt Point S^ FIG. 
s ^Mn. Lee C be the Center, and CAf the Radius 47. 
f Curvature in any Point M; and defcribe the Circle 
)Afo coinciding with the Curve in the infinitely fmall 
^art A&. Draw Bn infinitely near BM^ and CD, 
dr perpendicular to BMi and call BMj y ; Curve 

tM, z ; Radius CAf, r ; D£, -y ; £^, ^ ; Afr, i j 

^1 2; ; r^, j)^. By the fimilar Triangles MEC and 

lf;^r, ME = — = ~:1, and EC = ^ = !t, 

z t z 

z z 

hercforc vzzr— -5-, and thence v=: ^ . — i-; 

z z"- 

^nd by the fimilar Triangles BEe^ BMr^ it is BE : 
5M: : £<? : A^, that is jy — ~r- : jr : : (^; :, ;v : : t^ 

X ::) IL — ,—L, : x^ which multiply'd and re- 
z 

lueed gives r zz >t-: r^r -— , for the Radius of 

zx' r^-yyz—yzy 

"urvaturc of the Circle D M, or of the Curve AM 

• • 

n Af, Hence alfo ME == ■ . . -^^.T — r^, and 

zx"- '\'yyz—yzy 

EC- '^^^ 

Now fince we can make any one of the Fluxions 

^ y» 2J» invariable; we can expunge either of the 
|eft and its Fluxion by the Help of this Equation 
\>^zzk'^^y^ and its Fluxion, and thence obtain Variety 
)f different Forms for each of the Quantities CM^ME^ 
^Cy as before. 

Otherwife thus, when we have the Perpendicular 4^« 
jpon the Tangent drawn to any Point'Mof the Curve, 
^c can find the Radius of C^urvature CM very eafily 

^ thus ; 
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PIG. «fet»; fet jSP, i?/ be perpendicular to the Tangents 
48/^ AfP, ;t/, and let BPtzu^ Pi=^i the reft as before. 
Then by the fimilar Triangles pM^^ MCni and 

Mrftj MBB\ fuiipMy^MAzzyy^ or ruzzyy^ 

whence r zz —--. Hence therefore to find the Radius 

u 

of Curvature the Rules are, 

46. X. In Curves wbofe Ordinates are perpendicular to 

thi jPfciffa^ for the Cutve^ Abfcijfa^ and Ordinate^ ftu 
Zj x^y : Put the Equation of the Cufve (reduced as low 
andftmpit^ as pofftble) into F/uxianSj writing i for anf 
cm of the firji Fluxions contained in if \ then put the 
refuliing Equation into Fluxions again^ i»riting i for 
the fame firfi Fluxion. From the firfi Equation the 
ether Fluxion will be deterntin*d^ and bj thefecondyou 
will get the fecond Fluxion \ which being had^ fubflitute 
them into one of the following Forms that contains tbh 
Jirjl and fecond Fluxion. 

Forms. 

Radius mC zz — -r: — — — ^-^ — • 
ufxzziiy^ mH -=1 T, — = =v— '• 


Radius mC = 


-^ — z 


X 25 


■if J -^ *>N mH zz ' — -. — JT^' 

X z 
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V^ i-~ac* _ V'i--y» FIG, 

Jf z zz iX f»/i =r I .. .. = ™— . 


^ 

Jitf «r /i^ Ferticts of Curws^ %vber€ tbey cut tbc 

Jifc^ffa at rigbi 4ngls;si^ ^^^^ f^ f^^ i?^4fi«j of 

Curvature \ 0^ in ^bsb^beft pptnt^ ^Jifhere ibejf cut tbc 
Ordinate at R^bt^gles^ mffis the Radius. 
' z. In Curv£S rdaUd io a fiieed Pdint^ kt the Curve 47, 

AMzTLZ^ Ordinate BM^yt and Mrzzuc. Put tbe 
Mffl^fpn <4 tiff O/rve int0 Ftioeiom^ and make fame of 
tbefirfi Fluxions invariaile^ for zvbicb write 1 5 and ' 
tbe Hqmtion being turned into Prions again^ write x 
fgr tbe iwariahle Fhtxion^ as i^rfore : Thus you will de- 
termine tbe fitber Fluxion and fecond Fluxion^ wbofe 
Values being" fubftituted into one' of tbe Forms behw 
which sontains tbatfirft and fecond Fluwn^ pu. wUl 
bave tbe Radius of Curvature. 

Forms. 
ffKZZ I, Radius JVC = 1^}X? m =■ i^f^^' ~ ' . 


xs/' i—x"^ +y'x I — JL* — jyjf 
/Bfo J(dA =; r ^ * " ■ , and, EC zz >■- » -^ . 


\ 
/ 


\ 
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FIG. But when you know, the Perpendicular upon the Tan- 
48. gent drawn to any Point of the Curve^ put this Per- 

m 

pendicular =. w, and find the Value of ^. fromibe 

u 

Equation of the. Curve: And this is the Radius of 

Curvature. 

Example i. 

45. Let the Equation of the Curve be ax — ayzz,x^ -^^y^^ 

where AB:=lx, BM-y^ a= ^ given Line. Let x = i, 

then putting the Equation into Fluxions ^^—i^ir 

2x+2yy^ and zgzin -ay =2 +2y^+2yy I whence^zi 

^^=^' and V- "^^'"^^' - —2x7:h^/- 2X^^x" 

a+zy' "^'^y- a + 2y' " ., 

a+2y\ 

= (bccaufci7x-^=?^*+;^»)^^. Whence the Radius 
of Curvature = ^ '^,. = ^ — 2a; + a^2y^^ _ 

1— L == --yz a determinate Quantity ; Therefore 
4aa V ^ 

Am is the Arch of a Circle whofc Radius is -^-^ 

Ex. 2. 

50- ' Let Am be an Ellipft?, a = Tranfverfe, b = the 
Parameter, and abx — bxxzzayy. In Fluxions ab-^ 
ibxzziayy (where x = i ),and this again in Fluxions -2^ 

-L^^.* 1-1. . ab^2bx 
zz2ay'-+2ayyi hence y = , and — j? = 

i+ay^ ^Hbyy^ab — ibx . bb 

-^ = ^^^ = («P""S"'g *) ^• 

Therefore «^ = ^M^ = . 4^^ + ^^TIj^ _ 

—y r-yy^¥t'^ — 

aahh 


k I 
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^ y =y + abb y '* *°^^-»' fig.. 

And if Am were anHyperbola^ it would be found in 
le fame Manner that mHzzy -| tt — ;y ' , and mCzz 

t>*^* +4a*y*+4atyA^ 

Or thus in particular Numbers. 

'^Lct ^=3, *=!, and afllimc xzzi^ xzzi^ then. 

/^^ 

= ^bx xx'zzy/^y and by the foregoing ope- 

ah^zbx I , „ b^ay* 

many = —5^— = -§^,and--;.=— ^;-- 

Otberwife thus : 

Let Tranfverfc zrir. Conjugate =2r, 5 the Fo- 57. 
us, BM:=y^ BTzzu the Perpendicular on the Tan- 


c^ 
ent at Af. By the Conic Seftions u = — —L^ 


\/27y-^yy 

nd i = -^=^11- whence -f- = ^3!, the 
Ladius of Curvature in Af. 

E X. 3. < 

/* the Parabola ax-=.yy, then axzziyyznd ax rr ay r^, 

putting^ = 1)} whence Radius «C = ^^ +x*^* 

7T^ . » * 

3 . , , , r>, = aa+4yyi — 4XntD 

Ff Otber- 


. Otherwiji thuL: 

F I Q. Let <j = Latus rcftum, B the Focus, BM=j^ 
55. BT=u^ the Bei^eodficular on the Tang?nt at M. Bf 

the Natgre pf the Figure uu zz^ iay^ and u =:, — =;, 

u ay a a^ 

Radius of Curvature in AL 

Ex. 4. 

51. Z^/ I)«? ^^ ij:// Hyper h la betwe^njbe JJ^mptQt^s. 
AB-nx^ Bmzzy. Draw mR paralkl to tS^ other 
AQjfipptote ;. then .fiace the EqfitioAr of the Or^ipate 
mjk. is given, there is given the Ratio of mR and R£ 
tomB perpendicular to AB: htt RB'rusy^ mRzzty^ 
ARzzx—sy, .By the Nawe of the Figure ARxRf» 
zzaazztxy — tsy^ which turned into. Fluxiop$ ix + 
tyx^2tsyzz0j and- ag-^ itik+iyx—itszzo'i, h^cc 

2sy—x. ... 73 — 2X 2X — 2Sy 

X n — , and x zz _. = ~. 

y f jy 


3 _\ 


Then ' + ^. ' - yy+ '^/y-^^\ the Radiui oC 

x 2xy^2syy ^ 

CAJrvat^re- in w> 
And in a right-angled Hyperbola, j— o, and the 

Radius b^^omes -^-^ ^ '^ _ =: -iLZ- — -, = • 

2xy %^' ' ^^« 

Ex. 5. 

52. . i^/ Am^ i.e-tbA Cifoidy whofe Equation, i^fAWh-;Hf» 

* ' y^ ' ' "" 2yy 2y^x 

=yS then a^y^—y in Fluxiops,^! = :^^- -—"-JT^f 
reduced —^^ iz^*^— ajy^x*, in Fluxions -^3A:*;2'r:6jx+ 

jy^^— 6y*x-^2yJX'j hence ;i 2= - — : ^,' and if 


Sea. II. flf 'FLlJXlo^^. Tzr^ 

-^ ^^+3^^-3^Xi^ _ 3xy*+6x^y*+3Xi ^^ FIG. 

^^3y]^Xayy ^ Therefore in the Vertex 4 the 
Radius bf Gurvattxre is o. 

©)* fi&»:r Tl^Hftiively in N$mhrs: 
Lettfrrib,jiri,^daffume;^::^2, then^i=i,and:v 

■ 

— ^ " ' ' "• -* 44. And ;^ = 


= i6x i6' ''ticncc^-Z — = 15^,7. 

a: . 

E X. 6. 

jLif/ ^=:/ ^<? 4« Equafim for all Paraholas^ then 
(if^izi) X =: »y*-', ic 1= nn-^nxy''^^* Therefore 

Hence it will eafily appear that every Parabola; 
except chfe Appolohi£ln« has the Radius of Curvature 
in the Vertex either infinite or nothing at all. 

Cor. If a>!::=yyy i^x=y^j cx=y^y dx:=zy^^ 6?r. be 
a Series of Parabolas^ then the Angle of Contadk 
(made with the Tangent and Curve j at the Vertex of 
any one is^infinitely greater than the Angle of Contaft 
of the next following one. The Angk of Contaffc of 
the firft ax=:y^^ \t of the fame kind with that of Circtes. 

F f 2 Now 
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FIG. Now it appears that the Angles of Contaft of one 
kind infinitely exceed thofe of another kind, fincetbe 
Radius of Curvature of one kind is infinitely greater 
than that of another ; and the Curvature or Angle of 
Conta6t is reciprocally as that Radius* Thu^ in the 

Curve cxzzy^9 the Radius = = Infinity, and 

d 
in the Curve /£v=:y% the Radius = = Infini- 

ty, becaufe y:=.o ; and the latter Radius is infinitely 

d C I2d 

greater than the former, for = -— — i x ; 

^ 2oy^ izyy 20cy 

and therefore the Angle of Conta& of the firft infi- 
nitely exceeds the Angle of Contadl of the laft. There- 
fore a Curve of one kind, how great foever it may 
be, cannot be interpofed at the Point of Conta£t be- 
tween the Curve of another kind and its Tangent, 
however fmall that Curve may be : Or an Angle oif 
Contact of one kind cannot neceflarily contain an 
Angle of Contact of another kind, as a whole con^ 
tains a part* 
Likewife in this Series of Parabolic Curves 0x^=1 

• A 9 a 

jr*, bxzzy^j cx=iy*y dxzzy^y fcfr. the Angle of 
Contadl which any Curve makes with the Abfci0aat 
the Vertex is infinitely greater than the next preced- 
ing. The Angle of Contad of the firft ax-z=y^ is 
of the fame kind with Circles. And though the An- 
gles of Contaft of the fucceeding Curves do infinitely 
exceed the preceding ones, yet they can never arrive at 
the Magnitude of right lined Angles. Moreover 
between the Angles of Contaft of any two of thefc 
may other Angles of Contadt be found, ad infimtum^ 
that will infinitely exceed each other. 

Ex. 7. 

54. l^t Dm he the Logarithmic Curve^ wbofe Equation 
is yx zzay^ putting A^zzx^ Bmzzy^ a — Subtangenr. 

Then 
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'hen (if x=i) > = 4, anH j? = Z. = -^ i p I G.' 


Wgforc ^ +r ■ = .il±:2L. thcRadiusof 

Curvature \ whece the negficive Sign only (hews its 
^oficion. ^ 

Ex. 8. . ^ 

Let Am he the Catenary^ JBzzx^ Bmzzy^ Amzizi S^ 
cs Equation is zzzziax -^^xx^ then (putting 2? =ii) 
:s Fluxion is 2;z=tfx4-xx, and again izzax+xx-i- 

X I ""^X* 

r* ; hence x zz ■— — , and x = 


a+x a + X 

^'-zz ^,,JgL., Thcirfore 5^5E?1 


^ > ' zz \/aa zz ^ zz 

a+x xaa- 
zz 

^ a 

E X. 9. 

Let An be the Cycloid^ ABzzx^ Bmzzy^ Arch AD -- 

=: % AR zz J, then BDzz \/ax — xx^ and v = 

■ ■' ■ , by Ac Nature of the Cir<;le (putting 

2x/^ax — XX 

izzi).^ By the Property of the Cycloid, y zzv + 
/tfx — XX J whence j^=:v + 


=y 


2v^f?;f — XX \/ax — XX 
5 and jf n 3 — r=- i whence 


1 


I -L. jp»l^ 

:he Radius =: =^^:: = iv/itf — ^tf;r = 22)J?. 

Ejqi 10. 


■% 


Ek. 10. 


in-TL^ m^U 


53' B»:szy%\tM £quatiOtt ta -^-i-y s/rc^jf r: ^. Tlih 

, yy y 

hb ^^ 2by -^ yyiz xx. In Fhixions, — ^ 

4^^^ ^ . ^ •• I. . — ^^^c 

~- — ^_ ^ s-2^ ^ tiWi? J whcfice X = — rt— -y* 
y^ y>x ' 

^^^ ^ y J .. 3^^^^ 2^f^ I 

•r >. — — and X = , + 

— . Now to find the Radius bf Curvature ih any 

given Poiht «^; let A -J, t=io, if you lakej^rrS, 
then X ^ i4|, and ^c = -^ 2 f j. , and x 5c.^|j^ ^ whence 

~ = 40*326 the Radius of CurvatUre ]n that 


Po^nt m. 

^ -The Radh» itf CcrvWare wteiy d«b he ekpffefed 

indefinitely in the fooie Manner as in. the fdregomg, 

tho*|)HrKwe pjroHxIy* Let xrjtL^ i t=:— — ^ - 

X ' ^ic X T 

^ ' ., ^^ -^ them 4'^'^' = — /-^ : Whence 

l ^ ll^lll M fc-jl !■ I ■ . I -til 

i4-^c*T 2v.v+l)iy 

_L_ — _ r:: — *T^-^ • therefore cither ;^ or r 
x\- - qxx fp- - ' 

being given, the other will be' known, ^d thence 
the Quantities />, g. For Ekanf^fej in the Vertex 

where iv = o, the Radios Becomes ' '= — ^ = 


J7 ^ 



E:?!,. II. 
LetBm be the ^adratnXj JB=Xj Bm=y^ AF or ^b. 

R!C= q'^t^jim^s. By the Nature of the Circle, 

t^B?yi[Uxipa.Qf.i^C-(.— rt > is to-the Ktoxion niAE, 

(«) as r tov, that is, ^---Vf^iruj likewfery:* 

«/, and by the Property of the Figure / =:jy, an4 

and iizzyi and by fimilar Triangles t^=zvx^ in 

Fluxions yu +; «y = -x^ -f- vx^ and expunging 

isiUfJ^M we. get; -wy^j^ + rA?jf^— ^i vSx /fj^cr-: ^j?* .+. 

TH^m-xx, (putiiag jL5=x)^ tbis^in Bluxwn^ ;5?3J4-W: 

• • >«-it r •* *~"y^- T*ry— ^^ • 
=;.— -2y + r;^ — 2^;^ • Therefore x = 

ry 

zz 5 and X = — • frr = ; 

^ >T 

r^l rryy + rx^\ Xrm. _ 


hence -i-^ ^ "" 


^ 

I ' 


r^y^ X zssx-^issr ^CX 


rr— 2r^+«A 


If the Radiu? of Curvature i^ required in the 
Ver(«c F, it will bg- found by exprefling^iE and CjB 
by infinite Series in Terms oi y^ rc>aiing the fupcf- 
fluous Terms. Thus it will hereafter be fhewn 

(Ex. 5, Prob. Vffi.) that CFzzCE + -^(^c. 


v^ 

\ 


thatii^ y =v+-7^r wJaence.-bjD: Rearer Jon of 

Scries 


■ - * 
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FIG. Scries v^y — -^ , and thence u = x/r^ — vv = 
^ orr 

56* 

r— ^-, whence uyz^vx becomes rv' ~ — = 

yx — ^— , and ;? = r ^ ^^^—y and x =2 — • — ^^ . 

6rr sr y 

But the Radius of Curvature in P is -^ , where 

X, • 

you muft write r-^x for x, — i for .*. Then 

yy yj ' * 

X 2yy ^ ^ 

Ex. 12. 

59. Z^/ >fAf ^^ the Logart^bmeHc Spiral \ T^Af a Tan- 
gent; 5T*, BP perpendicular to BM I'M. Let 
BM^y^ BP = u, the given Ratio of ikfT' to 

JBT* as ^ to / ; then u = ~5L. , and « z= ^ 


c c 


whence ilf C = ^ = ^ j therefore C falls 
the Line TCP produced. 


Ex. 13. 

60. Let BM he Archimedes^ Spiral, AB^a, Arch 
AD^Vj BM:=:y, and let by^av, whence ly = 

I 

ofu 5 but by fimilar Seftors v = or v = . 

y . y 

therefore aax = iyy. Let y = i ^ then x = ^, and 

aa 

xs:^-i whence the Radius = J'X '+**_ ,. 
*» X -^ xi -^ yx 


i 
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Ex. 14. 

Suppofe the Equation of the Spiral to he hf^ = ^v, 60. 

ien, if xiiiy mby^^y zzi^ir rr ^ or mbfy ^ 

- ji»4-i. again, in Fluxions, m^hy^'^^y+mly'^yzzo^ 
tnctyzz — ; — , and y = — ; — ^.Whence 


he Radius = ^>^ *+^' = 


<mmmm 


m^b^y^ 4- tf^*-i-A*' 


Ex. 15. 

Let BM he the reciprocal or hyperbolic Spiral^ Radius Si .' 
dB or BD zz a^ given Arch AE-zm^ Arch AF-zlv^ 
BM'n.y. By the Property of the Curve an:z.vy^ 

i^rhcncc yv + w =: o, and v zz — = ' Z : 

ax 
But, by fimilar Triangles, v zz , therefore yx = 

^ny. let xizi, then y = ,andy = — ^ zz 


JL. Therefore ^>^ ^^P'^ = J2L«l±2f 
nn I 4-;^* — yy n^ 

y X ^M} 
zz (bccaufe the Subtangent BT zzn) — ^ = 

y X GM^ GM^ 

-L = , fuppofing BG perpendicular 

:o BM. 

G g Ex,.i6, 
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Ex. x6. 

FIG. ^^ ^^ *^ "^ *^^^ ^f ^P^^^^i Radius SBzm^ Arch 

52 ' DFzzty BMzzy^ Jrch MR=Vy and let its Nature k 

a^yzzv}. By the fimilar Scdors BMR jftid JJlFD, 

ty j 

V '=, — , whence a^ zz, t^y\ in Fluxions gy^t^i + . 
a 

ax 
It^yytziO^ by fimilar ftuxibnary Triangles / zz ^ 

and expunging / , 3^xHr2/y=:o,Tetj^±r, then xzz 

— 2t J .. — 2/ • — 2;f 4/ 

• , and X zz -*— ^ ^ -^ . zz ^ . 

Sa 3^ Sy 0^ 

4!L: Therefore JL>LL±5li = yj<W±^ 


^yy X + ;tf J +JAr 


— vy^^yy'-^Z^ 


■** ~tf ♦ ~ 6i;+ + ^a^ 


Or thus^ in particular Numbers: 

— ot 


Let y = I, V n: 4, y =: I, then ^ zi — 

3^ 

-2*1; —8 ... 2X 16 ___, 

zz. , and x = — ; — zz — . Whence 


3y 3 3> 9 

•yx^+^^^! = Zl73v5i the Radius of Cur- 
x + x^+yx 536 

vature, where the negative Sign relates only to the 

Pofition of it. 

SCHOL IlTM. 

63. Let there be any geometrical Curve defined by this 

general Equation ^4-/x'"4-^jy''4-i&xyz:Oi make JB 

'z:x; BMzzyy the Perpendicular to the Curve M^pz^ : 

' Then the Radius of Curvature may be expreflfed in 

algebraic Terms afFcftcd with tt, thus 5 compute the 

Value 
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lu^ 9I jf in, tbe forcjgoing general Equation, (put;- F I G, 
5 X: invariable), which fuWtiiute in the Quantity 63* 

— , and pMt — for -.- 5 and the RadLU$ of Cur- 
xy y ^ ' 

ure wiH be ±r 


n^^^^^^h/^ X ^y 


£X A M P LIS. 

Let hx^ — af Hh <?i^.^ = 0, reprefmt an Hyperbola^ 
z Tra^fverfe^ b =: Paran^etcr. Comparing this with 
\ general Form, wc ftiall find ezzoyfzzi^ fuzi^i^zzg 
a J nzzz^h-ZLaby rzii, szzo^ whence the Radius 

^ ^layVxir^ I 

Curvature = — X — — 

2^X---^ ~2tfX ibx^df] • X J^» 

<expung.pg*) __ J,^^^ = -^^•. An*! 
ivill be the fame for the Ellipfis; 


PRO B. VI. 

f determine the (^ality or Degree of) Variation 
of Curvature in any Point of a Curve. 

The Variation of Curvature depend^ on the Mo- 
t^t of the Radius of Curvature ) and the Moment 

Gg 2 of 


3 
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FIG. of the Curve ; and it is as the Moment of the Radius of 
. Curvature if the Moment of the Curve is given ; and 
reciprocally as the Moment of the Curve if the Mo- 
ment of the Radius is given. Therefore this Variation 
is as the Fluxion of the Radius of Curvature divided 
by the Fluxion of the Curve : Therefore, 

I . Find the Radius of Curvature by the la/i Problem^ 
which divide by the Fluxion of the Curve ; and the 
Fluxions may be exterminated by the Equation of the 
given Curve^ or perhaps by exprejfmg their Ratio by 
Help > of the Tangent^ Ordinate^ or Subnormal, 

2^ In Curves referred to an Axis, finding the Fluxion 

• . ^* . 

of the Quantity — :. , which divide by 2J, putting 

— "y 

x = jy and extermmating z^ z, you will get the fol- 
Ipiwing Rule. Put x for the Abfcijfa^ y for the Ordi- 

nate, xzzi : Then fubftitute the Values of y^ y^ y (got 
from the Equation of the Curve) into the ^antity 

T^,^yy '^y^ v-y and it wHlglve the Variation. 

. y 

Example i. 

'52. Lit the Curve be a Parabola^ then axzzyy^ and y = 

« .. — ^> 2ay^-^ayy 

- — y == - — -^ , y = — :C :i- . Now if <j=2, 

'^y 2yy '^ xy^ 

^ = ij y= i> then^=i, j? = — I, j?=:3, whence 

T'^yy "^y — z. = ^^ Lik^wife if ^ =2, j^ =2, 

y' 

then the Variation = o. 


In general. 


Since ax zzy^y therefore y r= . — , and y = —^ 

-^ 2y yy 

^aa , • 2ay^ — ayy ^aai ga^ 

^1 -^ 2y^ 4y+ Sy5 

Whence- 


a. 11. o/PLU.XIQNS. M9 ■ 

Ex. 2. . 

h 
In the Ellipfts let bx xx =yy. .Suppofc a- ^o* 

, *=2, to find the Variation of Curvature when 
= « , and >' = I . By the Proceft of Example 2. of 

tf^^ 2^;r 

le laft Problem, y = = — U y — ■ 

•^ti2l = — 8. and it will he found that j = • 


ay 


ayy -^ ./ 

r i , the Variation required. 

Or in general thus: 
By the laft Problem the Radius rf Curvature is 

',abb'\'A^ayy'-'^^'^'' ^ and its Fluxion divided by 

he Equation of the Curve -y--^^r== = 

ab^2bx . ^^ ^^^^^^ ^^^ Variation of 

\/ jtf ^^ + ^aayy — 4^% 
Curvature becomes —^ X ia^-xxi^yi and is 

therefore every where as the Reftangle i»50t fup- 
pofirtg O the Center. 

Ek. 3* 


«3?* 


lide Doc TRXNJB 


F. I G. J^^ X =y^ denote a cubic Parahula 5 then 3[)r«yzri, 


52 


55' 


and > = .-i-, i= -Z.^-? =.^,i=i-i^-L - 

l^S'- whencc--3y+-^Xi+/ = ~ ^ 

the Varktiori required. 

/» ^ Cj^Uid Am the Rad^us^ of Curvalur^ is 
2 v^^ii — iJAr, and its Fluxion = — — '— ; bujD hy 


the Property of the Figure z = 


^X\/i 


xVaa — a» 


., whence-: 


yf5 


^\/aaA 


ax 


■^g^ = — ^2)"* '^^^ oe^aitivc §|gn only Ihews 
th^E the Curyatyfft ii^£r€a&t# 

'59. ' In the Logarithmic spiral^ (by Ex. 12. ^rob. V.) 

cy 
the Radius of Cttrvatijrc is -f- (putting citxdi : 

tMirS: BMh and it§ Fluxion ii -^ » and ^ = 

ti CY d 

r4-» therefore -4- = -^ for the Variatiaapf Cur- 

' vatu«e9 which therefore is uni(CQ«p* 

Ex. 6. 
61. I^t BMbe the hyperholic Sfkal^ (Ex. 15. Prob. laft) 

Tghafo 


Radius '^'^ '^•"^-•^"~ " -^^^^ +^ 


»» 


T2IT 


Fluxion 


!a.n. ^FLUXIONS. aj* 

Bxion is — -^-^j^V^»»4-;ys43uttT«5ubtangent ^ 

:'d3», therefore « ii ^-^m +151, ter whidi «- 

J' 

le the other Quaritrty, then . ■ ■ ^^» >. i: Vari- 
on of Curvature in Af. 


P R O B. Vil. 

7 ^;&w the Nature of the Curves by n»hofe ElJoIu^ 
tion a^men Curiae is ^e/criieii. 

A Curve ADM is faid to be ckfcribed by the Evo- gi^ 
tion of another Curve VEC^ ^ben a right Line is ' 
ppofed to be apply 'd to the convex Side of dfe 
urve VECy and the End of it A is made to move 
ith a circular Motion, and to defcribe the Curve 
TiM\ ivhilft the Part D£ or M7 that continually 
aves the Curve VEC is extended into a right Line. 
he Curve VEC is called the Evolutc of ADM. 
Mcftice -it appears that the Line CM which k-a 
angent at C to ' the Curve ^£C, is the Radius of 
ur^tui*"in\M6f the Curve ADM^ and is equal in 
ength to the Curve CE + the right Line ED the ' 
aoqgent of £, or to the Length of the Curve 
EV + the Line VA. Now the Evolutc VEC being 
le Locus of the Center of Curvature of all the 
dints of IheCurve ADM^ the Nature of the Curve 
£Ck to be found. Thcrfefore 

I. In Gunm reluud to an Axis^ put the Abfciffd 
B<ax^^p^J>ei9du>ular'0r/Unafe BMrny^ and let CM 

^ibc Rad^ of Curvature, and -dr^w-CH Parallel to 

AB, 


F I G. ABy and CL to B*M, and produce MB to //, and pa 

Vj iifor the Abfcifa and Ordinate of the Curve VCre- 
. fered to the Axis AL : 'Then find MH, HC by Prob. V. 
and expuffging x andy^ the Nature of the Curve yC will 
be dif covered. 
47. 2. And' in Spirals find the Radius of Curvature Ml 

hy Prob^ V. which will give all the Points C in tbt 
Evolute. 

Thus wejhall have EC = ^£^, ME= i£f , 

z z 

MCxx 

and therefore BE =y : , and then EC = 

z 

J yy^MC--^ -^- X MC. 

CoROL. I. Hence it will be cafy to find any Num- 
ber of Curves yrhofc Lengths may be exprcfs'd by 
finite Equations; by affuming any Curve AM zt 
PJeafure and finding its Evolute EC : For the Ra- 
dius of Curvature MC will give the Length of the 
Evolute ; or MC — DE= Length of the Part EC of 
the Curve. 

64. ' Cor. 2 . Hence alfo if the Curve FEC be given, the 
Curve /fAf defcribed by its Evolution may be found. 
For let AF=b, FEC=s, the? AF+yC=CM:zh 

+j, and by fimilar Triangles s :u: : b+s : MH zz 

b+s • _ ^+j • ,. ' 

— : — u, therefore MB oryzz — • — u — u. Alfo s 

S "^ s 

b+s • 
:v:: b+s : —. — v = HC or jBX, therefore AB or x 

s 

b'^^*s • • 

zz^b+v-r^ — : — V where s zz \/v^+ii*. If the E- 

volution begins in F, bzzo. Now if the Value ef 

V or ii be got from the Equation of the Curve^ andfub- 

ftituted in thefe Equations ^you^ II have the Nature of the 

Curve AMy without any fluSfional ^antities. Then 

expunging 


t&f^i^g V,9 i¥ f^^P ij .f<?» j^e done^ youUUhave the'p t G. 
juation between x andy. But as j is always found 
lerein, 'tis a Sign that the N^tqre of tHe Curve Jwf 
spends on fbe'Redtiftcatjori of the Coirvc VE ; wHofe 
alue« when it can.be had, may be fubftituted in its 
opni. . / 

Example i. 
Let AM he a Parabola^ axzzyy^ and, puttlngj^zii, 64; 

r ■• '1*1 

c Ihall find (by Prob. V.) €H = ^t^ =ia+ 
ic^ Md 44£f = XX ■ 't'"'- zz^CH}ix=y + J51 

=y+ • and when oc and y is o, AVzzla. 

*Ut v;:zV'Lf ^u:=^LCy and we have if z: (-4S — ^//-f^+ 
fLnx— i^+4^«+2A;=)g;v, and « =1 (MB^MB=) 

Z_ — "r^ ^""^ : Whence x^ — =- ; or 

€ui a - 27 - 16 

^^ — = uu^ for the Property of the Curve FC, which 

[lerefore is a femicubicai Parabola whofe Latus rec* 
am is Ha. 

Ex. 2. 

I^t GMJe the Logarithmic Curve^ ^Gzziy j^Bzzx^ £g^ 
)Mz=yy 5ubtangient RBzza^ then ayzzyx^ and (by 

»rob. VO ilfif- JlffZ^. and HC =Z:ffZ£. 

aa'^yy ^^ ^^ , 

jctvzzADzzX'^'- =-, u^ztDCzziy-i — ^whence 

d y ^ 

aay 
,y ; and u zz 2y— — *^ :=: 



yj therefore y=: —;= ^,or<iv 

H h .= 
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p J Q = -—yuj the Equation of the Curve wherein the Cen- 
ter C ii always tound. 

aa — 2yy 

Now finely =: y, therefore v will increafe 

ay -^ 

when j^ is greater then 2jy, and decreafe when lyy 
exceeds aa. Likewife u will iqcreafe when 2jyjy ex- 
ceeds aa^ that is when v decreafes ; ,and it will de- 
creafe when V increafes. 

Ex. 3. 

65. Let AM he the Cycloid AB = y, BMzz y^ Afch 
AD=s^ Axis fR=c^ ARzzay thtny=s+\/axIIxx, 

y zz J ^""^, y IT ~ — •, whence MH = 

■ i+y* __-* 

_:<— zr 2 y/ax^xXj CH zzy X M// —%a — 2x.' 

Let iSAT rz v, NC = u\ then ^ i:; ^ — ;v, and u zz 
y-^is/ax — XX zz s — s/ax—xx^ that is (expunging x) 

uzzs — \/av — vv : And when xzzoj RPzza. Hence 
the Curve TCP is alfo a Cycloid equal to the Cycloid 
AMT. For compleating the Parcllelogram RT^^ 
and defcribing the Semicircle TS^ NP ~ (a — v,^) 

AB, ES= (^av^vv = ) 5D, Arch AD zz ^S, 
■ and EC zz. {c — « zzc — s 4- ^yav-r^n; — E^ — ^ 
+ESzz) TS+ES.: Therefore; TC is the Cycloid, . 

Ex. 4. 

s \ 

g Suppofe AM to be the Catenary , ABzzx^ BM=y^ 

'AMzzZj and zzzx/iax+xx. andx zz ——• x — 

a+x* 


^ (putting z=i) whence Mff = ^^^^" ^ 


a+x ' X 

-i and C« n r. n^+^r, and when ;?=o, 

> • 
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• or jy-zz a. Let VLzzv^ LCi=.u^ and we have FIG. 
:^;r, and«=r— — -^- J' = ^/^aX'^xx 


Id • - • 4* 

logarithm of ^f^ — ^^ • ^^^ , ' becaufe y r: 
0254X into that Log. 

Ex. 5. 

^uppofe VM to he a Curve wbofe Tangent MT is z= 66. 
given. Line a^ 4B zix^ EMtzy^ FMzzz^y =: i , then 

the Nature of the Curve j^ =: = — — . ; 
ice^. =: -^ — , z = — ^c Then MH:zl ^^—^ 

^ 'y ^yy . , —y 

^=1 — s/aa-^yy^ the negative Signs-fliow they muft 
taken upward (and to the Right Hand) : But in 
\ Vertex V^ MH and\HCare nothing, therefore the 
'olution tjegins in K 

Let VLzzvy LCzzu^ then v = t^+y^^azz 

\ — uy • aa^ ' :- , 

=-, andj^ = : Alfo u'=iX'\'S/da^yy^ and 

y •. '.. ' . - u-^v 


± 


yy — :y • • 

z y— •"- ^.JA 11 — :!— y/aa—yy -— — - 

y/aa — yy y y/aa^yy 

' Z — =(expungingj and j^)— —======-, an 

yVaa^yy \^2av+w 

uation to the Catenary , therefore FC is the Cace- 

y Curve. 

£X'. '6. 


\ .J 


Let AM he the Cijfoid wbofr Equation is ax*^yx*:r: 70^ 
and fuppofe azzio. To Bna the Point C ot the 

H h 2; Evolutc 


t I G. Ev6iute'^Tittijr=i^.^ )czz.i. By a forifierCallcUliujoa 
'°' eEx^; 5. Prob. V.) x = i^^^lfl = f|; x a 


*■ iin 


V.) ffC == ^^ =: 5I = 5i, aadMH^ixxSe 

* 

=•4 H. and LC — % \% . And fo for any odicr giveil 
Point of the Curve. 

* 

^, 'Let BMhti£t Log, Spiral^ TJSC pefpemfieQiar id 
'* 5ilf J and let <f^/ : j : : Of : ^5 J iSM. Then (by 

Ex. 1 2. Pfob; V.-) ic = -^, and 5C = ^. There- 

' — / . 

forefmce tfie Aij'fefc JBCAf 15 cq^I fiA/T, SieOitve 

£C is alfo a L(>g. Spiral the fame, with SM. 

: ■' • Ex. 8^ 

$8. Suppofe BM h an Hyperbolic ^pirak jS^^ffcrpcndicii- 

lar to jSAf, ^MC perpendicular to the Tangent in M\ 

Ibt Radius l^Azza, "Arch i4D=»i ^M=r, elicit (by 

JEx. i^. Prob* V.) Radius of Curvature in itf = 

£ikf^ - >. * rf/- '- . ~ ■ ' ' " ^ i" *'i -■-*-- 

" ' ■ ; tHereforfe draw £G perpendicular to ^Jlf and 

and dC perpendfcular to GM^ and the Point C is in 
^he £ volute reqdlred. 


- i> R O Bi VIIL ^ 

To determine the tkngth'^f Curve Lines. 

*i tMfH the Orarnate iiJ^ pefpendicular to tht Aii* 

' jm^ and >f ^yaflel And ihfinitefy liek tb -^. And 


i 


4 


)fea.IL gf FL-uxroNs. i^ 

a Spirals draw Bn infinitely near BM-^ and let Mr^p j q^ 
e perpdndiclUar to »£ or n)ki. Let the ABTciffii ^^^ ' 
?5=x. Ordinate BMz=.y^ Curve AMzzz^ M- zz ' * 

J f^;i z±^y J kftr ri^g * In ther rigHt ib^ied 'f'riai^Q 
fcf«r, z — v^A?* +j% therefore i = vx* +y*V>rtlttc* 

\By ti^ ^diitti t fiht Cur ve ekteri^tnafe x il^'j^ ^^ 

he Equation znv^x^+y* ; andlbe Fluent wilTgivc^ 
be Length of the Curve. 

EXAMPLB I. 

2 


ldUfhiNmrif(f.tbeCuri)eh—~.x^+^ yz^ 

Then its Fluxion by 2: — —s/aa^^x : Then % zz 

•^;p*+y* =: x v^i +— + ^^— = at + --^^^ — : And. 

•^ ^ aa a^ aa 

, ■ - •- 

fby Fdfin ift.) ihS Fluent *=*+ •— — , ^hitlmceds' 

10 CotTe€%n. 

Ex. 2. 

AMU 

/» the commok Pdmbola dxzzyy. Hete x ±f ■ > y^ 




pirhcnoc ife =; a/;c* 4j^* = ~ \/tf ^ +jp^ : And by 
Form thr gtli and 13th, the correded Fluent 2 = -- 


Ex. p 

/^ /3&^ femiculical Parabola an^^ ziy^^ otk zi -^^-r^ 74» 

a" , 
and 


t^ 7he D c T * I N K 

' » .■ , 
F 1 G, and x = .21j^ : And therefore z = Vx"- +>* = y 

i^^ -f— » Whofe l?luent,' by Form the 3d, is 2 = rr. 
4^ 27 

I v3- 

. y I + 8Z p. But in the Yertex, j and ziro 5 there- 

fore (Prob. 12. Sc<9:. L) the fluent correfled is 21= 
S«' , oy ^' 8tf - • . .♦ 


27 • 4« 27 . 

Ex. 4. 
aa.» I^/ ^^ rr^^' he an p^mtionfor '^amus Parab^. 

Then ;v = -=—— , and ^ = — ^jy "';^, and a:* r: 


* ■• « 


m 




. - ^ I + ^j^ " - 7^7 V 3+j)'~' •". 

Now the Fluent o^ .y'^'y ^/b -^y * will . be had 
by Form the 15th inr finite Terms, wTfien m ft any' 
pofitive even Number. 



%■ ' 


And likewife the Fluent of j^ yr i 4- ^j? " will be 
foundry Form the nth, when m is anylodd Num-' 

l.-r ( J 

ber. 5 finding firft the Flaent of jy " y^/ 1 + 3j » 
by Form oth and. 1.3th. 

Ex.5; 


► • J 


a II. /FLUXIONS. ^29 

Ex. 5. 

To find the Length of the Arch of the Circle 4M. F I G. 
:t Radius AC = r. Sine BMzzy^ ABzzXy by the 75, 
iture of the Circle 2rx-^xx "zzyy^ and k' zz 

— 1= — ■ •^' , therefore z 1= \/^F"+]y* . = 
"" ^ \/rr — yy 

r===-5 and, by Form the i6th, 2=:jr4- 
rr-^^yy 

r^J + 3J^5 + P^C, e?.. where A. 
.^.rr 4.5rr o.y.rr 

C, &f^. are the whole foregoing Terms. 

Otberwife tbus^ 

Let ACziTj Tangent ATzzty "ftzity AMzzz^ ^5^ 

btzzzj then CST =: v/nT+T/ . By the fimilar 

rt 
riangles CAf and ST/r, TV r: — 5 and by 

t fimilar Triangles, CMn^ CTr^ z zz , or 

rri . /*/ tH /*/ -^ 


rr+tt rr r^ r^ 

hence (by Form the i6th) the Fluent 2: =/ •— 

\i P /7 /9 

rr ^r^ yr^ pr* 

Now if rzii, and Arch-^M=:30% then /=::\/|: 

I I I 
nd then zzzls/^ X : i + r -^ T 

3-3 5-3* 7-i* 

— ^c. zz, tV the Circumference : And half 


^3* 

„ . . v/i2 i-^ i5 ^ 

le Circumference r: ^ — - •— *~t~ ■" ^^ 


X 


I 

CBUO ^^ D/OCTJtLNE 

FIG.— ^ — ^c. where ^, fi,.C, 6fr. arc the preceding 
*NiHxierators with thek Signs. 

. Qr ribus, Jl^y;«)Ue<aiftg ev^ry two ^Tifrnis iiito -»)?, 
wc4halLbave half the Circumferenipe zz Y^/l X^ipto 

I 2 

then half the Circumference = "T^A + T7"^'+ 

-^C 4- ' ^ J ) A- — -^^H rF 4- €^. 

9.11 '^ 13.15^" 17.19' ^ ^1.23 T- ^-f*» 

which Series will be as follows. 

3,079201 435678 004077 38 

58651 455917 67626S. 14 

.34i5 -£93867 203147 II 

' 2S9 93Q478 900749 S3 

21 794996 295857 48 

.^,943349 566200 68 

1^0259 667580 92 

17 186 683703 87 

;j672 167602 79 

165 238193 86 

|6 530067 76 

.1 670177.49 

170147 80 

'?24S4 PS 
180 1 i)6 

JL86.80 

19 46 

'2.04 

22 


,3,14^592 653589 793238 Af^.'^c. 
=. Half the Circumference. 


£x, 6. 
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E X. 6. 

Let FMD be the Quadrant of an Ellipju^ ADzia^ F I Gk 
^—,c, JB=Xi BM^yi FM=z. Then by th« 77. 

ture of the Curve y zz — \/aa^^xx^ zndy = 

— rx^ , . r-: — -^ ^x\/ a^^aaxX'\-ccxx 
" ; whence g =: v x * +y * • 

^aa--xx a\/aa — ^xa? 

, n — ' • 

• aa—cc.Xx/aa—dxx xy/ a^—iixxxaa- Xx 

'putangi*= )-—==*= ■■ — : — - 

aa y/aa — xx aa-^xx 

X + — ^T"^*^ + %a^ ' ' ^'^^ ^^ » whence 

=^+-6^^^+ 40.^ ^^+ XI2.^ "^ 

fcf^. for the Arch FM ^^^ 

But for the Quadrant FD^ z — — - — = 

\/aa — XX 

X dxx - ddx^ id^x^ r J, u ^ 

^^^z:^ ^ ; 2^ 2.4^3 2.4.6.^5 

; Fluent of — ^- ■ ■= Afch of the circumfcrib- 

x/aa-^xx 

5 Quadrant of the Circle divided by azz —— j , 

d 
lence the Quadrant FD or 2=^x i — — 4- 

?'*+ T^ «+!#'=+ ^'' "' f°™ "*• 

Ex. 7. 

^0 jind the Length of the Anb of the Hyperbola. 'iZ. 
;t as half the Trinfvctfc, c■z:.AF)^^i the conju- 

li gaw. 
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/ CC 

F I G. gate, ^B zz x^ BM zzy : Then y = ^cc H x;f, 

/°* • aa^c ' 

cxx aa + — ' — XX 

s/a^+aaxx aa+xx 

ita+cc , ,1 . . y^^ -+■ ^Jr 

put a n , and then z-zzx k/ \ zr 

^ tta • ^ aa '\-xx 

( I — d '■ I — d I — d 

I — d 'X — id—dd t; — 7d — dd — d^ 

Uc ; therefore z =,x — ^r-— x' + ■• ' ■ ■ ■ — ^x^ --r 

C Od dd d^ r^ r X. ^ , « 

■ ^^^^^6 ^' ^^ for the Arch FM. 

' Ex. 8. 

79. Let AM bt the Cycloid^ JB=Xy BM=y^ JRtza, 
BD=Vf Arch JDizSf thenj^rrj+t; By the Nature 

of the Circle vv:ziaX'-^xXj and 1; r: , and 

ax ^ . • • /z— ^ 

s zz ; therefore y =s + v zz iV, whence 

2V '^ V 

/ ■■■ > III — iiTa 

- . . . ' ' i . U — X X , 

z zza/x"- +y''zzx x/i + = LLy/aa — ax 

Xs/aa-^ax > .a , - 

= — zz X v^— • Therefore zzzis/ti:; 

vax-^xx ^ 

zz 2 Cord JD. 

Ex. 9. 

6g. Let GMbe the Log, Curve^ JBzzx, BMzzy, AGzzhj 
Subtangent BRzza, then AyzzyXy therefore z zz 
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^^^~^^ ■ . Whence (by Form the 3d aiwl 9|fc) F I Q. 

= V^aa + Jt? — 2.30258<? X Log. ^ . ~-^ 

J corredetf (by Prop. XII.) z or GMz zy/^^+ y^ 

- • ... ay+y\/aa-^^ib 

s/aa + bb +2.302585^ X Log. — — . 

Ex. 10. 

IntbeCiJfoid BMy let JD=a^ ABzzXy SM=y^ So. 

A 

— and y zz 



• • • 
ax — 2xx^-j— ^ ^ wbence i; = v/3F+/ 


^xx 


1 

2 


2tf 


riL / , TV ., : , z= -^ — Va + xx , and 

%x '^ X 2 rr :> » 

y Form the oth, U^^ ^«^ '^^^) ^ = '^-^oi.B^s/l 

/ ' - 

Log. v'3*+\/<» + 3* • ~ '^ ^""'l? — • ^'^ 

e Fluent' corrcftcd, z or MD =: a v/ —^ 

2.30.585-^^/3 X Log. — -— -^^^ , 

Y.%. II. 

Let AM be the ^a'dratixy ABzzXy BM—y, Arch 81. 
K=(, Sine JCG=v, AC=a. Then (by Ex. 5cb) 

=1^+^- + - -T + -^ — T + ^^' =•''' *^y 

e Nature of the Quadratrix. Then by Reverfion * 

Series v zzy — y— + 7 — — r ^c, 

•^ 6aa i2oa^ 5040^^ 

I i 2 tlTen 
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F I G. then v/^w— w :^:tf— ^ 4. -^ -, — ^ — .(v?<^ 
= CG J and by fimilar Triangles (jfC?) ^ : GC : : 
(Affl)y ;(5C)« — x = «— ^^- ^ 2^ 

' 6f^. whence a; - -^ + ^ + --2L_ {;?<:. and 
(dc. ^ndz=:y + Jr_- + JX- + _^^I_ 

27^* 2025^* 893025^*5 

Ex. 12. 

g2, i^^/ BM he Archimedes* s Spiral^ whofe Equation is 
rv—cy^ putting 1;= Arch £D. Thcnr-yzzg^, but 

(by fimilar Triangles) v zt , whence x = ^ " 

y rr " 

Thefefof e 25 = >/F+jF = -^ X\/r*^+ccyy ; and 

(by Forni 9th and 13th) the Fluent (corrcfted) is 2 = 

*'' ■ ■ 2C TV 

Ex. 13. 

., L -^if ^^^'^ '*^ ^"J"- ^P*r^^ and let r, /, s exprefs 
. «*' the Ratio of the Tangent TM, 5ubtangcnt 5*5. and 

Ordinate BM. Then sizz-^- and the Fluent 2 = 

s 
ey 
y = Of. Therefore the Length of the Spiral 

M4B making an infinite Number.of Revplutions is 
equal to th? Tangent Mt. 

Ex. 14. 
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Ex. 14. 

Lei BMbe tba hyperbolic Spiral^ ABzza^ AxthAO FIG 
by Arch ADzzVy MBzzy^ then ahzzyy^ and thence 83, 

'{-yvzzo^ and jrv =: — vy=: — --^ ; and by 
ailar TriaAglcs — /y zr^x, and thence jc = -^ ; 

. y 

creforc x — v/;e* +;^* = ^\/bb +yy — 

-i£^=i + — 7^— ' And the Fluent (by 

)rm the 3d and 9th)^^s_2 ;^ \/il>+yy — ^ X 
302585 Log. ^+v^^^+^-y ; Whence taking 

y Ordinate 5^ = i, the Length of the Arch 
M zz s/ib + dd — v/^* +y> — 2.30258^ X Log. 

y ^y^bb + dd 

* * 


P R O B. IX. 

■ 

) transform Spirals into geometrical Curves^ or 
geometrical Curves into Spirals of equal Length. 

Let ADd be a geometrical Curve related to the 84« 
xis AB \ let the perpendicular Ordinates BD^ bd^ 
\ infinitely near together; and let the Paints Bj b 
\ fuppofed to approach one another, and to coincide 
jB, whilft the Particle of the Curve Dd remains 
e fame; then the Parallelogram BDdb will be 
anged into the Triangle BBd. la like Manner let 

all 
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FIG, a^I the Points in AB be fuppofed to be contrafted into 
g . one Point 5, and then the Figure ADd will be tranf- 
fortn'd intp the Spiral ^£U, whofe Centdt is £, in 
which the correfponding Ordinates are equal, and 
the Triangles Jidr in both Figures limilar and equal; 
and the Area of the Figure ABD twice the Area of 
thp Spiral B^. 
85. ^ Again let ADd be a Spiral, ABD its Complement; 
BDy bdy two Arches of Circles infinitely near each 
Other, whpfc C<^nter is A\ AH % geometrical Curv? 
(to the Abfciffa yi^zz^D) equal in Length to the 
Spiral : Let BH^ bh be drawn infinitely near each 
ether, and HK parallel to AB. Thei^hc Triangles 
DiCand HbJCart fimilar and equ^l, therefore dC=Kb, 
Now let AB or AD=y, BHzzu, Arch BDzzv, and 
by fifHilar Triangles J^ : v : : Ab : bC i: ^b : bC—ii 

l^^X Bb, Therefore bC-^CD^^ or bd--^zzKk 

y 

' + — y.Bb: Therefore (becaufe the Moments arqas 


• • • • 

the Fluxions) v zn u + 


vy 


y 

S^, I. therefore in Curves referred to an Axis^ let ABzzx^ 

BD=y, Radius BR or BTzzby Arch Rr=v^ Drzzx, 

fd-ziyy TSzuv. fn the Curve' AD^ expunge x andx 
cut of the Equation of the Curve, by Help of the Equa* 
H^ ixzzyi'y and the Fluent vxill give the Nature of 
Jhe Spiral. ljkew\fe in tb^ Spirql ,^, expw^e all 
^antities except x andy and* their Fluxions out of the 
, Elation bi z:iyv , by Help of the Equation of the Curve) 
iV^ the Fluent mlljhow the Nature of the geometrical 

Curve AD. 

, • . « 

85. ^. In the Spiral ADy where there is given tbi Rela* 

tim 9f AH 0) to the Arch BD {v) : By help of the 

Equ(^ti(ftt of the Spiral^ extertmati v mtdv out of the 

Equation 


S6. 


a. II. ?/• FLUXIONS. ^ tt47 

lation i; = « H — ^, and the Fluent gives the Na- FIG. 

f iff the Cufvi AH. Or iy the Eiuaticn of tie Qtrve *** 

« 
• • • . 

If expunge u and u out of the Equation v zzu -^ 
-, and the Fluent gives the Nature of the Spiral. 

Examplb I. 
Tjef ax-riyy denote a Parahola ADdy chert we have 84, 

2yy yv 

1= -^^^ zi~r-y and thy =: av^ whence the 
at ^ 

uent 2*y=:tfv; therefore the Spiral ^P is that of 

Mfnedes. 

Let AD be, a Circle j lax-^xx-n^^ Arch, ^jD =2?, 

yy yy yv ' - 

:rcfore x = — :^— =: ^ -^ ■ =z ^-7—, therefore 

^—^ \/aa^yy ^ 

= -^ — ^ T let i^ziij, then -y •=. — — ^ — ^ zi 2; 

Vaa-^yy y/^aa — j)y 

erefore -y ±: z, that is it?* = AB^ and 5D =1 BD 
TF\ draw GD, then fince BG-BT, and BD::zTF9 
d<:DBG:=2<CFTB, zhtrtfort <^GDB=<ZBFT= 
right Angle, and the Curve BDG is a Semicircle. 

Ex. 3. 

Let aa ±:xy hd the Equation of an equilateral Hyper- 87* 
la between the AJfymptoteSy then xy+yxzio, and x 

-.2±^^:^y=4.. Therefore ~*-f^ 

y yy ^ if' • 

: V, and thence 1^ =: , or putting b zz 2 a, 

W 
"svj^ ^ the Naciif e of the Spiral ^d. 

Ex. 4. 


Ex. 4* 
F I G. Let ED be the Logarithmic Curve^ whofe Equation 

88. , . • .u • ^ y^^ 3 ^H 

i&yx —ay^ then x = .-:i- =z -i-— , and —^ = Vi 

y '^ . yy 

ah \ ^ 

therefore v -=, — — : Therefore any Portion of the 

y 

DB — EA 
Axth KT oxvi%:=Laby^—— — — -; BDj EA being 

DBxEA ^ 

the correfponding Ordinates. 

Ex. 5. 

Let ay=:bx denote a plain Triangle^ then ayzzbi=y^^ 

ajf • 
therefore -^ z= -y, confequently vzzax Log. yy aa 

Equation to the Log. Spiral. 

Ex. o, 

g. . Let ^ be the Spiral of Archimeds^ whofc Equation 

is ^ = tfv ; then ~<- =1 1; = ^ — , or dyy—abkj and 

« _, dyj _ ^ab 

the Fluent = abii^ otjy = — j-^* an Equation 

to a Parabola. 
1^^ Or thus: Let AB=y, BD = v^ then av=yy^ • 

whence — ^ =zv —u + .^ = i + — , and u =; 
^ a y a 

yy 

— , therefore zau:=:yy^ an Equation to the commoo 

a 

Parabola, as before. 

Ex. 7. 

84. Let ^ be the Log. Spiral, whofe Equation is aji 
?: bx^ therefore ayzz bx a plain Triangle. 

Ex.8. 
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Ex. 8. 

Let ^ be the Uyp&rholit Spirah then ah'=ivy^ and E I G. 

— ^ — aby bx 8S. 

y y yy y 

^zi X, whence the Fluent = Log. y^ an 

y . a 

(uation to the Log. Curve. 

Ex. 9. 

Suppofe y^ r: av* to denote the Spiral ADd^ then 85. 

z — 

= iL?L = « + ^^ = « + ~/^; therefore^ =: 

L 3 

t • a" 

4-> whence « =: -^-^, or gau^zzy^ afemicubi- 

1 Parabola. ' 

Ex. 10. 

IfvzuyJ ^^ ^^ /Z?^ Equation of the Spiral 5 85. 

en V = — ^. ^^ = « + -i- = « ^-^^ ^ — 
2>/ca + cy y _ f ~ 

^ . ^ i+^ . . whence u = — 7^= ,there- 
v/f« + cy %vca + C 


I ■ liU 


re « = 1 vr r« + cy. 

EX'r II. 

/>/ BDdE he a Semicircle, BD=yy SE = a, hy 89. 

. ^ BDxrd . _ yy ^ 

milar Triangles i;r= -— — •, or x — -yz — ^» 

^ ED s/aa—yy 

hence y = •— >/<»« — yy i when corrcAed x = « — 
^aa^'^ = BE — ED, therefore /fDL is the Qua- 
rant of a Circle, whofe Radius is «. 

K k Ex. la. 
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Ex. 12. 

FIG. Let ^d be a Parabola^ B the Foeus, a = Latus 

90, Redlum, BD =y^ DP a Tangent : By the Nature 

of the Figure the Pefpendicular BP = 4 \/ay, and by 

fimilar Triangles Dr — . or jc = ■ "^ - ; 

therefore ^ = V'/iy — Ua = Ordinate D/. Hence 
the Curve will be the fame Parabola referred to the 
Axis JB i making A^jz^y and AB perpendicular 
to^^ 


P R O B. X. 

To fnd the Areas of Curves. 

91. In any Curve AD related to the Abfcifla ABj 
produce the Ordinate DB till BE be equal to a given 
Line, and compleating the Parallelogram ABECi 
If the Arears ACEB and ADB be conceived to be 
generated by the right Lines BE^ BDy moving along 
the Abfciffa AB ; then the Fluxions of the Areas 
ACEB and ABD will be as the defcribing Lines BE, ' 
BD drawn into their Velocities cf, moving, that is 
into the Fluxions of the ABfciflas : Now fince BE X 
AB 2= Area ACEB, and therefore the Fluxion of the 
Area ACEB = BEx Fluxion of AB v confequently 
the Fluxion of the Area ABD = DBx Fluxion of 
AB. *• 

9^" In like Manner in Curves related to a fixt Point J?, 
the fluxionary Triangle BDM is the Moment of the 

DtL 
Area^ and this h = BMk—^, or = the Perpcn- 

dicular 
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ular BT (on the Tangent at ikp x by iDM\ but F I G. 
1^ and DM are as their gonerating Fluxions. Hence 
I* In Curves related to an Axis AB^ let AB=x^ 91. 
) = y. Area ABD = 2, tben z zzyx ; therefore by 
Equation of the Curve^ expunge one of the i^anti- 
^y or X out of the Equation z :=zyx^ and finding the 
tent it gives the Vahirof % the Area. Sometimes it 
U be neceffary to find the Area of the, Complement ABD^ 
f the Rule will ftill be the fame if you make AB the 
fciffa. 

Note^ If the Ordinates are not at right Angles to the 
fciffay the Area before found muji be dimin^bed in the 
itio of Radius to the Sine of the true Angle. 
2, In Curves related to a fixt Point B^ let BDzzy^ 02* 
Tpendieular BT {on the Tangent) ::zpy Ciirve ADzzv^ 

r zz X. Area BAD = z : Then by the Nature of the 

irve expunge y or x out of the Equation z zz j or 

punge.p or v out of the Equation z zz — —r and the 

luent will give z tie Area. 

And if the fluxionary Triangle BDMcan be computed 
ry other JVay^and the heterogeneous ^antities expunged 
' the Equation of the Curve \ the Fluent will give the 
Vea as b^ore. 

Exam p l e i. 

5lt? find the Area of a Triangle. Let the Bafe CD 5 j. 
= by Perpendicular A^=pt ABzzXj dD (parallel to 

bx 

D) ziy : By fimilar Triangles y =: , therefore 

bxx , - , T-i ^^^ 
; — yx = , therefore the Fluent z = , 

P . ^P 

xy 
- . — and when xzzp^ zn^y = b^ the Area z n 

K k 2 bp 


V » 
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• J^. Or fince ic = ^L^ therefore z=yx r: -^» 
2 ^ -^ i 

and 2; = —7- = — :!-, as before. 

20 2 

Otbertvife^bus : 
54. Let the JPerpcndicular 5Cz=p, BDzzy^ dezzy iznd 

by fimiiar Triangles Bd zz ■ ^ ■ , therefore z = 

—pL^ = Area 5J[)i, and ij = -— S=:, and 
2Vyy — pp ' ^ 2\/yy—pp 

theftce z = Ipv^y — pp^ Now in the Point C, jr li 
a Minimum iz/. Therefore by the SchoL Prop. XII. 

firft the Part JBC muft be found, which is^ 

y/AB'-'^pp, and then the Part BCD^ which will be 

— X VBD'^'—pp. And the whole ABB :=. — 





2 


2. 


VAB^-^pp + l^y/BD^ZTpp, oviADxCB. 


2 

Ex. 2. 

pi, Z^/ ABD be any Parabola^ where x =y^ ; then x 

-: ;^«-ij^^ therefore zzzyi zzfm'y 5 and 2 = 

y'"'^' = ;zi:t^*^ ^"<i if «» = 2, 2 = fyy. 

w-p I 

I 

Or ]fi>w; Let Jb=M, bT> =jy, 'x => % then i = 

--;'" jfi therefore z±y}k = — ;r " y, and thewc 

z zz 


a. n. ?/• F L u X I o N s^ 253 


k» m — 


xyi And if tte=2, »::: F I G* 


\ the Area Jbt). 

» 

Ex. 3. 
Lei FD be an UyperUldy CA = tf , y^F= ^, ^5=^^ 95. 

:>= -— = V, Then i^yx- -^ = ** — 

^- + .^^^ -- i^W. and the Area ^5B^ 

^iv» hx^ bx^ fx^ ^ - 

2a $aa 4/1^ 5^^ 

r (by Form 4th) the Flueftt (corrcfted) is t!st 

30258 5^^ XLog. 

a 

£ x« 4* 

Let FD be any kind of Hyperholay CB ^xi BD-y^ 95. 

id fuppofe J = , then z::zyx zz x-^x ; and the 

Ltea z = ■ " ^'""* = ■ *y, for the ArczCBD. 

I — n K I — n 

' the Angle ABD is oblique, that Ariea muft be di- 

liniili'd in the Ratio of Radius to the Siilie of ABDm 

If » =: I the Space will be infinite^ if n be greater 

lan I you get the Space BDE. 

Ex. 5. 
Let AD beaCircky JCzza, AB:=.x^ BD :izy zi 95. 
^ ^x— XX ^ then zzi^yx^x >/ax — xx^ whofc Fluent 

by Form 16th) is 2 = vTyX:!^? — 

J'?'^^ ' 3-5'^* M 2Xv/2:; ^-^ 

4.6.9^5 4.6.8. lltf^. 3 7 

+ 
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PI G. + ^!^—' + ^1— + il- 6?r. where AB,C,C^ci 

^ * are the preceding Numerators. Or (by Form lo, 

II, i3)2J = -r— ^H vtf^ — XA? (putting ^ 

<> 4 

r= ,o 1 745 X twice the Degrees in the Arch whofe Sine 

is V-, and Radius i.) 
If AD be 6o% then j^ = ij, and Area JBD — -^aa 

# ^^ 2,4.5 447 6.4-9 8.4.11 

to which adding the Triangle DBE zz "tts/z^ yw 

have I the Area of the Circle. Here A^ By C, £sff. 
are the prec eding Te rms. 

\iy =: y/oiT+xx be an Equation to a right-angled 
Hyperbola, we Ihall in like Manner find z zz \/7is 

'^ 5^ 4.7^^ 4.6.9^^ 4.6.8.1 Ifl* 

' a + 2x y aa ' 

+ Csrr. or 2 n v^^x + x;? — -g— j), where 

o T a + 2X + 2\/ax + oM 
^ =: 2.30258 Log. — ^I^ -L -i: — . 

Of 

Likewife the Area of an Ellipfis is found after the 

ftLttt Manner as the Circle. Or if you put c for the 

Conjugate, tis no more than multiplying the former 

c ^ c 

Area of the Circle by — . And thus — multiply 'd 

into the former Area of the Hyperbola, gives the 
:Areii of the Hyperbola whofe Conjugate is c. 

. ^' Ex. 6. 

97. In the Ellipfis FDE^ to find the Area adjoining to 
\\ii Center 4^ Let AEzza^ AF=Cj AB=x, BD= 


€ 


y^ then j^ =: — \/aa — xx, by the Nature of the Fi- 

^ • gurc ; 


m 


H 


-»^-"-'#«» »• • »*«**N^ 


i ' 


^ p 


^ 


f 
$ 

f 


I «. 


o 


iv 


[ 

^ 


■„ 


'X 


tf 


. u 


< t , 


' ^''" '» *!<• 


. -A. 
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ex 


rej thettz=yxzz — v^<»<»—**j whence (by Form 16) FIG. 

JffLj ffLn yj[p 5^r, ^7' 

"^ 3 5 7 "IT 

c. for the Area ABDF. Or 2 = i^ 4- 


■y/aa—xx^ putting ^ = ,017453 x Degrees in the 

r 

cch whofe Sine is — and Radius i. 

After the fame Manner in the Hyperbola, when qf^ 


= —n/aa + A^;v, we find 2; =: — + 


7.aa 


a I 


-^ — -— ■ eff. Or 2; = —Z. 

5 7,9 a 


2a 


x/aa+xx^ putting (p = 2,30258 Log. 


^ +\/a^ + ^;i^ 


a 


Ex. 7. 

5*(?/»i /i&^ jlrea ADB of the Ellipjis ADE^ generated ^, 
the Une BD revolving round the Focus B. 
Let %a zz Tranfverfe JE^ 2^ = Conjugate^ BD 
:y^ draw the Tangent DT and BT perpendicular 

it J then by the conic Scftions BT zz ' » 

y/2ajh-yy 

hence. DT = ^ x/2ay—x^—cc ^ ^ ^j ^y g^j,^^ 

\/2ay —yy 

riangies DT : T^ ; : AfiJ : iJD, that is 

lojf^^yy ^c€ I ( ; : y I X zz ". "^ =r j 

V 2^— ^ — ^^ 

whence . 
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F I Q. whence ^ = ^ = — ^ , . , ; ^5jt 

it = 4'^yj f = aa — cfi and (by Form 27tb) i = 

cvv cav 

whence (by Forms 


2\/p — VV ^s/p-'-^V 

3d aqd loth) 2= ^~ — -v//--^^ «— — X >oi745 

Degrees in the Arch whofe Sine is \/— , but when 

p 

x-zzo^yzza — ^p^ therefore corre&ing the Fluent, and 

pupting .(p = Number of Degrees in the Arch whofe 

tf — y 
Co-Qne is ,r , and Radius i, then we have 

\/aa — ' u 
• the Area BJD or z = j£i74533fff. _ i 

2 2 

\/ — f^+2^ — jy- And the Area of the Semi- 
ejlipfis -^M£ = ,01745^4? X 90 =: t^^ X 3.14159Z. 

Ex. 8. 

^00. 91? fnd the parabolic Area BAD^ generated iy tht 
Line BD revolving round the Focus B^ 

Let a zz Latus Rcftum, BD=y •, by the Naturcof 
the Parabola the Perpendicular £5r n^y/^ z:^ 
and by fimilar Triangles DT : DB : : MR : MD^ or 

s/yy-^iay : y : ; j^ : v= ^ - • — j whence i 

-^ \/ J ' yy 

•^ — ^^^ X .-7^ - ; and {by Form jd 


2 4^ v6 


? 


a 


imd nth) the Fluent 2 = — liZ^M^i^aa . 

12 

Ex. 9. 
loi, [Let AD he an Hyperbola^ B the Center, BJ=^^$ 
SJpu-.coDJugatc =; ^, BCzsix^ Tangent -rfS* =: /, Or- 
dinate 
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rate CD =y •, by fitnilar Triangles a^ = /y, and by p I G. 
Nature of the Figure bbxx — bbaa=-aayy=.ttxx^ and i o; . 

J, J*fi_. The fluxlonary Triangle 5r/ is to 

bb — // 
I fluxionary Triangle jBJDi, as 5r * to J?D* or aa t6 

, that is : z ::aa : — — — : : bb-^tt i bbi 

\hbat J u T7t' ^^ \ ^^^ 

«ncc % = t; — r— , and the Fluent x = — + 


^i-//V 2 • ebb' 

-^ + -^ fcfr. Or (by Form^th) the Fluent 
10^4. 14^6 

' ^+/ 

=::i<i*X^-3<>258Log.7^ for the hyperbolic 

ftor BAl). 


Or /ii^5; Since / =: ^~ = — 




bb 


^ , therefore / = '^— ^^ therefore 


/bb->ryy bb -^yf * 

= (-|f!^ = ) -.^:^i=r i andtheFluent?= 

— — — .► ay 2yy ^ ^^^ ^y r^^^ 

Form the 15th. Or (by Form tl* ptb) % = ii«* 


b 


Ex. 10. 


Seaxjr 


iif/ KJi be the Logarithmic Curve y ylBzzXy BD:^yj io2. 
R=*, Subtangent = a, by fimilar Triangles ay — 
:=2;, whence »=:^, and (correfted) Att^JBDR 
I ay''^ab» 

LI Ex. II* 


?5^ ^^ Doctrine 

V 

Ex. !!• 

F' I G, Let AD be the Ciffoid of Diocks, AE:=:a, AB^x, 

103. ' 3 

BDzzy^ by the Nature of the Curve y — \ 

therefore 2j=y;v=iy^;c' x 5—? *, and the Fluent 
(By Form the loth and nth) is 2=13 Sedtprs C-rfAf 

— itf— |;fv/^;tf — :v;f, thatis2;zi3j;rtf5 — 2;fv^'S^. 

Ex. 12, 

104. Let ED be the Concoid of Nicbomedesj CA=b^ AE 
r:^, AB=x^ BDzzy -, the Equation of the Curve is 

b +y \/a^ — yy "=• xyj in Fluxions j^ y/aa — yy — 
b+y Xyy X aa —yy^ * =^JK+J^> therefore i^zijii: 

===-r c— ^;^ — ) — '- — 

\/aa '^-yy y 

y^/aa — yy zz — "^ — -^ — 

^aa — yy y y/aa — yy 

*-^y^y ba^y—'^y 

- — ' , -^ . i whofe correfted 

\/aa—yy .\/—i+a^y-^ 

_ ^ 

Fluent (by Form 10 and 11, and. Form 9th) isz = 
y ,/^-^ + ..30.58^ X Log. —^^ 
+ >oi7453 Degrees in the Arch whofc Co-fine 1$ 

y 

— , Radius =1 i. 

Ex. 13. 

•105; Let AD be the Cycloid^ ABzzx, BDzzy^ AE=2r, 
FCzzu^ Arch ACzzv \ by the Nature of the Circle 

%ry-^yyziuu^ and u z: - - J^- \ and v==-— : And 

by 
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the Nature of the Cycloid x = 1; + «, and * = F I G. 

^u^^^'y-^y =i^=^; whence i;= ' 


y -TLys/^ry —yy^ but this is the 

v^2ry — yy 
axibn of the Area AFC^ therefore z or ./£B2) = 
^. 

Ex. 14. 

Z.^/ AD be ibe^adratix^ JB=Xj BDzzy^ then (by lo^. 
i Procefs in Ex. ii. Prob. VIII.) x zz r — + 

^ + .^!i- + fcfc. Whence z =yx = ^ 

, ^ + Jl 6?,. whencc2= -^ + ^ 
45^5 315^5 ^a 225^* 

2205^5 T- ^•'• 

Ejc. 15. 

Let AD he the Catenary y JBzzXy BDzzy Curve 107. 
DzzVy the Equation of the Curve is vvzuiay+yy^ 

hence vt^ n ^j/ +yy^ and ^^i;* =: ^^ +y xj^S or 

4.J X V* — ^V = «47 X 'y* — ^S whence av = 

tJ^X^j therefore 2; =yx = av—ax^ and zzzav 
ax. 

Ex. 16. 

i^/ AD be fucb a mechanical Curve ^ that the Ordinatt i o8» 
D zr Arch AC of the Parabola whofe Equation is ry 
z uu\ putting ABzzx^ BD or AFzzy^ FC=Uy Arch 
C^v. Then v zzx^ and a* = i; ir {s/y +«'^ =) 

"".^y v/^M0^> by Prob. VIII. then iizijxzzj'y zz;^> 
'^ir+jy. But v== Fluent of ;^~^jI^v^:^"H^, therer 

L 1 2 fore 
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F I <J. r t. T- 1 , ■ - y, ; TV 

fore by form nth, z z=. ir -J^ iy viry-^yy 7-. 

Ex. 17, , 

109. l-et AD be a Circle^ tofin^ the Area ABBy ex tr earn- 
ly near the Vertex. Let Radius CA zz a^ AB zz x^ 

M P zzy, th eft z -zzyx rr i \/24Af— rxScj htat in Aj 

s/iax — XX zz \/2ax ; therefore (by Cor. 3. Prob* II.) 

z zzyxzzx^/ xax \ and the Area 2 zz\x's/l[x zz f^,^ 
• ■ the. Area in the very Vertex of the Figure. 

CoR. After the fame Manner in all Curves of a 
finite Curvature, the Area of the Segrrfent extream*- 
\y near the Yewtex is I the Bafe into (he Height. 

Ex. 18. 

■' " ' ■ ■ X* 

ax +lfx -^dx 


n > 


Let the Equation of a Curve beyzz 
to find the Area of an extreamly fmall Part of the Figure^ 
yiMfi xzzc. Here z :zzyx z::. ■ ■ ~ - x^ 


(by Cor.3.]^rop.n.) therefore 2=.^:±^i^l. x x' 

Where x is a very fmall Part of the Abfcifla. 

CoR. Hence the Area of any compound Curve 

; rtjay be nearly found, by fincfing after thi^ Manficr, 

^1 iki% Parts (rf th^ Area^ beloiigi»g to th« feveral 

^aU Parts gf the Abfcif^^ and coUeftiog thei^ into 

one Sum, 

x, ip, 

no.. ' Let BDm h^e Archimedes^ Spiral; ABzzr^ Arch 
ACziVy BJDxiy^ Ifey th^NatUfd of di» Figure ro=:(ri 

whence 


- J 
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lence v zz — , and by ficnitar Triangles v zz — - 


lence k = —^ \ therefore % = -7^; and thence 

rr zrr ^ 

5 Are;i BED or 2: r; ^ 


6rr 


Ex. 20. 

Let SjDC be the reciprocal Spiral^ Radius ABzua^ in* 
rch AC:=:by Arch APzi'ViBD:=iyy the Nature of the 

arve gives iz4 ^ ty, whence ^ -^yv r: o^ and v r=. 

-::-, and by fimilar Triangles ix zz - — -, whence x 

— ^y' . yx — viy ^ — aby 
: =i-, therefore ^ =: — == z^ = ■» ^ >- ff . 

: — "^y and 2; = — — 5 and when corredted, the 
2 2 

BC-^BD 
jrea 5C2) or zn ^ x « ■ ■■■■■« 

Ex. 21. 

Let ^C be the proportional Spiral^ whofe Nature 1 1 !• 

py zzcXi ot X zz -^, therefore z zz ^ — =: --^ : 
-^ c 2 2C 

.nd z or the Area 5^ = -^. 

Ex. M. 

Lef^ BED be a, Kind of Spiral,. BThzy^ Arch AD i it; 
?7hofe Center is B) zz Vy and let its Nature be ex- 

refs'd by this Equation av^ =^% or^ =: a^v^^ Md 

= i a^v~^Vy whence xzzvyzz^ a^v^v, and the Area 

= f ^* zzjvy for the Area ABED. 

Ex. 2J. 
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fig: 

Ex. 23. 

Let the Equatm of a Curve be a^x'y^sc^ =^^S put 

y = 9 and the Equation is transformed into a^z 


^x^z^=a^. Whence ^ = l5E^,j=:.^^f!L^ 

Wd X -• •— T and .yx zz 

i<gy;22; — ^^2g + tf^g^ _ a^z. 2a^z 

z^ . - T^ "sz^' ^^^ 

the Fluent = ~ + — -- =: ^ + 

...42;+ ^ 92^ 4:^8 ^ 

for the Arear 


Ex. 24. 
*37» Lei the Equatiop of the Curve he y^-^a^y^-^-^'-f 

+^♦=0. By Reduftion * = '^S^+SE^, 
let ^ = i^xr, then ^^■, ^ t7 'and 

■ =1^5 and aa — t;i;r:^tf— -::i^^ -^ ^ 

2J. . 4xy 

— y^+oaayy — "di* 


= ^^. Therefore x=, \/aa—w. 

From the. two Values of y, we fh all have yy^^^aa— 
+ 2^, and jr2 + 'y + \/t2tf + w, and y =+v + 

J r, then the Fluxion of the Area ^y = + ^ 

. 1 aaw 
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— ■ . — ; whofe Fluent is had from Form ip, 
£f r. of the Table. 

Ex. 25. 

Let the Equation of the Curve be x^ +y^ == axy. 238. 

Futy=: , and the Equation is transformed to 

vv 

v^ +x^a^ rz a^v\ Then y'= -, and ^x*m 

= ^a^^^'i-ev^v^ ^„d ^he Fluxion of the Area yK 

• • • • 

^^x 4/i*v^v qv^v 4a^vv 6v^v . ^ 

*— ? ■ ' ■ X * ' ' ' ' ■ ■■ ■ ' zn " ' —jWnoic 

w ^x^a^ 3aa 

^- , 2a^v^ — iv^ %w v^ lax* 

Fluent IS _ 


^aa 3 2aa oy 


Ex. 26. 


. ^0 find the ^adrature of the Curve defined ly tie 
Equation ax^+bxy^+cy^zzo. 

Put yx = uzj and z = — . Then y = — — = 


*— -1 - - •*■ 


ux*^^ zz us * z » , becaufe y rr jz* . Therefore 
the Equation is transformed into this a^ z^ + ^/^ X 

f*+*— l.f MH-*- -!'* «— I.T *— '^ 


^ V X 2 • + f^-rj * X 2 ' =0. Di- 

vide the Equation by .r ' X 2; '9 and we 
ihall have as ' X z ' + ^«» + r«^ X 


a64 '^^ Doc T£ 1KB 

F X G» « I.T f^» » I'T f fA 

s ' X2 ' =:o. Nowto mak€2fTaQnE 

out of the laft Term, put its Index -li— lIIIZlIZ^^ 

s ' 

then s = ;: * + i ; and"" : = ^ — 

= TT, by Subftitution. Then the Equation comes to 
this as^z^ +iHf + cu^ z^ o, mi coafequcntiy « n; 


^^^ Lu^l * ThercfoF^ Fiuzzzuz — F: 


a a 

ziiziuz^Fi ± ^±^^±^^. But uz:=: 

s a a 

yxi alfo z zz — , and uz = = — x il»^^± 

s s s 


—• Thereferc 


X 
IT 


P:;,x=^-F:^^^„._^^,l . the 

a a 

Jitcz, Hence 

I. For Example, ktx^'-'axy+ji^zzo^ thctiFiyi 

n --^ F: iux au^u^. 

3 

Z. Letx5-^y+Fy::^o, then F:jF^ =— — F: 

4 


Scholium. 

It may not be improper, in this Place, to infcrt 
(from the Tranfaftions) a general Method for deter- 
mining the Quadratures of Curves, with its Invefti- 
gatioR. 

Let 


Sea. 11. of F L U X J O N S. 265 

Let the Equation of a Curve \^y^^ a^'¥ hy^ x^^ 

cf x^+dy^ x^ ^c. -=.0. And its Area Ayx^By^x^-^ 

Cy^ x'^ +]>/ x^ -{- &?r. =: Fluent of yx. Put 
thcfe two Equations into Fluxions, and make the 
two Values of y equal* to each other (expunging 

jr»-"' by the Equation of the Curve) and we have 
anx^'^^ + bqy^x^^^ + csy'' x'^^ + (f?c^ 

^ y ■{■fBy'xf-' + hCy' **"' + ^c 

■ '■■ ■ - ,_ — , and 

Ax + IBy'-'x^ +^Q^-V £sfr,, 

multiplying the Numerators and Denominators al- 
ternately, there arifes, 

anAx"* + bqA/P xf + csAy x' 

+ anlBy^-^ xfrh'^i + IbqBy^+^—^xf+f- 

+ ganCyS'-^ x^+ 



~ mafBy^-'xf+'-^ ^ bfByP + '-'•x/+ f ^ ' ^ ^^• 

Now for determining the Indices, compare the 
. homologous Terms. Thus/^z:/-r-i, whence /zz/4- 1. 
Again rzzpr^-l — izr^ — i, and thence rzzip^ and 
^zz2^+i. After the fame Manner /=r3/>, /ZZ3P+1. 
Put e+nz=:q^ and then/— ^4- 1, jni^+w, it»ii:2<?+ 1, 
«=:3^+», ifenj^+i, f*?^. Therefore the Equation 
of the Curve will be in this Form, jV" +ax^ +byPx'+'' 

^cyippc^i+f^dy^fxy+'' &?r. zz, o, and its Quadrature 

y^x+By^+' x'+' +Cy'^+'x''+'+Dy'^+'x^'^' ^c. 

= Fluent of J' ;v. 

Mm Next 
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Next for detemitnifig che CoelEcieiits jrf, J8, C, 
fcfc. Put the Coefficients of the homologous Powers 

of X equal to each other, thus an J = i — ^ x ma, 

• w * 

whence ji = - ; ■ . After the f^toe Manner B =; 

m+n 

ni—p \ i ^ 

l» 2/X^ . 7 

+ 2p—2e — m — n'XcJ rx — ■- " ' 


:+«— /.^4-i+.^4-»./>4-i X:— W J tfX:wX2^+I+»X2:/H-i: 

^dy^fx^''^" &c. zz o, /Atf» f*^ Fluent tf yk^ wtU 
Area of that Curve tSy 


m 


+ / — /» — ^ — nXAb 3 amX e+j -^ an Xp+i 


«+* 3^ — \e — m^-rn X cj ^^ 


+ : « — /y X e+t + e^n X f+i : K —hBj amXze-ti +tf«X2/+i 



+ « — 3/ X </ 


+ : /»— V X^ + 2^+« X jHm :X — rJ5f ^ 
+ : «— / X 2^^i+hP»X2/+i :X— 3C 


* I '" S !■»' 


tf;wX3^+i -h^wXjy^+i 


+ «r — 4/> X ^ J 
-h : 4^ — 4^ -— >w — » ; X ^^ / 
+/«— J^ X ^+1 -f 3^+« X/>+i:X— i/^^ X 


+ : «— /> X 3^+1 4- tf+«"X 3/>-f 
faTr. 



^^+Xy4»4«I 


I. Here 
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1. Here note, Ar By C, D &c^ repfefent the fir ft, 
iecoiMi, third, fourth, £s?^. Termj^ only leaving out 
the Powers of x and y. 

2. This Series fometimes gives the Quadrature of 

%r Curve in finite Ternis ^ particularly in Trinomials 

(that is whoie Equation confifts of three Terms), 

e — p + m + n . ■ . , , ;.t 

whea : — IS a poutrve whole Nuixf- 

hct ; CO which add i^ and you have the Number of 
Terms in the Series. - 

^. But \tk Curves of more Terms, there are (e^ 
veral Conditions requifite tatheif exa<5t Quadrabiiity, 
which it is needlefs to enumerate, becaufe fuch Curves 
ieldom admit of am exad Quadrature. It is fufficient 
to obferve, that if JV= Number of Ternis in the Equa- 
tion of the Curire, they wiH fometimes admit of fuch a 

Quadrature when -^j ^ ■. ■• H t 

^ ' --em — fn 

is a pofiitive whole Number,^ but never elfe; which 
Number will then Ihew the Number of Terms 1% 
the Series, that conftitutes the Area. 

4. When the Quadrature of a Curve is required 
by this Series ; reduce the Equation of the Curve 
to the preceding^ Form, and comparing the homo- 
Ibgous Terms, ^ne Exponents and Coefficients will 
be eafity determined ; whicb mufl: be fubflituted in« 
tO; 1^ foregoing general Series as ufual. And when 
any particular Terms are wanting in the given Eqjja- 
tion, then the refpcflivc Coefficients will be o, and ' 
thofe Terms of s the Series wherein they are found 
will vanilh. 

5. And we muft firft of all enquire whether 
it will admit of an exafl: or geometrical Qua* 
drature, and if it wHI not /'admit of it in one 
Form, itt may in another. To this Purpofe we 
muft divide the whole Equation by fom'e Powers of 
atr and y'yi<^ tbac in the refuking Equation, there 

M m 2 may 
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may always be one Term without^ and another 
without J' i for this Condition is abfolutely neceffary 
to the Equation ; and thus you will have a new 
Form : And this we muft do as o& as poffible. Now 
the Number of different Forms any Equation witt 
admit of is l^N—N^ putting iVnNumber of Terms 
in the Equation. 

6. If it admit of fuch Quadrature in none of thefc 
Forms» try to find the Complement of the Area, 
by writing x fory ^ndy for x in the Equation of the 
Curve V and then proceeding with the new Equation 
in all Refpeds as before. 

' Example i. 
Lef y^+x^^Jyxzzo. Here /wzzg, »=3> ^=1, 

^ii:-^2, azz 1, e^ zz — ^, ancj — ^^ i ; 

— em^fn 

whence the Curve is geometrically quadrable, and 

the Area =2 i yy — j:!— . 

bx 

Ex. 2. 

Suppofey^ — ax^ + ry^x^ — o. Here i» =: I, » r= 
T, az=i^a, i^ = r,^=:7, ^ = i: then — 4-1 1 — 

= 15 and the Area = ^xy + y^x%. 

Ex. 3. 

_ 4?-* p 

Lety^ f-x^ + -^y^x^z^Oi here the Curve 

is not quadrable in this Form, therefore divide by^% 
_ and then i +^*+ — -f-y-^x^-^Oy where «=o. 
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»=4, p=:~2, ^=2, a =-]^t ^ = — ~2r^ » ^^^ 

■ ^^^ — = I > whence the Area = -^ — . 

— ^w — /» jr 

^ Ex. 4. 

l^et y^ — ax^^ — lay^X'^a^x^ =2:05 here mzzi^ 
»:=— ii, jz:— <j, ^z:-— 2<i, m— -tf, ^=3> ^=:2, 

ivbence --' ^ z: 1 5 and the Area of 

the Figure is = 2xy — I x^y^ : Fpr all the foUowins 
Terms of th« Series will be nothing. < 
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To^nd any Number of Curves that may hefyuared. 

Let the Abjcijfa AB—Xj Ordinate BD^y^ Area p j q^ 
jiBD::iiz. AJfume any Equation between x and Zj this j j ^^ 
will determine the Area : From that Equation get z, 
and fubjiitute its Value in the Equation zzzyx^ and this 
will give the Nature of tbjs Curve^ 

Ex AM PL E I. 

Let x^ziiz^ whence 2xx=zzzy:l(^ whence j^z:2x, 
and the Figure is a Triangle. ^ 

^ Ex. 2. 


I I 


luttax^zzz*, and 2; zri^zyxzzyx, whence |v/aJ 
zzyy an Equation to a Parabola. 

Likewife if x^zzaz, then zzzzzzyx-, whence 

.^^^ zzay^ an Equation^ again, to the Parabola. 

Ex. 3. 


«7^ 


7 he DcCTKiNB 


Let 


fore 


fix. J. 
-—- = 2*^ whence 

XX 


X =r ztryx ^ there- 


=:jy, whence 7 being negative, lies on 


tbe ocW I!ide d ^. 


• ^ 


Ex. 4. 


Let cCaa+ccxxz=.zzy or 2r:^iW+;f;^, then 


2J = 


cx« 


s/aa +xx 


z z::yx\ thcscft)rc j = 


ey 


.*«. 




Ex. 5. 


~-4 — ^ = z, then 2; = ^— V««+Jw •= 


_ _3£. 


jx', and therefore 7 = -i— y^aa+x*- 

Ex. 6. 


^zxzzzzZj and i; =: -; — — — — • zz^yx s therefore 

> =^ 'n ^ rr » out ©f wKch 2 may be ex- 

I -^ 3^ — 22: • 

pingod bf Help of tlie aflbmcd Eqttatten. 

Ex. 7. 


Let e. -^JxA- zzz, then z.tzmtifx''~~^xy[r^r' 


'^yxi whence jy = nmfx—'^xe +/*** 


P ROB. 
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./ 


/iny Curve j^BD being given I iojkd any Numier JP I G. 
0^ Curves ^ACE ^lAofe Areas JbaH have any 
afigned Relation to'the Area of the given Curve^ 

Let ADF be any Curve referred to m Axis, or ' 14* 

ADF any mechanical Curf!C> whofe Complement is ^15* 

^JSD; or ADH any Spiral defcribcd by the Arch n^* 

JB A whofe Center is ^. ^CJB the Curve required, 1 1 7* 
whole Relation to the fix&. is ^ven. 

Put^ = x,^D=;'^ Area^£D=2. 
AC^v^ CE = u, Area^C£ = w. 

AJfume any two Erjaatims^ €ne of which may contain 
the Relation of the Areas z, w ; the other the Relation 
of the Abfdffd or Ordinate ^f the ^en Curve AD 
(x or y) jtif the Abfciffa or Ordinate (v or u) of the 
^tker Curve AE. By Help of thefe two Equations j and 
tbis third yx^z, expunge all ^antities as far as poffibte^ 

^eept V and Uy eut of the Equation uv = w^ and you 
wilt get an Equation for the Nature of the Curve ACE : 
And the fecond affumed Equation will determine the 
Quantities of4be Ahfc^as arOrdiaates of the two Curves 
to have the reauired Relation. 

Ex. I. Let AB be a Circle, whofe Equation ts n^ 
aX'-xx'zzyy. ASwmt axzzvvy and z=w^ thcn;c:= H7,. 

7,VV _ . . ' . . 2VV ^— — — 

5 whence «*y = «; = ;s= yjc = — — ^ax — xx = 


2.W . ' v^ . r ^"^ r^ 1^ 

— rs/w — ; -therefore u =1 s/aa-^w^ the 

^ aa aa ^ 

Equation of the Curve whofe Area is equal to that 

of the Circle, when ax^w. 
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y I G. Ex. 2. Let ax—xx^xf ^'^ before, andtf;^+2=v, 

114. J o-t • • ' . '1'— i 
^ and zzzw. Then uv=:.w -ziT^zzyx zz — j^ = 

:y : Whence uzz ==-» or « n —— % an 

Equation to a mechanical Curve. 

Ex. 3. Again let ax—xxizyy^ cX'^z:=:w^ and jy 


117, 


=: v'r;. Then uv zz w zz ex -{- z zz ex + yx ':l 

: • 

•r J V* . Whence u = x 

a a ^ aa aa 


2ev 


x/aa — vv 4- 

a 

Ex. 4, Let ax — xxzzyy as before, and zfrutntz-* 

2y^ . . ' 2y*y 
*—-=«;, and ;i^nt;. Then uvzzw zz z ^-^ 


v/tf'y — ^^'^i; 5 hence « z: ~ — ^av — vv . 

Ex. 5. Again let ax-^^x -yy^ and 2* = w, y=v». 
Then «i; zi:^ zz2zzzz 2zyxzz4z^vvzz^vvx/ax — ;«f 

zz 42;'yi;Y/^*^* — 'z^* =: 42;i;*i;v /?— 1;* : Hence « r 
4%T;'yv/«-^^, an Equation to a mechanical Curve. 
98. Ex. 6. Let ee+xxzzyy an Equation to an Hypcr- 

' ^ 7- bola ^ and affume zzzw, xxzzcv. Then uv zzwz: 


cif 


eV 


zzy'ATrz — — r Xv/^f +^zz - - x/^ev+w. Hence 


u zz, — s/cv + vv . 

2V^ 

Ex. 7. Let ff +;vyry[y as before, and xy—^zzw^ 

xxzzeu. Then ^'y :z; w zz rj/ + jx — ;s := jg^ — 

^'•.x' rw cv 

f — ^j_^- =: ^ , Hence i^=: » ^ Iv . 

Vff4-^;v 2v/a? + t;x; 2y/^^-w 

Ex. ?. 
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Ex. 8. Lecj^ = 


XX 


— an Equation to the FIG. 
\/^ax — XX 


ac^s 


* « 


CiiToid i and -^y^^x— ^x + | z rr w, and ;tf rsv. 
Then <«;+«?= | ^ X\/ax^xx + — — ■ + ^25 


ax'^xx 


\/ax^—xx 


S^/^x-^xx 

X ZZ Xy/aX^—XX -ZlVy/ aV'^-'W . 




«+A"r, then wilUn ^ T^ l , and x = - 




/ 


t » 


IW»/ 


X 

n 



f-l 


, jy=ii; X 


^ 


X 


^ 


r 


/ 


; whence m =: 

. dv V ^ m \ 


X 

•r 


r 

■M.^ if 


W 


fore u =: 


it; 


X 




''-t- 


7 X 'i^ — ^ 


i»^ 


103, 
117, 


Hence u zz y/av-^w^ an Equation to the Circle. 

♦ « 

Ex. 9. Lety^Jx' X f +/*"! j affumezziw, vz: n^. 

117. 


Ex. lo. Let BD or yzz Arch ^i^ of the Parabo- 118. 
la JR^ . whofe Equation is axzzss^ putting ARzzf^ . 1x7. 

Biin J, Tangent 271=:/ ; then i n-j- . Now af- 
fume ZZZW9 yziv, then will irv =: ^ z= ;i =:^x :s 


2WJ . 2WJp 2VA^ 

a "^ at "^: 


2^X 


N n 




2':7X . 

con* 


n 


2VX 

F I G, conTeqvwQtiy u =:: — — » a mechanical Cutve, 

115. £x» II. Let^JD be a Cycloid, Diameter of the 

117* gjeocrat'uig Circle zza^ FGi^x. Afium&jizT;, a=:w» 

then by the Property of the Cycloid jxz-jy ; whence 

# a;* == z :zjiA z:iyzzsvy aftct ther«?lorc 1^=;; 

confequcntly ^^ is a Circle the fame with AG^ 

Ex. 12. Let yf D be a Figure or Arcltes, where 

• Arch JG zz AB = x. Affume yzzv, zzziw^ And 

by, the Ftt»cr^y of the Circle x zz -r^— r^ iu" . 
Then uvzzwzzzzzyxzi -^ ■ ' — -- 


2\/ay '•^yy ay/i^'y— w 


Hence h zz 


2s/ av — w 
116. Ex. 13, Let AD be the Spiral of Archimedes^ 
iij. whofe Equation is ^zix'X; and a/Tumc xs^, and 


. ■ • • . . • XX . ,W ' 

zzzw \ then uvzzwzzT^zzyxzzyvzz —V- v 2= -i-v \ 

whence buzzv^^ and AE is a Pjrabola, convex to- 
wards A C. 


P R O B, XI|L 

T<> /»</ //6tf Surface of 0. ^Hd. 

-As the- Fluxion of any Space is equal to the 
^^cfibiijg Ljine dr^wn intK> the Flti^ion of ch^ Axis; 

fo the Fluxion of the Surface of a Solid (generated 
by a LiM revolving -about an Axis) is cquahto the 
Permhery of that Circle drawn into the FUuion (rf 
. chc'tiJnc generating that Surface. * Therefore 

Ut 
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Lei Ihi Aofcifa AP—x^ Ordinate PMzzy^ Curve F I G- 
j1M(0t BM) =: 2,^=13.1416x4=: the Circumferenie 119. 
cf the Circle wbofe Radius is i j then to find the Surface wch 
s generated iy the Curve AM revolving about the At^ii 121. 
AP i ^ the Efuation of the Curve expunge ofU of tie 
Sndetermined ^antitin and its Fluxion out of tbt Equa: 

tion s = cyir^ or cy^x^ +j^* •, and find the Fluent, 

Example i. 
LetABD he a tight Cone ^ AB=a^ BCzzb^ then j22. 

y =z — , therefore s =cyz:=: , and s zz • 

=r — ^ . Aod th« Surface of the whole Cone ABD 
2 

Ex. 2. 

Let AM he ajpberical Surface ^ Radius n iy by the 1 ^9* 

Property of the Circle nx :=:yz ; therefore J zz cyz 
zz caXj whence s zz cax. 

Let AM he a parabolic Surface ^ ayzixXy then yzz 12a. 
IX k ^ ^-: T- cx'^x ^ >. 


aad the Fluent (corrcacd) \%stz ' ■ ■ '^^ — ^v/<?4i-|-4yx 

ca^ 2x+x^aa+4xx - - 
— -^x 2.302585 Log, a ^ ^ 

by Foritostbejrth, }uh^ and X3th. 

Ex. 4* 
. Z>/ ii;^ r: y^^ ■ i^ tf » Equation to infinite Parabolas. 

By the ProMft in Ex. 4. Prob. VUI. i=yv/i -f *y *" j 

K a 2 wbenc? 
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I L -+' / — ^*"!I^ 

F I G. Whence i = c)y\/i +hy^ zz iy" y\/ b + jr^ " . 


>i9. 


2 I 

• I 


Therefore the Fluent of / or cyys/i + ly will be 
had by Form the 1 5th, when m is the half of any 
negative odd Number: And the Fluent of 

0^"" y\/ ^ +y * ^i'l be had alfo by Form the 
15th, when m is ahy pofitivc whole Number. And 

likcwife the Fluent of cyy^ 14.^" will beba4by 
Form the i ith when m is the half of an odd Num- 

S^i / :i 

ber ; firft finding the Fluent of ry" y y/i + hf , 

by Form the 9th and 13th. In other Cafes, Form 
the 15th or 1 6th will give the Fluent by infinite 
Series. 

Cor. If «= I, then ^ = ^ X ^^T^"^.— ^. 

Ex. 5. 

121. In the elliptic Surface BM, whofe Center is Jj let 
y1D=a, 4B^b,AP=:x, PM:;zy^ thent = 


I \, bb • — bbxx 

Ox/aabb-- bbxx 


bx ,— — - ix _. 


x/x'+y = ~\/a^aaxx+bbxx 2= — v/S^+2S3r, 
putting aa^ bb = dd. Therefore j it (yi :;= 


_ _ aa 

. s/a^-^ddxx. Let ^= ,01 7453 x Degrees in the Arch 

whofe Sine is — - , when <j is greater than b. Or 

I 

<^ — . ^ or- dx+\/a^^ddxx 

^= 2.30258 Log, -^ , when a is Irfs 

than b. And we ftall have (by Form loth and ijtb, 

or 
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tw by Form the 9th and 13th) s zz —^ ^ + 

'^^\ya^J^bb^.x*t for the Surface £Af revolving 
7,aa ^ ' 

round AP- 

Ex. 6. 

In the Hyperholoid BMy defcribed by revolving about ,24. 
JPy let the Scrtii-conjugatc = b, Se mi-t;anfvei:s 

AB-Oy AP—Xy PMzzy > then y- ^ "^~~^*» ^ 

y = -:- . and y/x--\-r = —-Vddxx—a", 

. avxx—aa "v _____^ 

putting dd—aa-^bb. Therefore / =: tyy/x^-\-y =: 
—-y/ddxx — tf ♦ i whence (by Form the 9th and 1 3th) 

J r: -^^ \/ddxx ~ ^4 -j-x 2.30258 Log. 

dx + s/ddxx—a^ : And the Fluent correftcdp 

r^x , ■ ,' " u. ebb chaa 


J =: 


^aa 

da^+ba 

Log. 


v/^^;^x — tf* ~ — + -^-X2.30258 


dx+^ddx"- — a^ 

Ex. 7. 

. TV/ift^ /!>? 5w//7Cf defcribed by the Hyperbola revolving 124* 
round the Conjugate AC. Herein yx/^^+jjy, and x=: 


^>y 


, f bb + liyy 

, and v/x* +ji'* zzy/ — ^. 

The Circumference dcCcribcd by Af is r;r, whence i =z 

ca X, . ^^ "* 

f x;5 = ~Ly>/ ^^ + ^J7 • And (by Form 9 aivi 

13) 
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ii)' =ir^^* + ir-jy +- ■ ' ' 2d' — "^ 
tog. ir + v^»+^- 

^ « 

Ex. 8. 
ilt^ Jk tie H^ ^gkd f^eritOt CM^ let ^P =:x, 

PMs:^ «nd /wrijjjr, and^ = —^ = ^^ > ] 


whencev/x'+y* = — v/«*+**, and therefore s- 
y—^ — r- caax ---•-^« — €€fix—^x 

caaxx 

Whence (by Form 3 and 9) ^ r 


Atf • 


-^ X a. 302 58 X Log. «* + v^H-** : - — v/***-*^' 

But in C» lee uzzHt and if=30> therefore the Flueot 

... caa ' caa ,-. taa 

corr^edisjri:;^ -*-^V^«4^.;f* 4. -^ x 

2.30258 Log. ' - '■■ — - r 'w the Surface dc* 

^^ X I + v/* . . 
fcribed by CM about the Aflymptoite -/fP. 

E^c. 9. 

i 2 r, -^^^ ^*^ Ettipfis Mm revolve round the Line AP per- 
•^* pendieiilar to the Axis CA luttCAzzd^RM:z.^zzz^ 

then i n fi X PM^ cz x Pmznicdz. Whence i =: 
2cdz. And the whole Surface defcribcd by RD^^ 
^X Semi -periphery i?D^ . 

Ex. 10. 

, , g , 7tf /»i /i&tf Surface of the Ungtda tf a Cyiinder tut 
' ' dff'bya Plane F^ Let F be ihe Vertt3{» .^PZ thi 

Scftion 
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•Sedion made by a Circle perpendicular to the Axis } F I G« 
FA NI Perpendiculars on the Plane pf the Circle ^2^ * 
ja>Z i DCt IP Perpendiculafs en ^i **'* 

Put CDzzdy S>F:zai Radius of the Cylinder =:r, 
2?/=z, CP=:», thenr — </+P/=Cofine of 2==y, 
or PI^y-^4r^-r J and by the Nature of the Circle 

a - 

rxzzyzy and by fimilar Triangles Nliz -y Xy+d—ri 

I. • Ti7r • ^^ ■ . ■ ^^ az 

4 — r : Yvhencc s = —j— + -j" X a — r j an^ 

the whole Surface ZFJDZ =: 4 x-4Z>Z — -^ 
X Arch Z2>^— Cord ZJ. 


Ex. II. 

-(^^ . tfy GMkid NM revohe rmnd the ^f^mfiotit 
APi let JN=ay APz=.Xy PMz::y^ then is x = 

^^1 =r .SL; whence i =: ^=^=31 


coafeqMei 


F^om whqiK:^ (i?y: Fomn thc9tb and ijtb) j a;, 

and the Fluent beings duly CiQrreAed» i-^^^Lth^/t^HrW 

—•<•«» 4- — i— i— X Log f i •" i ^ ^-^l i ^ -^ ::. 

4 .. "^ -T»X 7 + 4^^3 

Ex. X2» 


\ 

« 


^8o STA^ D O C T R;I K E 

1 • 

Ex. 12. 

F I G. Let DM be the Lfg. Curve y to find the Surface it 

128. difcribes by. revolving round the A^^ptote AP. Put 

Subtangcnt Pf =:^, ADzzJ?^ AP-=;ix^ PMz=:y. By 

the Nature of "the Curve i = -- : Whence i =: 

y 

ryv/ — ^^ — +>'* = ^v/^^+jy i and by Form 9 and 


tj ) J =: |jyv/tftf4-;y + 1^^^x2.30258 Log. JF + 

V^fl<z+jy i but in D, izzo, andjrr:^ J therefore the 
Fluent corredled by Prop, XIL is szL\y y/aa-^yy — 

-Iiv'«« + ^^ + ¥<^ X 2.30258 L6g. ■ : 

Ex. \%, 

X 29. !>/ the Cycloid AM revolve about RG ; Let AP:zXf 
PM=zy, Curve JM—z. By the Proccfs Ex. 8. 

• I^rob. VIII. z —x>/— , thcrerefore l—cyJ>Ry,xy/~ 

.. . . ^ »» 

US fl— X X ^^ v^^ ':;zca >i *x — ct^x^ic^ whence j= 

X .-—• • •- 

1 i • 1 1 ' I - — . ■ ■■ 

^ca'-yr — ^ ca^x* = ^\/ax x 2^;— |^. And when 
;»=:«, the. whole Surface defcribcd by AMCzz ^caa. 

Ex. 14. ^ 

^ '9* ^!P^P t^^ Catenary AM td revolve round the Axis 
APi by the Nature of the Curve. ««=: 2 tf;r+;^j^, or 

.tf-H^r:v/^tf + zzj whence x zr — r=r ; likcwifc 

jf ± v/ij* — X* =5, " ■■ ., . Since szzcyz^ affumc 

1V^^+^^ '-- • 

the Fluent ji^o^aSfr-/ (by"^Rule 8. Prop.X.) This 

put into Fluxions \is = cyz+czy — / , or / nr^y^: 

cazz 


p 


\^o. 


. « 
I 

r 


> 
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- — ====r, and (by Form the 3CI) / r= cthyaa+zz\ ^ 

-whence s-ncyic -^ca^aa-^-zz = cyz* — caa^^ tax. 
And when corre&ed j = ryz — cax. 


P R B. XIV. 

To find the Content of folid Bodies. 

In any Solid AMm^ generated by the Space APM 1 30. 
revolving round the Axis AP% fuppofe the PlaneikSw 
to move along the Axis AP^ and by that Motion to 
defciibe or generate that Solid ; and fuppoff a given 
Re£buiglejS to move with the fame Motion alon^ the 
ikme Axis AP^ and- hf that Motion to generate a 
Paralldopipedon ; the Fluxions of thefe Solids wi|l 
be as the defcribing Planes Mn and B drawn into the 
Velocities of their Motions or the Fluxions of the 
Abfciffa AP. Now fince 5x^P=: Paralldopipedon, 
and B X Fluxion of AP = its Fluxion, confequently 
the Fluxion of the Solid AMm = defcribing Plane 
Afi» X into the Fluxion of AP. 

Likewife if the Solid AA^ be fuppofed to be gene- j ^ ^^ 
rated by a cylindric Surface MHbm continually cx- 

Sanding itfdf and moving along the Ordinate PM^ 
ill retaining AP for its Axis } it may be the fame 
way proved, that the Fluxion of the Solid AMHhmA 
or HAtEmH g^ncrutd thereby is z: cylindric Surface 
AIHhm multiplied by the Fluxion of the Ordinate 
JKiltf. Therefore, 

"To fini ibi Solidity of a Body^ let the Abfcijfa APzzx 
Ordinate PM=yt MH^u^ €1:23.1^16 (^c. s zz folid 
Content. Then ^ the Equation of the Curve expunge 
«ye of the inditermined Quantities {and its Fluxion) 
outoftkrEjuatioH i ::icyyi for tie Solid AMm^ or out 

O o e^ 


* • • ' _ * ' 
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F I G. of the Eq^uatian s •=. icuyy .for the tyltndricdl Solid 
AMHhm or HMEmh j and then find the Fluent. 

EXAMPLEI. 

123. tet ABB he a Cone, Height AC = a, CB or CD 
zzhf then bxz=,ay\ therefore s zn cyyx zz — 

, r^^A-J cyyx . ,, 

and J zr :z: , and the whole Cone =: 

3aa, 3 

cahb ' ^ 

~— z=. Bafe X T Height. 
6 

Ex. 2. 

X32. J^^^ i?i^ ^^ « Prifmoidy wbofe Bafes are right angled 
Parallelograms, though not fimilar. 

Let Its ' perpendicular Height AL z=.b^ AP •=. x, 
ADzzd, BEzzSy AG^n, BC=m, by fimilar Triangles 

bixxis—d: —^ x=^jand h:x ::m^n : — j-y. 
=: IK', then. KI=d + .^I— x, ^nd IHzzm + 


—r ^i then s ~d + — j— ^ X » H r-xxx- 

dnx + — y dxx + —^ nxx + T^x ^^^^^5 
therefore szzdnx + ; — dx"- + - — • nx'' 4. 


2/5^ 2i& 


" - ^/.r ^ ^^ ^<^ri*^^ Solid HIKF. And when ;r-i5. 

then the whole Solid BF zzdm + j» 4- zsm + suii ; 
h 


I * 


X-— = : J + s^X m -\-d + is'X.n:x ib. 

I* ' Ex. 3« 

1 30.^ l^^t AMm be the Segment of a Sphere, its 'Diameter 
■^ zr a, then yy tz ax -^xx^ therefore i = £©'x^:= r^ww 

— cx^x» 


»» 

•^ •«'-*. 
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. - ^ ». 

rcax*" cx^ F I G. 

r^cx^x.^ Jf ^erefore >j =: -^r^ -— --^ — :» /or '1^^ Scg- 

? 3 

nent AMPm. And whcn^v-=; ^^ thev^hole Sphere 

= -— ±: T the circumrcribing Cylinder. 
6 

. ; y V . -E Xr 4» - - - 

• • • ' . 

Let AMm be the Segment ef a Sphere of- an exceeding 
^mallHiighti be?^ j[y;z<jy nearly, thcrcfprc (by Cor. 3. 

caxx csey* 
Prop. II.) J zn^xzzcaxi ; therefore s zz — — = — , 
... . ._ -- - * _. ■--- «- ^ z^. 

hcarly. 

: Hence ift any Solid of a finite' Curvature, tb^ Con-t 

tent of a Segment of a very fmall Height, will be 

found to be half the Bafci drawn into the Height. 

Ex. 5. ." .' • ^ ' ' ■ ' ■'• 

Let the Solid be a Parabolfid^ where axzzyy% then 130. 

. €axx ayx » 

3 -= cyyx = caxx ; therefore s zn ^ r: -^ — r: 

2 2 

i Bafe X Height. . . ' » 

And in general if xzzy"^^ then k ^rnfr^^y\ and then 

/ zz ^;v i± r«ij'»+^j)' ; and therefore s iz '^ — j^w + a 

rr y-x. Therefore in the conic Parabola, 

whcrewzzi, that is when the Curve is convene to- 

Svards A^y then the Solidity =: -.^!L — | Bafe X 

5 
Height, 

Ex. 6. 

Ltt AmD be a Parabolic Spindle^ generated by tie j^o. 
'Parabola AMD {whofe Axis is DT) revolving round 
the Ordinate AT. ..... 

'LttATzzb, Dr=d, DH=Vi MH=u, then AfP 
or yzzd — v^ and avzzuu by the Nature of the Curve : 

O o 2 Whence 


a 
ent 
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* Whence jrri' — v= \ irhcrcforc>=2fir]yr! 

=r~- — X i — Therefore the Flu- 

J =: — + '^ — ^ : but tn A where j is ck 

«=^; therrfere tihe Fluent corre£lied is s s -^^ — 

;4edui ^cu^ j^i% icdi^ ^u^ 

5^~3a;, ft)r the Solid .^Afflfii^i and-^en t^ and 

i^zrp; the wbok Solid ^i = -^ = ^^^ = 

i^a 15 

T*5 the Bafe X Height. . 

Ex. 7. ^ 

130. Let AMm he an Hyperbokid^ Tranfvcrfi; =^ Cobju- 

gate = h. Thcnjyj ::;: -—^ x ax + xx*, and s:=zgyx 

chhi _ - ^^^^j^. 

— ~^r^ ^ 9^ + -^^^ And the Fluent s = ^ + 

^^^^^ / . ,,. ^ax+2xx Sa^-zx 

— = (expunging ^^) ^.^^^^ x^= j^^^ 

X Safe X Height. 

Hence if akeo, then the Solid =: I' Bafex Height, 

and if * be infiriitie, then tHe Solid = i Bafe x Height ; 

Therefore "ihc'HyperBoloid Is always bctwbn i arid i 

• the circumfcribihg Cylinder, and is nearly 5= jl 

thereof, 

Ex. 8. 

i J3' - ^'f ^^ l^^rhU CM tevohe round tbt Cngugtite 
APy A being the Center, ^C=^, Semiconjogatc 1= a. 

By the Katui-e of^the Figure ^zzbb -^^ ^.xm -, 

whence 


^^.brii^^;rst iiyyx^ the SdiE'idefctib^ % iOI^^ 


Ex. 9. 

z^Pi let JB^ K Bl>^^, xx^^. Then T-^^ 
, whence s ac -^"-z^r- let the Solid begin at 


.XX 

£ y and then the Fluent corredcd ft j = ^ 


Note if CAB is not a right Angle, s mufl: be di- 
tfihiiftiedin thc'Rratioof the^I&dhas^to the Sine of 
that Angle. When j^ = 0, the infinitely- long Solid 
DiAfPS- codi^km = Bafe y^M. ' 

Orthui;\xtAP^^ Pilf:s3y,'4a=^, • then i<;;=:cs 

^^,'i whence i = '2r«^=r 2/^ 5 theAsf&re rsiitgiiy 
^icypc^ for the infi:nttclyloag5(^d rfffiMS^- 

Ex. 10. 

Let DM the Leg. Curve revolve round the Ajfymptote ^ ^^^ 
'JtP\ Jet Sttbtangcnt TP = «, then j^;J tr^y ; anid'j =: 

gy^ = i:0fjf ) ^«hprefori^.J 5: — f^'^'^ Bafe Ki^^iyor 
the infinitely long Solid MP AD. .J 

Ex.. II. 


/ ' ■ *v 


:%t'JMh a Sphere/id, J "tftdt^eiiter. m'^ <i, ':at '35- 
= ^, then yy—ii-- —- xx ; ^heade i't= tyyx ^ dhBx 

TT—i therefore s = ^W^ x^ =: fr^^j^ 

H- icyyx. And -when *^^::^, then szzi chha ;= I 
'BaTey Height. ' ^ ^ - 

Ex. 
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F I G. ; .\v. . ^ -^x. 12.. V. T ' 

^3^- Let the Segment JD MN of a Circle revolve about the 
SiiU ANy CD:=ir, CJi~b, AP.ot C^x^ PM-y- 

vrr — XX — h \ then s — cy^K zzcxy, rr+bb — xx— 

d^c^s/rr — ^x\ an4 the 'E\^esi»rs^exxrr+bb-r^ixx 
^zhc X Area C'J^ik^.the Solid defcribcd by M)MP. 

137- ' ^^ tbeCiJfoii AM revolving round ARzza^ we have 

- - ' XX * ' * ' .; *. cx^x • . .. 
y'zz Tj whence s zz cyyx = = — cx^x 

\raX — XX /?-— ^ ^ ' ' 

•~ caxx^^ caax -^ ,7Tr-— : Thwfof e^W fprtp 4 .^<J 


'-'''.- ix^ '■-'•' cax*'' •.■-.■ .T-iiv.' 




a — X : And when dufy cortefted rrr -^irx' -^Irj;?* 

» -• i. • i 1. 

I ... t Xli X» l^^'X T -r 

138. .- ^A '^*, <^#?4^H!6^ W'^/^'^L-^^is^'^ ^-P. thfti 
•rt:;^. ■ ■ y^ > I isttV; -Whence i* »=23 4zrf^jjy =: zexyyz:. 


3 .V.r.',-.< 


2fy*jrx5---j^: Therefore (by Forms 10, 11 and 13) 

j,zz ca X Segment ACD^ + tcX ay-^yf % for the va^- 
ttitely long-S6Hrf':ifi)il^4 ^And the" whole JBAf^ 


u 


• Ex. lA..- ..f. ._^:'- 


■• t 


139. ^ i^/ /^^ Chonthoid DM revolve abmt the JJJynijptoteJPi 
ADzzza^ ACzzb^ thcn^+yx/aa—yyi^xy^ zndMZZXi 


therefore 


' ^ 
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therefore 5 =: icUjjf •=! %cif^ = ^tj-:>i,i>^ry\/^''''-1^^ * ^,^' 
2.bcy\^aa—yy •\-%c^\/ aa^—yy, DefcribjB. the Quadrant 
-rfDA:; then (by, Forms 10 and 13^0 s — ^cb^ 

Area AKLK —icy, aa-yy^^. And, duly corrcSled, 

s=i2cbxArtaiJKLR + Tca' — jcxaa-^\ for 
the inenitely long Solid ^iJM^P. 

Ex. j6. 

Let the Conchoid DM revolve round the Axis DR^ 13^. 
here the Circle dcfcribed by RM—cxx^ and the 
Fluxion of DR or a—y is —y •» therefore the Fluxion 

7 « 

of the Solid /= — cxxy z=. — cyx •^ - Xaa-yy=: 

/ yy 

* aabbcy 2aabc . . 

cyxb+y —-—^ —y-^aacy'.yihtnct 

c rr — -1 cbbaa , ©i - 

^o^.y: — aacy. -And by due Correftion (whcn;^=^) 

s—hcy^b+y — TCX^+tf + — —rr^abbc-^raH 

7 
a 
— ^ry + 2.30258 X 2 r/2^^X Log. —- 

Ex. 17. 

Let the Cycloid AMG revolve aiout the AxU RG, 129. 
UtAR=a, AP=x, RP=u, pM=y, Arch JB=v^ 
PB=:z, then x=a^y^ and x =-^> and by the Na- 
ture of the Figure u:=;v .+ z^ apd u = v+z^ 
ax . ' 2y — a . . . y ^ • / ^ . 

^s/ay—yy "^vay-^^yy a-^y ^^ 

then J =: 2cuyy ; and aflumc J = cuyy + /, this put 

cy^ 
iato Fluxions wc (hall find / = — cyyii zz -7=: ; 

whence 


1^8 ^ IpftCTflfriJB 

feStapf^CgiC ^^ Therefore J = rt0y + I r^X 

24 • 
die Solid dekribed hy PMGJL And when jrzztf, 
thai X = 4 wx Semicircle JB^^^ the Solid delcribcd 
by the whole SpsiCcAMSR revolving about RG. 

Ex. i8» 
I JO* i>/ /A^ Catenary AM revolve about the Acis AP \ 
hcre^APxzXy PMzy. AMztx^ and z« = 2^ + *»Ci 
whence (fee Ex. 8. Prob. III.) 2y=: ^x. Now }= 
q/yxi vid afluRie /zzgjyAr+/,. this iiLFlu30qns &iv]( 


/ = — 2rr)y = (becaufe j« =: — -) -^ z^/xy X-z- = 


% 


ax 


l[b«caufd wcp:z;K*-^jt) .*— 2^^^^ x a^ -^ v^ ^ "*** ^^^ 

X.ir^=s 2^^ — 2^ayi; J then sifllunQ / = rygjF — 
zcayz 4- «, this Equation in Fluxions will produce 
i:=2cazy^2caax^ whence u=:2c^9(. Therefore th? 
Solid s=zcxyy+cayy — 2cayz+2caax* 

Ex. 10. 

t^^^ Let the Abfciffa AP^x^ Ordinate PMsr^ ^3. 141 6; 

to find the Solidity of a Boify defcrihed by the Ryyolutm 

of arrj^ Curve defined by this Equation yy^s^A+Bx^Qf^^ 

The Fluxion of the Solid pyyx •= A^B^+Cx* : X 

Bx Cx^ 

fXj and the Fluent is^^+ H=-:"-T~-^^< ^ 

the Solidity; out of this expunge either-^' (k 

-^^— by. the Equation of the Curve, and you T^in 

have 
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. , . p:c . F I Q. 

have the Solid njjy + ^ — tCkx ly.—- — ,^q^ 


— ■ ■ px 

yy + 2J + iBx:x -^ — > which contains two gene- 

ral Theorems for all Solids of this Kind. There- 
fore from the Equation of the Curve get the Values 
of -^, By C, and fubftitute them, in that Expreffion 
of the Solid \vhere you h^ve the feweft of the Quan- 
tities J, Bi Cy ^as in the following Cafes. 

1. Let yzzax denote aCone^ then j^-zzaaxx^ and you 
have J=o\ B=o^C::zaa. Whence the Solid zzyy 

2. In the Frufirum tf d' Cone^ h^ Radius of the 
Top, andj^ — bzzaXj ot yyzzbb-^zabx^^axx \ here 

A-rzbb^ B=2ab^ C—^a,^nd the Solid zzyy+2bb+bax 

px I tx 

X -^y- = (expunging ax)yy + by + bbx — • 

3. For the Segment of a Sphere whofe Radius 1$ 
r.yy=2rx-^xx. Here J=o, Bzzirj Czr — i, and 

px _ px 


the Solid = yy+^jxx x -— :=: yy + rx x 

4. For the Fruftrum of the Sphere^ yyzzrr — xx ; here 
yizzrK B —O9 C =— 1, and then the Fruftum = 

, px 

yy -+ irr x ~r~. 

5. In the Spheroid^ azz Tranfverfe, J=: Conjugate, 

^dx ddxx , .^ dd 

and jy =: -^ ^ST"' ^^^*= ^ = o, 5 = -;p, 

• ■ « 

C =' • . ' • . Solid =: yy ,+ X •^^— * for the 

Segment. 

6. /w /i^^ middle Fruftrum of the Spberoidy 2tzz 

cc 
Tranfverfe, iczz, Conjugate, then;;7.=^^^— -^ xxy 

P p whejrc 
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^ ^ ^- «hcre ^ = cc, 5 = 0, C =-^^, the Solid = 


1 10. 


;9r + 2r^ X 


px 


3 ^ • 

7. /» a Parahoh^yyzzaXy hcife //=o^ ^=^ Czio^ 

the Solid —yyy. -r— • 

• »• ^ Fcr the Frtifirum of a FaraMoid^ h — Radios 
of the Icffcr Bafe, jjyn^i+^j httt A^hb^ Bzza, 

P^ 


M M l 


C = o, then the Solid rz jyjK + ^^ x ^ - 

9, /» /Z^tf Hyperboloid^ 2a= Tranfverfe, 2d= Con- 

2diix dd 

jugate, and jipi ^ — ^ — h "ST *^^ ' ^^^ A—o^ Bzz 

-^,C = ^. Solid =«^r^x-e, the 
Segment. 


P R O B. XV. 

140, iTfttf Nature^ of the rtfieHing Curve AMm, 4ind tb$ btm" 
nous Point L being given ; To find the ^ocus F^ 9r tht 
Concourfe of the near eft refleSed Rays MF^ nP. 

Take the Particle of the Curve Jkfo infinitely 
/mall, and l^t C be the Center and GM the Radius di 
Curvature of the Arch Mn,i and on ML^ nL^ MF^ 
jiFkt fall the Perpendiculars 'C£, Ce, CG, Q^j alfa 
on the Centers' L, is defcribc the fmall Arches Mr, 
no I then the litcle Triangles Mon^ Mnr are equal and 
£cviilar» and il^2=^. Bjr tbf Nature of Refie£bion 
the Angle iiWCziCMP, and LnCzzCnF, whence 
CE:nGG, -and Ce=Cg. Now if CJSnjC^ (that is, if 
L falls in £ or then will QGzz^Cg > that is, the Point 

F 
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F will fall in G or I' when Mind n cdncide : But if F I G. . 
Ce be lefs than C£, that is, if L falls below £, then ,140. 
\«rill Cg^ be leis than CG, and the Interfe&ion F will 
then nil above Q towards A/; and the contrary. 
The Triangles LE^ LMn and Fon^ FSG are 
fimilar, and E^= C£— C<? = CG— Q- = 5G j and 
Afi- = »^, and FG = AfG —• MF = Af £ — iWF i 
therefore LM:LE :: (Mr : E^: : no : SG : : 
FM: FG::) FM: ME^MF. ^ Whence MF=: 
LMxME - . 

2LM—ME ' 

Otberwife thus : Draw the Tangent MPf and the 
Perpendicular Li», ajid let LMzzy^ LPzzu, MEzzv, 

and by Prob. V. MC = -^> whence by fimilar Tri- 

angles vj^ n -^'^, or vkmuyj therefore MF.-zz 
uyy 

!• wherefore if CM U the Radms of Ctfrvature^ 
CE perpendicular to LM, and LP perpendicular to the 
Tangent PM^ and we make the Dijiance of the radiat- 
ing Point LM-zzy^ MEzzv^ LPzzu: Then compute 

vy 

the Value of v by Prob. V. and take MF =r. "rr~r • 
^ "^ 2y — V 

And when AM is convex towards L write — v inftead 

of + nx. 

2. Or find ufrom the Nature of the Curve^ by Help of 

' ^yy 

v>hich expunge it out of the Equation MFzz, — r^^*^^ — r-. 
f^ ^ J 2 2jy« — uy 

Cor. The Cu^e FfU palling through all the 
Points F, or touching all the refleded Rays AfF, mf 
is called the Catacauftic or Cauftic by Reflexion. In 
which any Portion BfF of the Curve is •:zI^M^MF 
• — LA — AH. For drawing mL infinitely near mL^ 
and Moy mr perpendicular to wF, ML \ then fince 
M^zzMr^ ihtrttove Lm+mfzzLM+Mf^ oriAf+ 

P p 2 Atf 
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F I G.'Mf^Lm^m/=oy and adding /F, LM+MF 

-^Lm^-^mf=fF\ but thefe Moments are ais the 

. Fluxions, and therefore the Fluents thereof will be 

equal, that is the Curve HEzzLM^MP-^-^LA^AH. 

Ex AMPL E I. 

142. Let AMhe a right Line^ then v is infinite,' whence 

2y — V — V -^ 

Or thus ; « is a (landing Quantity and izzoy there- 
fore il4F=z — W—r zz -"^n— y: Whence 
• " 2yu — t^ — ty -^ 

Perpendicular PFzzPLj and F is the Focus of the 
rcflefted Ray^, 

Ex. 2. 

143, Let MD be a Circle^ C the Center 5 then AfF = 

. And when vis infinite, MFzzivziiiME. 

I And if MD be very fmall, MF n — LC ^ CD ' 
And ifLC=CD, then MFzzlv-iME=iLM. 

Ex. 5» 

144, Z^/ MD ^f a Parabola^ and let the Rays be paral- 
lel to the Axis 1)5, then jy is^ infinite, whence JVffz: 

— ^^ zi' 1^. But by Prob. .V, v = -^1^^ 

20M^ 

(putting r zz Latus Re£lum) alfo ^ = — ^^^^ — , 

therefore ^zzv^ and ^zzlvzzMF^ and therefore 
i^ is the Focus of the Parabola. 

Ex. 4. 

145. Let DM be a P^ralola^ and let all the Rays be 
* perpendicular to the Axis Z)^. htt DPzzXjPMzzZt 

M^jzSy and rxz::zz: Then by Prob. V. ME orv 


\ 


c 


^ 


f 

« 

f 


i 
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■^^, and w=:22+irr by the Natutt of the Fi- 
. rr 

vy 22' 

ire : Whence MF= — ^ — =1^=:: -— r +izzz 

ZX ^ 

— + ^z. 

Ex. 5. 
Lef BMhe the Log. SpiraU the Center L the lumi- 145* 

lous Point, By Prob, V. v=:y, whence -WjP= 

' •" 23^*"— V 

'Ex. 6. 

Suppofe DM to be an Ellipfis^ L the Focus, the j^^^ 

Tranfvcrfc = 2r, Conjugate = 2cy then by the Pro- 

cy 
pcrty of the Curve P£ or « = . . \ and * 

' ' V2ry— ^ 


3 t 


whence MF = 


— 7z " = 2r — -j^ 5 confequently (fince the 

Angle LMP = FA/T*) the Point Fis the other Focus* 
And in like Manner it will be found that Rays 
iffuing from one Focus of an Hyperbola, and reflec- 
ted by che Curve will diverge from the other Focus. 


P R O B. XVL 

fhe Nature of the refraSiing Curve AMn^ and the lu- i^g^ 
minous Point L being given ; tofnd the Focus Fj or 
the Point where the near eft refraSed Rays MFj nF 
concur ^ and where they meet the Axis of the Figure. 

Suppofe the Arch Mn to be infinitely fmall, and 
lec C be the Center and CAf the Radius of Curvature 

io 
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F i G. in Af ; and let fall the Perpendiculars C£, Ce o& the 
J^ays of Incidence L*My Ln^ and the Perpendicular) 
CGj Cg on^thc refraftcd Rays MF^ nF ; and let the 
Sine of Inci4ence CE lo the Sine of Refradkioa CG 
be as i» to n. On the Centers L« F, defcribe the 
fmall Arches iktr. Mo. Now fince Cr exceeds C£, 
therefore Cg exceeds CG^ they being in a given Ra- 
tio ; whence MFy »F.interfe£l beyond G. 

The Figures GCilfJS and mMr are fimilar ; there- 
fore ME : MG : : M- : M)— — — ^^^ — ; zoALM 

: L^i :Mr:^ = ^^^^ : Andby.the Pro- 
perty of Refraction, m : n : :{Ce i Cg : :CE : CG : : 

Ce^CE:Cg^CG::)e^:Si= "l^^Y^ ^ 
and by the fioiilar. Triangles F(7M» i^j ; jlf(? — Sg : 

Mo : : MG : Mf, = — -tt^ — m^ r7^ — ttt^- 

. mxMGxLM—nxL^ME 

149. Produce MF till it interfcct the Axis of the Curve 
in .0, and let LAzizdy AO zzf, LMzzy , MO =s^ 

A HzzXj MH '=i'Zy,thcnyzzy/z'- -J- d + x , and s zz 

y/zz+f — X . And it is^ : -^ s : : rn : on : : m :n^ 

J ' ' . . ... nzz+ndx+nxx 
and fTj^rz-^ms or nyzz— wj, that is — - 

fftfx — ^nixx-^mzz ^, ^ 
= ^ — • Theref<jre, 

j.g^ I. To find the Focus F, /^/ CM be the Radius of 
Curvature y CE perpendicular to LM^ and CG to MG^ 
MErzv^ MG'rzu, LM^y^ m and n the Sines of Inci- 
dence and RefraSlion, Then find v and u by Prob» V. 

and take MF zz — — • ff AM is con^ 

muy-^nvv — nvy ^• 

cteoe 


I48t 
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cave tcv^ards L, write — v for v^ and — ufor u : And jr i q^ 
if the Rays converge Hfber^ ti^ey.fa^on tbe Curve AM^ 
write -^jr /^ 7* . 

2. To find tH Point where the r^aSed Ray meets 
the Axis oftbeCurue^ kt LA—d.AOznf^ AH:=im, 
MH =: 2> ihen hy the Nature (^ the,. Curve expunge 

* * --jr it TTu. ^- nzz -^ ndx -^ nxx 
X or z out xf the Eijuatton. 


' - -- ' 


:*^. -llIlo,^!^^ '' - r ^>»' tfni by ReduSiuk jind f: And 

when the C is concave towards i, write — x^ for 
+ ;?, HL. 

Coa. The Curve NfF pafikig through all the 150 
Pointa/^ or which touches all the refraded Rays£iV, 
MF, IS called the Diacauftic or Cauftic by Refra^on, 

And any Portion of it NFzzFM + iML-^NK^ 

— Xi« For fuppofing Af» infinitely fmall, and draw- 

ingMtf, Mr, • Perpendiculars on fn^n Li then by/ 

the Nature of Refraftion m: n : : m : on = ^ nr, 

m 

I 

Mm 

therefore on :=: — rn zzo; that is MF — »/— 

tn 


n 


— xLn — LM = Oy^tttd adding Ffi we have Ff =: 


,ft^— . ;jr/— — X ii» "^ X'M; but thefe Monnent3 arc 


m 


oi the FluxioAS; whence the Fluents will be equaJ, or 
FNzzFM^KN'--~xLK—LM. 


Ex. 
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Exam PL £ i. 
FIG. ^^^ ^^ ^^ ^ P/^^ Surface^ then v, u are infinite, 

^5^» whence .—^ — ^ — 2L. Now let 

muy-r^nw — nvy ^-^nw 

r n the infinite Radius of Curvature, the Perpencjicu- 
lar LA ^ ^, th6n by the fimilar Triangles LJM^ 

MCEi vzz2L ; ^o mmx rr^^ uu = nn x rr— w, 

y 

hj the right angled Triangles MEC^ MGC: Whence 

^^mm-^nn^^ + ^^. therefore MF^ 

mm m'' 

*^muuy mm — nn ny »^*— -«» 

. nvv ' min^ "^ m mnp"" 

'^ —y. And near the Point Ayj1f — — —f. 
m . n 

Ex» 2. 

J 2. Le^f^Talld Ray$faU on the convex Side of the Sfm 

' AM', then j^ is Infinite, and iHF = ^^-^ 

^ . muf-^nvv—mjj 

— -» and near the Vertex A.uzzvzzAd 

mu — nv . 

whence^zz"^^^^ 


m — n 


Ex. 3. 

r^ J, Le^ parallel Rays fall on the concave Side of the Sphere 
AM} then y is infinite, and v, u are negativt; 

whcnceilfF^ -????^L ^_^?(?L_ ^ 

^--mtcy^nvv +nvy nv m^ ' 


at the Vertex ^, v=«::;=^C, thcn^F = - 


mu 


n^^m 
m 

-AC. 


7if*^m 

Ex, 
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' Ex. 4, 

Suppofetb^Rayspro€eedtngfr4)mL^tofallontbe convex FIG. 

muuy 154, 

Side of the Sphere AM-, then MF= '^^^nvv^nvy^ 

muy 

And in or near the Vertex, MFiz — — 

fn — n xy — ^^ 

tnty 


And to find where the refraSied Ray meets the Axis 

of the Sphere, 22=:2rx-;fx, and z%=rx—xx, by 

which expunge z and 2; out of the Equation 

nzz+ndic^nxic _ mfx^mxx—mzz ^ ^^^ ^^^^^ 

J zz+d^x" J zz+f-^x'' 

hr+nd _ ^f — ^^ . 

^"^^^ x/'irx+idx+dd "^ >/2rx^2fx^ff ' 
Redudion of which/ is found. And in the Vertex 

mf — mr _ nr + nd 
A where x is o, y — ^ > or / _ 

mdr 

m-^nxd—nr , . 

Ex. "5. 

If Rays fall on the concave Surface of the Sphere AM, 1 55, 

1-Kpn ^fF — 2^^L .. And near the Vcr* 

incn iYur — ^^ — nvv-\-nvy 

muy ^2 

^^^' -^"^ 'i^::::inxy'^nu ~ n—m xy—nr 

To find where MF cuts the Axis, here zz=2rx 

XX . put the Equation into Fluxions, and write 

X for X, -—X tor x, — riorrin the Equation 

nzz +ndx+nxx _ mfx-^rnxx — m zz^^ ^^^ ^^ 

^ Q^q hava 


2^8: 52^ Dqctrise? : 

FIG. nr—nd _ — mr — nff . 

have — - — — ' ' ■■ r- 5 and 

^ f* nr — nd — mr — mf 

in t*be .Ycrtex — j- — =: '"''^'^ — j^^ — ^ ^•'^ 

t' fnrd . * v 


jrr. Cor. Hence we may find if the Sphere in ibis Caf^ 
baSifi.,geom^etric6kl Focus^ or fuch a one where att Raysr 
arQ, refraded accurAtely to on^ Point. When this 
happens, 4^ niuft be a determined Quantity for all 
' ^ Parts of tlifc Curve, the fame as at the Vertex ^ and 
i thveftire^the Powers of x muft vanifh out of the 
' general Equation expreflSng AO l confequenily the 
Coefficients of each Power,^ being equated, muft dc^ 
ftroy one another. Thus the Equation for AO fat- 
ing u X r~/ X #+2^+^ —ntx ^+/ X 


dd—^zdx-^zrx^ iben putting » xr— i X zf+zrxx 


= m' x ^+/ X 2r'-r2d X X, after reduging the E^j^- 

tion, there wilh be found »V~»V — «?V — mYzzn^r-^ 

mrd' 
m^r^m" x ^^_^^_^^ ; from w.hcnce will he 

found ^z: — - — r, therefore /rz — — -; — r^which 

n m 

being negative, (hows that the Focus O lies on the 

fame fide as «ho radiating Point -t. Therefore when 

the Diftance of the radiating Point is fuch that ^z: 

-x", theiik Fqr will be a geometrical Focus 


n 

for all Rays falKng on alJ Points of the Sphere-; and 
^ will be to/: : as m to », and the Rays after Re- 
fradtion will diverge from 0. ' 

And on the contrary Rays coavergrng to O, and 
falling on the Sphere, wiU all be accurately refracted 
to their Focus L/ . •' 

' E)t. 


-J 
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E X. 6i 

Let parallel Rays fall upon the Spheroid AM, l^t ^ ^ ^ * 
Tranfvferfc z^ h Parameter =: ^, then ;t:2: r: »x — • ' 5 • 

-j-x;^, and^iin^^-r- j-^vx-, and fitic^ d is infiqitfc, 
therefort the Equation for AO becomes n zz 


ma ma 


/. ma 1^ m» 

gy^jpay^-^ +;^y whence /will be Found j 
and in the Vertex where xzzo, mf — imazznfy or 

CoR, And to find if the Spheroid has a geometrical ■ 156. 
F0CUS9 we have- from the above Equation, n^x :ff 

— 2fx +XX ,_ma\ 'r ^^^ 
+ax^t^^ = fyif — ^/ ^mf^may.— «Wf if . 


h 
22 


ma 


^ I*, then e.quaUing the Coefficients of x and 

X*, »* X ^—2/ =z aw?/" — w^ X --r ^> ^^^ ^^ 

b 

* — ^— i — t-i 


— J— rr —7- — »/ • From the former Equation 

k b 2_ 

2«»* — 2«* r— X/, or 2i»* -i- 2;«* — — i ^> 'X 

— m^a^ " ■■ V -^ — »*^j hence we find /J rr 


m^'-^n^ 


k And from the fecond Equation, we get 

likewife a r: — —^3 ; thcrefote we may conclude 

that the Sp heroid has a geometrical Focus, when a-^: 

by.m^'-n'^ , , ^ hna m+n 
— — — . and then fzz tz '— ■=- b r: 

Q^q 2 ii 
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^^ ib 4- i but zz Diftance of the Focus from 

the Center ; therefore / zz Diftance of the remoter 
Focus from the Vertex. And therefore in this Cafe 
all parallel Rays falling on all Points of the Spheroid, 
will be accurately retracted to the further Focus of 

the Figure. 

And on the contrary, Rays iflbing from the fur- 
ther Focus of this Spheroid and refracted at the Sur- 
face, will all emerge parallel to the Axis. 


P R O B. XVII. 

FIG ^^Md the Center of Gravity of any Line^ Surface or 

S^lid. 

The Center of Gravity of a Body is that Point 
upon which, if it were fufpended, it would reft in 
^ny given Pofition. 
i^-j. Let MN be any Figure or Solid Body, regular or 
irregular; Cits Center of Gravity ; and fuppofe it to 
be lufpendcd in C upon the horizontal Line 5C, and 
the Point of Sufpenfion to be in 5. Let all the infinitely 
fmall Particles of the Body be reduced to the Line 5C, 
fituated rcfpectively in Planes perpendicular to SC ; 
• a^ at ^, dy b^ &c. Now by Mechanics, the Force of 
any Particle e to turn the Body about C, is as its 
Weight and Diftarice from C, that is, asDx^j or as 
SC—Se X ^j for the fame Reafon the Force of all the 
particles between S and C will be SC-^-K^e x e + 

5C~5D X d + SC^b X b, &c. In like Manner the 
Force of a Particle beyond C, as ^, to turn the 
Body the contrary W^y about C, is CgXgy or 

Si 
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^g—SC xgi and the Force of all the Particles gy bj i, FIG, 

&c. will be ^f^Xg + Si>-SCx b +11^6 x i, - '^^* 
&c. But as C is the Center of Gravi ty, the Forces 

on each Side will be equal j that is, SC—6e X <f + 

SC^SdxdyScc = Sg-SCxg 4- Sb^SCxb, &c, 
andiCxf + SCxd+SCxg + SCxhScc. = 
Sex e + Sdxd + Sgxg +Sbxby &e. whente SC= 
Sexe + Sdxd+Shxl' + Saxa + Sgxg + Sbxb, Sec 

e + 4 + ^+a+g + b,S£c. :=z MN.. 
Now if any one of the variable Diftances as Sit be 

called X ; the Body MN, S ; then will S3 x* = a:/; 
and the Sum of all the Saxa + Sixi + Sdx^, &c* 

zn Sum of all the xsj or the Fluent of ^i ; and the 

Sum of all the a^b+d^ &c. =: Sum of all the i, or 
the Fluent of } ; that is the Body MAT; therefore 

^^ Fluent of xs . Fluent of xs ^^ 

SC = —=7. TT- = " p ^ a^AT • Therefore, 

Fluent of i Body Miv 

^0 find the Center of Gravity ; let szz Line^ Surface 

or Solid : Multiply the Fluxion of the Line^ Surface or 

Solid {i ) by the DiftancB {of the Center of Gravity of 

the generating Pointy Line or Plane) from the Axis ^f 

Sufpnfion \ and find the Fluent z ; then ~ rr Di fiance 

> ■ ■•' 

of the Center of Gravity from the Point of Sufpenfion. \ . 

Example I. 

Let SB be a right Line or Cylinder^ S the Point of 158. 

Sufpenfion ; SB = x-, then zzzxxj and z =, ixx ; 

z 
therefore — - = ix^ for the Diftance of the Center , 

of Gravity 5C/ 

Ex. 
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£x. 2. 

FIG. InfheTriangle S^^vfhok Point of SufptnSonhS', 

159^ let 5F biflecc the oppofite Side ^, then the Center 

C is in the Line Si^; draw ^E parallel, and SG ptr- 

pdidicuiar to ^, fut SFr:^ JiB=;r, Slzzi^y 5Gz:*, 

^zih^AEzzy. By fimilar Triaogles vzz ^ and 

bx kx , . Ifbx^ie 

and 2 =1 — . Alio s zzyv -iz -, and s r: 

^hhx^ z , ' - . ' r ^ 

^— — : Therefore — =r ta^, and when x = a.--^ 
2aa J ' ' J 

zn lA zz. SC» ' • * ^ 

Ex. 3. 

1 6^0. -^^^ AM he the Arch of a Circle^ s its Center, AD ■ 
=*, SE=ry SBvzXy AMrzVy BMziy. It is evident 
the Center of Gravity of ?ny Afch AEG is in the 

Line SE that biflects it* Whence Zzzxv:^: (by the 

Nature of the Circle) — ,r^ j ^nd zzz-*-^ ; and the 

a: 
Fluent corrected is 2 = ^ -— ry. Whence — =: 

ri — ry z- ri 0^ . 

■ ' — , and when yzio, — zi — = 5C, the 

Diftance of the Center of Gravity of the Arch AEG 
from S. . 

Ex. 4. 

161/ For the SeSor of a Grck MmSj whofe Center and 
Point of Sufpenfion is S\ let Arch Mmzic^ Radius 
SMzzTj Mmzza, S^=x, ^f:::v. Then ^ n 

-7", and by the lafl: Example, the Diftance of the 
Center of Gravity of the Arch ^Dq from 5 is rr 

therefore z n , and z z: --^ — 5 there- 


rv ' r ' 3r 

fore 


-._ jj 
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fore — ^ ~ ' ' ' ■ ' ■ ^ ' " IS ~: — • zx ~: — ; sna 

2ar 
y^lf^a xzm^r^ then SC = .; •• 

Ex. 5* 

For the Circular Area P^, Let SD or SE = r, i62, 
5^=.^, P^c^ SBzzx, PAzzv, AB—y^ by the Na- 
ture of the Circle y = s/rr — xx ; then z zz yxx zz 

.i 

xxx/rr^xxy and 2 = — I X rr-^xx^"^ 5 corrected zzz . 

^^^ — — „ , Alfo s zz Area 

p^J^zr— ^^ -> whence - = IX ^^^^^^^^ 

z= Sc. And the Diftance of the Center of Gravity 
of the whole PAD^botn Si%= ^^^^^^^ . 

Again in Refpeci of the Axi»of Sui^QfiOfi SD ; 
fince the Center of Gravity of the defcribing Linej, 
is in the Middk of BA^ therefore z zz lyxyx zz 

rrx-^x^x , r^x ' ^^ « *,- >^ 

f whence z =: — . But (m^. 


2 ' "" 2 3 

X zz by z zz o ) the Fluent correfted is 2 1= 

^ ^-- i therefore — = tX 1^ 7 — » 

2r'"— 2r*^«4"3^ " 

and when xzzr^ . ^^^f ^ . zz Diftance of 

the Center of Gravity of the Semi-fegment PADSl 

Ex. 6. 

In tbtParaMa rxza;^^ Itt SP zzx^ PMzzy^ then ig^. 
in Refpeot of the Axis of Sufpcwfion ST^ ikzzyxx:^ , 

^X\/7x\ and i =; f ;^xv/ri : k\xdiSzz,-%xyzz\xx/^\ 
i therefore - 


JO4 ^^ Do C T R I N E 

^ ^ ^* therefore — zzix the Diftance of the Center of Gra- 

vity from ST. 

Again in Regard tO' the Axis of Sufpenfion 5P, 
becaufc the Center of Gratity of the defcribing Line 

is in the Middle of AfP, therefore zzziyyx zz -=^^— , 

and thence z = ''^~ ; and s zz — ~ : Therefore — 
= ?j, the Diftance from iP- 

Ex. 7: 

i6it, F<?r the hyper hit c Area BCMPy between the Af- 

fymptotes. Let SB zzby BCzz c, SP = x, PMzzy, 

'^ cbzzxy. Then in Regard to the Axis SD^ zzziyxx 

zzcbxy zndzzzcbxy but in jB, xzzby therefore by Cor- 

cbxx — ^ 


Tcaion zzzcb X x^b. And- = Area^CA?^ ' 

Again for the Axis of Sufpenfion 5P, zzz^xzz 
ccbb . _ . — ccbb ^-^chy 

-^ *, and 2 = -^j- = -^-MTorreacd z 

= — xr-^-and- = 3 Area BCMP ' 

Ex. 8. 

165. Lei AMB be an EllipftSy S the Center, AS =z d, 

SB=h, S^y, ^zzxzz ~ ^/hb^^ then for 
the elliptic Space, z = ^ = — :^ y/bb—yy^ and 2 

= — -pr X ir:^^ correfted 2 = — i ^ 

X ^2=^^ i Thence -J -^/»^J-;^X^T=gj.. 

Likewife 


I 

V 
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Likewife for the Diftaoce from SBj z zz ixxy ir F I G. 

aay aayy _ aay aay^ , 

— -L'ljf-j and z zz — — zir » whcncfe 

m 

~7 — ^bb X Area SJM^ * 

t 

, Ex. 9. . 
Let SMP be tbt byperiqlic Space^ Tranfvcrfe z:2«, 1*63. 

Conjugate =r 2^,- SPzzXy PM=y=~\/2ax+xxl 

dU 7,(1(1 r I 

whence xxzizaa + "ifj^ -^ ^a^^-^M^ ^^ = 

^« . ^^yy ' . . . aa , 
yy — - • — \ whence % zzyxx =: jv*j^ 


— —X 2.30258 Log. ;^ + v^^+^;^» whence— = 


zr Diftance from 57*. 


Area SMP 
Then for the Diftance from 5P, we have z 1= 

-:^i^ — r: X 2ax+xx. and the Fluent zzz : 

2 2aa ^ • ' 2^ 

i^;^J z ^abbxx+bbx ^ 

+ 1^' ^^^''*^"^^ T = 6^^xArea5P;if • 

/ 

Ex. 10. 

F(n' the Surface of a right Cone^ let SB zz.fc zz jgg^ 

Circumference of the Bafe, Axis 55 =: </, SM zzv^ 

SFzzx. Then it is plain its Center of Gravity is ia 

ex 
the Axis 55. — j- = Circumference of the Circle 

fx 
A/^i and by fimilar Triangles v zr -j-, and y zz 

R r /x _ 


;?o6 Tbt DocTRiUE 

F I G. /i . , _ . £x^v cf:i*x , d»^ 

■ -7-'' *^"'^'''' ^ = ~d' = -W"' '^'^ ^= "W ' 

. ^'^ '= "^5" = '2dd • Thwforc'^ = T^ = 5C. 

Ex. ii. 

166. For the Cone {or Pyramid SDE^ let the Bafc =z^, 

the reft as in the Uft E^ampie $ then the Circle A£^ 

ixx bx^x ix^ 

~ -^- J and a = -^. and e - -^i ,aIfo i 

zi - J J : Tbei?eforc -^ =: ly = 5C the DtiUiice of ' 

2ua s 

the Ccptcr of Gravity from 5. 

Ex. 12. 

167. li^f SMD he a Sphere, S P = x^ PM zzy, Radiijs 
zir, ^-1=3.1416, then yz=:y/2rx — xx^ znd zzzcy^xx 

= 2crxxx — ^^^:y ; therefore ?; ^ * - - tt- ^^ : 

3 4 

and s zz crx* — — r (by Ex. 3. Prob. XIV.) ; there- 

fore — n ■ — for the Diftance of the Ccn- 
s 1 2r — 4X 

tcr of Gravity from -S. 

Ex.. 13. 

» 

167. i^^r /i&<? Spheroid SMD, whofe Center is C, let SCz: 

a-, CFizby SPrzx, PM—y^ f=3.i4i6, then yyzz 

hb . M.i . . . . cbh . -r-^-r^^ r 

^-T- X ^ax — XX \ and 2z mw rn x *iax^x-x^x\ 

cb^ ^^. » . , 1 js , cik 


and zzr —7- Xt^^atj— |;f*;and^c: x- tfx**— Ix 

and — = • 


s iza — 4;^ 

Ex 
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Ex. 14. 

To find the CeMer of Gravity of the Solid SBDm, FIG. 
gmprated by a farml hevolufion of the Parabola SMD 1 68 . 
about ibe Jm SB. 

Let- 5 be the Point of Sufpcnfion, let SBizdi 
iT> zr h, $P = X, PM = y, ax = yy^ Afch 

Bd^€\ then Afdh Mm ;z: —r- ; therefore % zn 

Z 

therefbre — ■ => i^$ the tXiffance from 57*, 
s 

Again for its Diftance from SB, let Chord Ddzif^ 

fy 
then Chord Mm zz ^ ; and by Ex, 4. the Diftance 

of the Center of Gravity of the ^ cdtor PMm from 
P = f > .h^cfore i = ^ :. ^|f .. and 

i§ab s i^caax"" ^5^ 

the Diftance of the Center of Gravity from 5P, and in 
the Planfe that paffcs through the Axis and biffefts 
the Bafe. 

Ex. i^,' 

Let' the Hypetbola CM revotvc found the Affymptcte' 169. 
'SP, and defcrike an Hyferbohid CMB : Let SBzzb^ 
BCzzdy &P=x, P'M=yy ^=3, 1416. W=.vy} aM 

zzscfyxx zz — — — ! — , vrhencfl z zz bbddc Log. x : 

And cOfW<9:dd.- 2:' zi ^^i^</<? Log. -v- : Alfo s-zz cyy^:=z 

cbbddA . , cbbdd ,. . , , ^ 

'• ^ ^ *; and J rr -^ ■ ^- ^ '^" ■ ; and* cofretted X ±: 

. XX X ' 

chbddxp^-i therefore f = -^j^ X 1^$! -fl 

R r 2 = 


3o8 ' 756^ D C T R I M E 

F I G. =: Diftance of the Ccnw of Gravity of the Solid 

. from SA. 

Ex. 16/ ^ 

163. Let the Solid be an Hyperboloid^^vzxihtxk — 2a, 

Conjugate zz ib^ c = 3.14*6, SP=x, PM=y^ = 

b y^ , cbbx -— . 

— \/^2ax+xx J whence zzzcyyxxzz X ^ax^^x^i 

ebb ; ,^ . ebb . 

whence % — -^ X iax^-^i^x^^ alio s = -^^ x X 

_ ebb ;r- 1. r ^ 

2ax-\'XX\ and s n. — ^ X axx-^-jx^ ; therefore -7 = 

aa . ^ J , 

. - = Diftance of the' Center of Gravity irom 

12^+4'^ . 

the Vertex S. 


,P R O B. XVIIL 

' ^0 find the Centers of Tercujfion and Ofcillation. 

The Center of Percufllop is that Point in the Axis 
of a vibrating Body, which ftriking againftan^im- 
movable Obftacle, the Body (hall incline to neither 
Side, but reft as it were in EquiHbrio, on that Point. 

And the Center of Ofcillation is the Point in the 
Axis of a vibrating Body, in which if a fmall Body 
or Particle be placed, it (hall perform its Vibrations 
after the fame •Manner, in the fame Time, and with 
the fame angular Velocity as the whole Body. 
170. To find the Center of Percuffion ; through the 
Point of Sufpenfion C, and Center of Gravity, draw 
the Axis of the Body CO \ and fuppofe to^ be the. 
Center of Percuffion ; through CO draw the Plane in 
which the Center of Gravity moves, and imagine the 
Body to^ divj(kd. into innXimerable fmall Prifms, 
rr ' . ■ ;. aJl 




^ 


i- 


» 


^s. 
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perpendicular to this Plane, and let them be* Tup- p j g. 
>rcd to be reduced to, or fituated in, the Points where 
icy interfeft this Plane ; and let ^ be one of thefe 
nail Prifms. Draw pf perpendicular to COj and 
2f perpendicular to Cp ; then pd will be the Diredlion 
i jo's Motion as it revolves about C ; and the Body 
wng ftopt at Or p will urge the Point d forward, 
with a P'orce proportional to its Magnitude and Ve- 
locity, that is as ^ xCjp ; therefore the Force where- 
with^ a6ls ^at ^ in a Diredion perpendicular to CO, 
will ht pxCf. And the Force by which/) endeavours 
to turn the Body about O, will be as pxC/xdOy or 

pxCfxCO — Cd, that is as pxCfxCO—pxCp\ 
Now fince the Sum of all thcfe Forces to turn the • 
Body about muft be mo, therefore all the pxCfx 
CO—f X Cp"- =0, or all the /> x Cfx CO zz all the ^ X 
r. , r ^^ Sum of all the^xC^* 
Cp^ ., therefore CO = Sum of all the px^/ ' 
. For the Center of Ofcillation. Through the Cen- 171,. 
ters of Motion C and of Gravity G draw the Axis CO^ 
and let O be the Center of Ofcillation. Draw the 
horizontal Line Cr^ and Or^ Ggj pn perpendicular 
thereto, and />/ perpendicular to CO. 

By Reafon of the equal angular Velocities of all the 
Particles pf the Body ; the abfolute Motion of any 
Particle j (and confequently the Force that generates 
it) will be as Cj X ? ; and therefore a Force afting at 

n that can generate that Mofion in j, is as -t^X^J 

Cq^ X Q 

Xg, or -— ^^; — ^, by the Power of the Leaver :. Let 

s n Sum of all the Cfxq in the Body, and let this - 

be as (the Weight of) the Particle p. Jf the Weight 

of the Particle p^ afting at », generates any Motion 

. , • Cr^xq ' ' 

in the whole Body ADy then — ^ — ^p zz that Part 

of the Gravity of p Whith gepefatcs the Motion of ' 

the 
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F I G. the Particle f ; and the Force afting at ;, and the 

'^^* Motion of J generated by that Force, is -^- x 
— ^- — i-^ or ■■'■■!' p anq the Vclocfty of f » 
— l—Z.^ and its angular Velocity — ^. After 

the fame Manner any other Force ^"-^^ — ^^ 2kGt\t)fg 

at »» will generate the fame angular Velocicy inr 
any other Particle q ; and confcquently the Sum of 

all the Forces Cgr* X <f t «, . i .,• 

' [ • ' -^ ' — -p or the Weigh tj> will generate 

' the fame angular Velocity in all the Panicles q toge- 
ther or in the whole Body. Now fince the Weight of 
any Particle p will generate an angular Velocity in th€ 

Body JD about C, which is as Som oU\Uhc Crxj> * 
therefore the angular Velocity which all the Particres 

the Sum of all the C;?X^ 
p can generate » as. ,•, ' , ■ ,•. . In 

^ ° • bum ot all the Cp"- xp 

like Manner the angular Velocity which the Gravity 

of a'Particle p placed in O would generate in itfclf is 

^* ' C& y^ ' ^^ ^^ *' c6 ' ^ ' ^^^ becaufe of the E- 
quality of the Vibrations and correfpondent Accelerar- 
lions, this laft muft be equal to the Sum of the for- 

Sum of Cnxp Cr ^ 

mer \ whence ■ ^. cn^^^.r == nr^. • But by 

SumotCp^X/ 60* ^ 

the. Nature of the Center of Gravity,, the Sum of 4ll 

the Cn xp = Cgx Body Jl> zz^ -^xCGx Body^^ 

Cr Cr * 

— "CCT ^ ^"^ ^^ all the C/X/. Therefore -^^ 

' SymiCfxp Cr 

Sum 
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-r^: . ,- „ w 5 i And therefor* th« Center w iyj[, 

Sumot all Cfxp ' 

Ofcillation is the ftme with the Center of Percuffioo. 
, Si^ice Sum of Cfxp = CG xBody^D i therefore 

-Suniof<^*X? 
<^ = CG xBoly^D- 

Alfo fmce Q' =CG'- +Gp'-' 2CGyiGf, th ergfore the ' 

$um of all fp^xpT^ Sum of all GC» +G/» Xp -${* wk 
©f all %CGxGfxp' But by the Nature of the Ceoiwc 
of Gravity, the Sum of all the Gfxp = o % therdbM 
Sum Cp» x^ :;:; Sum CG*xP + Sutp Gp^xpz^^CG* 
X Body yS?Z) + Sum G^' Xi>. Therefore €0 = 
SnfnCp^Xp ^^ . SumofG/*Xj> ■, 

e'CxB^y^D = ^^ "^ CGxBody.<D ' '^'^ 
Sum of all Gp* Xp 

^^= ' CGxBodyJiy'' - 

Therefore if J =r Body, Cpzzx, Cf^v, Gpzuzi 

thea the Sum of all tlw: Qp* xp = Suw of «? v'=:f luon. 

of 4r'i» and Sum of Cfxp = Sum of ws: Fluent «f 

vs. And. Sum of Gp» xp = Sum 2*^ = Fluent of 

Fluent ofV> Fluent of x'i 
2^j; therefore CO =: "fiyent of v"} =CGxBody^D 
^^ Fluent of z*i „,, ,. 

R U L E- 

JDr/jw ^ parallel Line to ihi Jxis ofMftion^ threugb 
the Center of Gravity of the Figure {whether it be Line^ 
Surface or Solid) \ and find the Sum of all the Produ^ 
of every Particle of the Figure^ multiply* d by the Square 
ef its Dijiance from the Axis of Motion^ or elfe from 
the parallel Line ; which is done thus^ 
V I . Multiply the- {Moment or) Fluxion of the Figure^ 
hy the Square of its Di/iance from- the Axis of Mation^ 

and 
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FIG. (ind (iy Help of the Equation ^ of the Curve) Jmi the 

171; Fluent F\ or elje multipfy by the Square of its Diftame 

from the fcralld Une^ and find the Fluent G. 

But in many Cafes, efpecially of Solids^ the Fluent 

cannot be had at one Operation ; and then you mujijirjt 

find the Sum of thefe Produifs in the generating^ Une^ 

or, Plane^ of the Figure propofed \ thus. Multiply the 

(Moment or) Fluxion of that generating Line or Plane^ 

hy the Square of its Diftancefrom the Axis of Motion^ 

$r elfe from the parallel Line ; and find the Fluent. And 

then multiply this by the Fluxion of the Abfcijfa of the 

Figure ; and find the Fluent F, or elfe G. 

2. Then draw a Line thro^ the Point ofSufpen/ion and 

the. Center of Gravity \ and from the generating Pointy 

JJney br Plane of the Figure^ let fail a Perpendicular 

upon it ; and find the Dijiance of that Perpendicular 

from the Point of Sufpenfton 5 then multiply the Fluxion 

of the Figure by that Diftance^ and {from the Equation 

of the Figure) find the Fluent M. And let dzz Dijiance 

from the Point of Sufpenfion to the Center of Gravity'^ 

F F 
andB = Body or Figure given: . ^hen -jj or -^j^- or d 

- G • ' ' ^ 

+ "2 n- ^Ul be the Dijiance of the Center of Percujfton 

or Of dilation from the Point of Sufpenfion. 

SCHOLIUM. 

If the Center of PcrcufTionor Ofcillation be made 
the Center of Sufpenfion, then the former Point or 
Center of Sufpenfion, becomes the Center of Pcr- 
cuflion; if the Plane of its Motion remains the famf. 
And in general, the Diftancc of the Center of Suf- 
penfign from the Center of Pcrcuffion or Ofcillation, 
in the fame Body, will always remain the fame ; if 
the Diftance of its Center of Gravity from the Poinc 
of Sufpenfion, and the Plane of its Motion (in re- 
gard to the Body) remain the fame. For th^n iand 


r 
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Q FIG 

G remain the fame, and -^ = Diftance of the Ccn- 

ters of Gravity and Percuffion. And therefore in 
this Cafe if the Body be put into any oblique Pofi- 
Clon, it makes no Difference. Lilcewife if the Dif- 
tances of the Center of Gravity from the Centers of 
Safpenlion and Ofciliation, be known in one Cafe, 
they are known in all Cafes, the Plane of the Mo« 

G 

tion remaining the fame. For their Redangle = "n" j 

and therefore they are reciprocally proportional. And 
hence, as to the Calculation, it will be fufficient 
to find the Center, of Ofcillation in the fimpleft 
Cafe, and then it may be eafilyhad in any othcr^ 
or when the Point of Sufpenuon is at any other 
Diftance affigned. 

CoR. The Center of Preffure of any Plane immerfed 171. 
in a Fluid, and fuftaining that Fluid, is the fame with 
the Center of Percuffion of that Plane \ the Axis of 
Motion being the Interfeftion of this Plane with the 
Surface of the Fluid. The Center of Preffure is that 
Point againft which a Force being applied iz Sum of 
all the Preffures, ihall juil fuftain them; fo as the 
Plane fhall incline to neither Side. 

Through the Center of Gravity of the Plane draw 
40 perpendicular to 4S the Interledion of the Plane '^^ 
and Surface of the Fluid, and let cd ht parallel to 
AS. Then the Preffure againft any fmall Part cd 
is as cdy^Ab^ and its Force to turn the Plane about 
Othc Center of Preffure is cd^AbxhO-zzcdxAb 
XAO — cdxAb^ and the Sum of all thefe muft be 

1 ' ,_ r Ar^y Su m of cdxAb^ , 

equal to o, therefore A0= Sum oi cdx A b ^'^''^' 

fore O is the fame with the Center of Ofcillation and 
Percuffion, and confequently is to be found the fame 
Way. 

S f Example 
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Example i* 
FIG. i>/ CB be a right UnCr CBzzx^ then fzzx^x 

^73* and F = — -; alfo Mzixx^ ^nd M = ■^'; 
whence -j^ nl^ rr. CO. 

E X. 2. 

^74* J« <! Parallelogram where the Axis of Motion is in 
the Plane of the Figure, CBzzXy BDzzb^ then / n 

bx^i, and F = ; alfo Sfrzixx^ and Mzz 

•— - ; whence --tt- =: Ix z: CO. 

Ex. 3. 

175. Lef ABD be the Arch of a Circle^ the Center C the 

Point of Sufpenfion, and the Axis of Motion pcrpcn-, 

dicular to its Plane -, let Arch ABD zr j. Cord AD 

zzcy CB :=: r. Then Fzzrrs\ and by Ex. 3. 

re F F 

Prob. XVII. dz:,~\ therefore -^^ — -^ — 

rs 


c 

176. Let AD be a right Line^ the Axis of Motion per- 
pendicular to the Plane paffing through it. CBzzd^ 

BAzzy, then f zz ddTyy X ay, and F =: 2ddy+iyi i 

Ex. 5. 

177. For the Periphery of a Circle, let CD = 4, Radius 
^ ADzzr, Circumference zz c. If the Axis of Motion 

be perpendicular tp its Pianc« then G z^lttc, aod 

But 


% I 


J 
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But if the Axis of Motion be in the Plane of the FIG. 
Cirde^ let 2)£ =: a^ P^=:^, then g — z^szz 

—9 and by Form 17, the Fluent G=z ^^^^for 


\/^tr — zz 2 

* G rr 

.the whole Circle : Therefore d 4- -^ zz: d -^ —7. 

Ex. 6. 

For the Platte of the Circle^ the Axis of Motion per- 17^^ 

{sefldicular to its Plane, DEzzz^ Circumference at £ 

cz ^ . cz^z , ^ fz* ^r' 

=: — , then G =: -^ , and G zz 


r r ' 4r 4 

And if the Axis of Motion be in the Plane of it, 

6 zz 42*2; vrr — zz, whence G zz — ^ -, and d+ 

. G ^ cr^ __ rr 

dB -^'^ '&dB - "^ + IJ- 

Ex. 7. 

For t be Periphery of the Circle^ parallel to the Ho- jyg^ 
rizon, let the Axis of Motion be parallel to ED, 
Radius £)5=r, BA:^v, DLzzz, CDzzd^ then 6= 
• Aj^rzzz 

4XZV = — ~==r, and (by Form 17) the whok 
y/rr—'zz 

FIuentG = -^j then '^ + 75='^ + -^^ = 

Ex, 8. 

For the Plane of the Circle, whofe Point of Suf- 178. 
^nfiOn is in CD ptrpendictiiar to its Plane. . Let AL 

zz X, DL zz z, then g = 4xz^z =: 4zV2; x v/rr — zz, 

S f 2 and 
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' and the wlioltf Fluent G zz -g- j and // + -^g- z: 

Ex. 9. 

170, In an Ifoceks triangle where the Axis of Motion is 
parallel to the Bafe, let CDzzUy CAzzx^ BE=fj then 

fx fx^x fx^ 

IKzi'^—, and f = \ whence F = - — jalfo 

a a ^ 4a 

M = , and M zz -— -^ therefore -rj- = ix = 

If the Axis at C be perpendicular to the Plane of 
the Triangle, let A^v^ then. C^ x Fluxion of A^ 

. zzxx+vvxzv^ and ^ being given, the Fluent =: 

21;' . . 2V'X 

2x^v 4 , then F zz 2x\fx H zz (becaufc 

V zz -) h r i whence i^ = -^ — + 

^-7 IT r ; thereiore -^rf zz ^ — . 

Ex* 10. 

180. In the Parabola CAF, ACzzx^ AF=y^ A^zzv^ 
axzzyy. Let the Axis in C be parallel to AF^ then 
i zzyx'-Xy = xk^^^ and F zz ^x^ ^^ ; and M 
=: yxx zz xx y/I^, and M zz ix"- \/ax. Therefore 

If the A xis be p erpendicular to its Plane, then 
^ C^ X A^zz xx+vvxvy and the Fluent =: x^v+iv^t 

X being given •, then fzzx^vx+ zzyx''x+'=^ — 

• y~ 3 3 

, . y— , aXX\/ax - m - > 

=: x'^x y/ax + ■" '■ \ whence F zz fy? ^^x + 

» 
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— i^ ]F I C^ 

■^ax^s/ax. Therefore ^ = 4x + 1^ . 

Ex. II. 

Let AB be the Surface of a Sphere^ JBzzs^ BEzzz^ i8 1. 

Radius JDzzr^ c zn Circumference. Then Circum- » 

^ cz cz^s cz^ 

feretice of BE tz — -, and. 6 = — ^ = ~:: — X 


rz , ^ 2rr5 2fr* ezz 

y whence G = 


^/rr=:^ 3 c 3 

v^rr — ^22 = — — -. And Bzzrci therefore a + 


zzd + 


dB 
2rr 


3d' 

XL X* 1 2* 

Let AB^ be a Pamllelepipidon^ the Axis of Mo- 18 j. 
tion perpendicular to the Plane ABSIP » '^^ AB^ia^ 
ADzz2b, Breadth = c^ GS=x, SZ=y ; then GZ» x 


i«aMH 


.^ =: xx+jiiy X 4CK> and the Fluent =: 4cx*^y + %?, 

X being given ; whence g = ^cx^yx + — ^ — zz 

j^cbx^x + icb^x ; therefore G = icbx^' + ^cb^x zi 
icba^ + icb^a ; . alfo 5 n ^cb : Therefore ^ + 
G _ g^ + M 

Ex. 13. 

In a Cylinder let CAzzx, AD=r^ Ae=yj CHzza^ 183. 
£ = Circumference, the Axis of Motion parallel to 
AB ; then for the Circle ADBj Ce' xDe y.% — 

XX -^yy X ^y^rr—yy^ and the whole Fluent = 

^'^ ^1 . rcx'-x rHx , _ rM 
+ -J-. Then f=: — ^ — + —5—, and<F= -g- 

. ^^^^ u- 1. ja J • z? rx x^—^rcay 

+ ~g— . J which corrected gives F = ' ' g ' ' ■■ 


f^l^(^ rux — rVA . % •, '^-rr— re , x-^a 

F 2x^ — 2a^ frx — rra 
then will -jisr = ""^TJ — " " " + — ; ' = 

184. Let € KB ha Pyramid^ whofe Bafe is a ParaJIelo- 

gf a!m^ and Axis at Motion in Cparaliel Co the SideZ>^. 

Let ins Altitude =z^, AB =:/, ADzzc, CHzzx, HL :±y, 

ex fx ' 

then Kl sr — , aftd £F=:-^^, and CL* x ^/x 




SI zz x;f+jyjy X ~/^» ^^^ ^he Fluent s: 

cj^x ^ . rA^3|f ^xxv* cfx^x 

—rr V whence f = ' y + -^ *• = ■ "'^ ■ -^ + 

*-r; — > and Af == -7 — - j whence -j^ z:* tjr + 
jT' i2aa +ff 

Ex. 15^ 

185. In a right Cone^ let CJzzg^ Altitude =^, Radius 
of the Bafe =:/, AB=x^ hl'zzz^ ^=13,1416 then 

fi£ or BD = ^, /£ =:: J ^^—zz j then for 


a ^ i7tf 


J 


the Plane jD£iS, C/* x JE X4Ti = g^-x -f- » : x 4« 

ffxx - , ^, * cffx'' 

-^ zzj and the Fluent it £:+;r x \. ^ 

cf^x^ . ^, " - — -* 

+ ^T^j'^ be4og given. Thca r=^+* X 

• cffx'x 


Sean. ^.FLUxiow«. „. 

'■■ 'fe^^^ ' " "' ^ + " l;»4" ' > confequtntiy F rr : l^wrJ^ 4. *^ * ** 
^^ » and Jlf = : 4^«» + 3*if+ : X ~ Whence 

" Ex. 16. 

For the Sphere AS. Draw the Diameter AS paral- i8i* 
lei to (he Axis of Motion at C* Ad4 lot ^::;;r| 
AEzzv^ Ef:z,ZrERz::yy czzi,i^\$\ Then for the 
Circle 5£, c x 2i?/^X If X £/* = arz'i; ; / and the 
Fluent zz icz^ :z. icy^ i whence d 2: icy^v n ^^4; x 

arx'— ^i^* iz 2er^v^v — 2crv^v + Icv^v *, and G zz 
^cr^v^ ->^ Urv^ + roCV^ • Alfo the Fluxion of the 

Sojid :;: (yyv z^cvx 2rv-^vv^ and the Solid or thf 

Segment BAE zz crv^ — hcv^ == J?. Then -^d^ ^ 

orv y^ 3 — ^ ^^^ ^^^ ^j^^ ^j^^j^ Sphere! 

4X: 3or-— lov ^ ' 

G trr 2rr 

-^s = -53- = «° ' ""' '^o = '' + T^-- 

2rv yy 
If 1; be very fmalU then DO = — j- ^ -r^t 

nearly ; and in moft Clocks the Bqb of the Pendu^ 
lum is in this Form. 

Ex. 17. 

Let Al> be a Paraboloid •, CAzza^ ABzz^c^ BDzzy^ 186. 
BI=Zy f=z3.i4i6, rxzzyy. Then MIxITiX^CI'' = 

, . II , „ -I I- ' — ^_„ ^^ I ■ I r^ 

i^+AT* + zz : x.42\/yjf— '2X, and the Fluent -zz a+x 
X 9p^ + ^9^* i therefore f ;55 a+x^ X ^x + — - 


4 

X 
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F r G. ;if =:: ^14-^ X crxx 4- i^r»Jf*^i whence F= icaarxa 
+ Ir^r^J + icrx^ + i^rrrxJ. Alfo m- 7^ X gr>i 
=: S+i X ^^^^ and M= icarx* + jrrAf'. Therefore 
F _ 6tf* + 8tfy + ry + 3^^ 

M "■ 6tf + 4^ 


P R O B. XIX. 

187. ^ofind the Law of centripetal Force retpiifite to^ caufe a 

Body to move in a given Curve BF. 

Let B be the Place of the Body moving in the 
Orbit BF by a Force direfted to the given Point C 
Praw the Tangent BT^ and the Radii C5, C^ in- 
finitely near each other. §R parallel to CB ; and 
Cr, ^ Perpendiculars to BY. Let the Diftance CB 
= I), perpendicular Cr= P^ thea the infinitely fmall 
Line ^R will be as the Force and Square of the Time 
conjundly, that is as the Force and Square of the 

§>R QR 

AreaC5^ 5 therefore the Force is as • ■ , or jy j^ 

CB^ ^ ^^ 

that is (becaufe P:D:: ^n: ^R- -^^^ ) as 

-TK^r — oT' But ^ =r Radius of Curvature in 

Db ' 

the Point 5, and the fame Radius is alfo — ^ by 
Prob. V. wherefore the Force is as • ■ >., - , that is, 

, (fuppofing D to be given) as the Fluxion of -pp- 

'Therefore to find the Law of centrfpetal Force, let 
D = Diftance from the Center of Force^ P 'zz perpendf- 

cular 


T»* 


F^^ 


1. 


6. 


II 

{ 


1 
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tlar on the Tangent : Compute the Value of P in F- 1 G. 
'ems of Dy by the Nature of the Curves then find the 

^luxion^ of -^pp-^ making D z=.i,'and then expunge 

all ^antities as far as poffible^ except D, and you will 
have Fy the Law of centripetal Force required. 

I 

Example i. 

Let C the Center of Force he in the Circumference \%Z. 
of the Circle CBD i Diameter CDzzir, the Triangles 

CBD and CBT are fimilar, whence P = -^, there- 

I — 4rr r k T, i6r»D i 

fore -pp = -^. therefoft F <x ^, - oc ^ ; 

that is, the Force is reciprocally as the Fifth Power ' 
of 2). . , - , 

Ex. 2. 

Let DB be a Circle \ and C at an infinite Dijlance, j go. 

By ^ — r 
AE-x^ EDzzy, AB—r, then P=: — -, and -pjr , 

= -^r"S whofe Fluxion (becaufe D is a ftanding 

2r* 2r* _ 

' Quantity) is -g^J^^^. therefore F oc -j^ry 


F« 


or 

JJ*" m)j v u^ " 


y' 

Ex. 3. 
Let BF be an Ellipjis j C the Focus, , E the Center ; , ^q, 
draw BE and its Conjugate vf£, and let the tranfvcrle 
Axis = 2r, Conjugate = u ; then by the Property 
Of the Ellipfis irD—DD the Redangle of the fo cal 

Diftances from 5, is =^£S alfo JE or >/2rD-DD 

cD -I -2rD-\-DD 
• /. . . 7^ . p — ■ , 1 . _ - i and ^ "■*•"' — — — 

T ? = 
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FIG. — i'' ,1 u r t7t ' * 2r3 1- r 

= 'IdoT + 7^' ^^^^^ ^^"^'^ ^^ "T^ED^ therefore 


^93 


2r 


Fa - T^n or 


Ex. 4. 
iqy Lei C he tbe Center cf the Eilipjis ; then by the Na- 
* ture of the Figure AC'- + CJS' = rr + cc^ and ^C = 

--__—. cr 

therefore — yp = — , whofc Fluxi- 

on is -j^pp- 5 therefore F oc ~— oc D. That is, 
the Force is as the Diftance. 

Ex. 5. 

102 Let BAhe an HyperboUiy C the Focus. Proceeding 

cD 
as in the EUipfis, we (hall find P=: v .i, , , . i^rrxr, 

I _ ^-2rZ) — DD _ _2r_ i 

and — p^ _ ^^j^^ _ — ^^^ _ ^^ , 

whofc Fluxion is - j^^ y therefore F oc - l ^x or 
-,1 


DD ' 

And after the fame Manner if the Force be in the 

cD 
other Focus, there will be found Pzz — ^ 

s/DD—2rD 

•— 2r ~— I 
and the Force P^' rsH « hn '^ and is therefore a 

centrifugal Force, 

E X. 6. 

Let AB be an Hyperbok^ C the Center, Tranfverfc 
=2r, Conjugate =2^, b zz. half the Conjugate belong- 
ing toCB. Then by the Property of the Hyperbola 

;.- ^ ti 
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Hf'-^DDzzrr^cc^ acid ^ = \/rr — • cc+DD 5 and F ^ G^ 


cr 


i^ : r : : r : i^ zz — 7= 


X 


j:-. Confequcntly -^ 


therefore jp « 


-2D 


, whofe Fluxion is 


^rrr 


^^rr 


• « — Dj and is therefore a cen- 


trifugal Force^ , 

Ex. 7: 

i^/ ^5 ^^ a ParaholS^ C the Focds, r ir Latus 

^ /rD 

Re6hiin; by the Property of the Figure P=z^ — , 

whence — -pp =^ ~W* whofc Fluxioft is -- q^ * 

therefore Foe -jjg-. 

Ex. 8. 

Let AB he a Parabola, C the" Center of Force "at 
an inftmtc Diftancc in the Axis. ADzzx, -C)5=y> 

a^^yy, ,hea P= -^^;^=^ , and -T^ =: 


4Z> 




: X i> i therefore F« 77^^ ^, 


194. 


195" 


4D „ 4 

or (becaufe D is infinite) « ^;^, or i^* oc --^ 3 given 

Quantity. 

Ex. 9. 
Let C be the Verteitoftbe Parahla, CJ=Xy ^5=y, ^^. 
<K^=»'» by fimilar Triangles TB : JB :: TC 01 x: ^ 

Cr or P = — . "^ - i vrhence 


\^4xx+yy 


T t ? 


PP 


4^^ +yy 
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FIG. A^x+yy ~4 i Ai 

, ^^ =-^-—1 wbofe Fluxion is -gj. 

+ — ;-. But DD=:y^+a;r, and thence ;czr- -^^ 

therefore Foe ; — x — : — = ■ ^ ^. nr 7? 


0( 


, , Ex. lo. 

197- LetFJR he an EllipJtSy C fie Focus-, and let tie 
Curve VB^be formed from the ElUp/ts, thus ; take CA 
=:Cb» and, the Angle VCA to the Angle VCb, as m 
to », for all the Points of the Curve. To find the Law 
ef centripetal Force of a Body moving in the Curve VB^ 
Let the Tranfverfe of the Ellipfis = 2 r. Conjugate 
= 2c. By the Property of the EUipfis the Perpcndi- 

cular Cp = -^====-, alfo tizzTA, and L BCb 

= ^ ACo. And by fimilar Triangles ^ilf^ = 

» ^^ ^CpxTA p 
tB = ~TO= — , that is ■ .._1 - 

^^ y/DD-FP 

nc ^ 

— — ^^^^ »g* »v* — wv* 

~ n'-c^D "*" "»v^ J^ITTot—swhofe Fluxion 


5iv^D^ + »VZ)i "^'^> therefore i^o;-^ 


^£)5 ^^- In the fame Manner if C were the Center 

of the EUipfis, it might be proved that the Force is 
m^D nn — mm 


rr ^ D^ 


Ex. II. 
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Ex/ II. 

Suppofe JB to he the Logaritbmt Spiral -, fince the FIG. 
Angle CBT is always given, there is given the Ratio '9*' 

of CB to Cr fuppofe as m to «. Then ^ = -^ D i 
and -p^ _ ^^^^, whofe Fluxion is -jj^^r ; 
therefore F oe ^. 

Ex. 12. 

L^/ CB be the hyperbolic Spiral j draw CT perpen- looj 
diculartoC5, and let C5=y, the. given Subtangent 

CTzza. By fimilar Triangles y/aa+yy :y ::a: P 
- 2L_- and - - ^--i. 

~ v/^Tf^ ' PP '^ yy aa^ 

whofe Fluxion is -f- = "qT* therefore P ^ ^ 


P R O ^. XX. 

^be Nature of the Curve ABD forming an Arch being 200. 
given 5 to find the Nature of the Curve RST bound-- 
ing the Top of the JVall ATRD fupported by that 
Arch ; by the Prejfure or ff^eight of which Wall^ all 
the Parts of the Arch are kept in Equilibrio without 
falling. 

I. Let feveral equal right Lines AB^ BC; CD^ C^c. 201, 
placed in a vertical Plane, be moveable round the 
Angles A^ 5, C, A ^c. whilft the Points A G,- at 
the Bafe remain fixed and immoveable. Through 




F I G. 5, C, jDi fe?^. draw the Lines JS;, CW, I)p, 6fr, 
perpendicular to tha Horizon ; and complete the Pa- 
raiielbgram JSifri^y. and make ClzzSky and complete 
the parallelogram Clmn. In like Manner make 
• IU=Cn or i!w, Erzzop^ Fl:z:rSy and compkte all the 
FaraUclograms in the Figure as at firfl. 

2. Let feveral Weights whicb are to one another 
as the Lines £/, Gn^ Dp^ fcfr. lit refpeftivdy on the 
Points 5, C, D, ^c. Now the Force Bi^ is equiva- 
lent to Bb^ Bk^ adting in the Dire£kions Byfj BC; 
the Force Bb is deftroyed by the Refiftance of the 
Point J ; but ^it endeavours to move the Point B to* 
wards C. In like Manner the Force CM is eqtrivalcnt 

^ to Q and Cn^ the Force Z)p to Ite, ^/, 6fr. Now 
the Forces Bk (acting towards C) and CI (aflin^ to« 
wards B) being equal by Conftrudlion deftroy one 
another. In like Manner the Forces Cif, 2>> ; Djf 
and jEf ; Ev and F/, tfr. deftroy one another 5 and 
the Point G being fixed, it is maiuTeft the Figure 
ABCDy £sfr. will not be moved by the incumbent 
Weights, 5/, Cw, JDp, £sfr. but all its Parts wfll re- 
main in Equilibrio. 

3. The Force Bb : Force Bk or CI : : Sine L biB 

II » 

or f 5C: 5. L ABi : : -rr-TTr* : o »n^ - or 


5.yf5/ • SdBC "* A\«iC5 ' 
Like wife Force CI : Force Cn or Do :': S\MCD or 

;»2)C : 5.i«C£ : : ^^ : -^^^ or ^ ^^ . 
and fo on ; whence it is plain in gefietaf, tha€ any 

Force CI is as -77-7 — t^it-* Now fince C»f =: 

0. L mCB 

S.ClmxCl S.BCxxCl '. , ^ ^, 

therefore the Force 


Cm 


S.Cml S.mCD 


S.mCBxS.mCD' 
4. Now let the Number of the Lines AB^ BC^ 
CD^ (^c. be increafed and their Lengths diminifhed 
^d infinitumi that the Figure may obtain the Form of 

a Curve, 


or in general .//5roc -^-7-. But when x is given 

R = — ;rjTr4 or if jf be given R = — r^;-. 5 there- 
. r-;vy yx 


fore -^ oe -. *^" if X be given j or AT « — ^-r-j if j^ 

be given. 

Wherefore to find the Curve STj let BC=x^ ACzzy^ 

j4B=Zi then by the Nature of the Curve AB^ com- 

• •• •» 

pute " .. ■ ^ - if X be given, or - • i— if y be given ^ 

and take AT proportional thereto. And x may be ^Af- 
punged out of the Vulue of Af^ by Help of the given 
Line BSy and thence the Nature of the Curve ST will 
be known. 

Example. 


20O, 
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a Curve, and the Prcffure will then aft on all Parts of p j q 
it \ and the Angle BCx will then become the Angle 
of Contaft» and th^ Sines of mCB and mCD becQme 
equal to the Sine of mCx : Therefore drawing the 
Tangent An (Fig. 200) the Prcffure on any Point 4 
to preferve the Equilibrium will be as the Angle of 
Contaft at A directly, and the Square of the Sine of 
the Angle mAn reciprocally. But the Angle of Con- 
taft is as the Curvature, or reciprocally as the Radius 
of Curvature. Therefore the PreflTure is reciprocally 
as that Radius and the Square of the Sine of that An« 
gle 199^;!;. 

5. Let5C=:x, ACzzy^ ABzz;ii. Radius of Cur-? 
vature inAzzR. Then if z be given, S. L TAN<x 

J, and ■ ^ . « — . Then the Weight or Pref- 

fgre on A^ATxy^ and that (as has been proved) 
is as- M oc , -therefore AT.<^ 


I 

/ 


32? 
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Example i* 
FIG. Let BA be a Circle^ Radius JR=r^ BCzzx^ AC=y, 

202. •*« • . mt y ' • f— — ^ 

jB5=:tf, AT given. Thenj= v 2r^— ^^,j^i=— :5==rsx, 

\/2.rx—xx 

y = 3 ; then will —!2^, = ; 

2r.v — xx^^ y' zrx-^xxV 


202. 


— w »* 


2rx—xx^ rr ^ r ji^ rr 

X - - 3 — r- = 3 ^ therefore -^« 


r — X xx^ r-^x r — x 

or AT.— 3- . And expunging x^ S0z: 

r — X 

(JT—CS=) . i^a^r-^s/^i^^ for 

the Nature of the Curve 57*. 

Hence the Curve ST* runs upwards ad infinitum^ 
and the Perpendicular DE is an Aflymptotc to the 
Curve. 

SCHOLIUM. 

If ST had been a right Line, then the Point A 
would be preffed with too little Weight, and B with 
too much : And hence appears the Reafon why circu- 
lar Arches commonly break about the Top, by being 
loaded there with more Weight than their due Pro- 
portion. 

Ex. 2. 

Let the Curve BAB he an ElUpM BR=ry DR=c, 

CBzzx^ACznyyBSzzayX given. Then^ =r —\/2rx--xXf 

ex r — X ^^crx*^ 

y-~ X ^ ,y = . , ; Whence 

-, which is as AT\ therefore 


y^ ccxr—x 


M 
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-^ r^^ ^. «^ ^'^ FIG. 

.AT = 3 . Then 5^= a^ x 

r— X r — :X 

— (expunging x) , ^ — r + — v/cc-^jy; 

cc—-yy 
for the Nature of the Curve ST^ being of the fame 
Kind with the foregoing. 

Ex. 3. 
Let AB be a Parabola^ BC=x^ CAzzy^ SBzza^ 203* 

rxzzyy^ y given. Then x = -^, ic = -jr > and 

X 2 ' 

-^ zz. — , a given Quantity, therefore ATis every 

where>the fame, and ST is the fame Parabola placed 
in a higher Pofition. 

£x. ^'^ 

Let BA be an Hyperbola^ Tranfverfe = 2r, Con* 203 i 

jugate = 2f, BCzzXy CAzzy^ BSzza^y given. Then 

rryy , r ;^ . 

2rx+xx = -, whence r+xzi — \/^cc+yyy xzz 

-^X — , iJ' — "^ , i wherefore AT&: 

^ x/^cc+yy cc+yyy 

(— =)rr=n-' and^ir 


J^* cc+yy^"" cc+yf"- 

Hence the Curve 52^6ontinually approaches nearer 
and nearer the Hyperbola : And S^j=:{a+x — ATzz) 

^— r-i — Vcc^yy — ' ■ ^ ^ expreflcs the Na* 
turc of the Curve 57*. 

Ex. 5* 

Ltf/ Byf ** a Cycloid^ BC = *, CJ :=y, BD = J, 
BVzza, X given. By the Property of the Curve jyr: ^' 


33<^ 
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^ \j + \/ax—xx^ but i = »■ ■ " f then jf r 




2ax--^2xx 


• •• -^ 

therefore ■ f^^^-- = — r x : Thctrforc if7w 

■ _ oc 1-. 

^ — X c^ 

Ex. 6. 

203. i^' ^^ *^ ^^ Catenary^ BCzzx^ CAtzy^ BA:=t, 
BSzza^ X given j then z=:\/2rAf4-J>r^ii=: , rx , 

Kr2rX'tXX 

' therefore y = ( v z* — x* = ) ■ . 7 , and v = 


• •• 


— , — ; whence i- =: ^, therefore 

2rx+^* y^ ^^ 

s 

AT is as r+^i or AT n — x r+«f» Hence, 

1. If tfzir, then AT = a + x=CS9 and then 
Sy is a right Line paffing through S. 

2. If 55 is very fmall, draw -^f / perpe ndicul ar 

the Curve, and by fimilar Triangks (zzz) — == 

(y = ) ;■ -: : (AT ^) — Xr-i^x : Aizz 

V2rx+xx ^ 

azzBSv therefore the Arch is of the fame Thickncis 

every- where : Confequcntly a heavy flexible Line pal 

into this Figure would fupport itfelf. 

3. For the Nature of the Curve ST^ we have ^ 

nx 
— f^a + X'--'ATzz)x'^ —^. Therefore if 

is kHer than r ^he Curve is concave towards i?, ai 
if ^ is greater than r, it is convex towards B. 
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Ex. 7. 

IM AB ie tie hgaritbmc Ctirvt^ GD its Af- FIG. 

/tnpcote, BS = a, BDzntj Sttbtangcnt GE=t^ 205. 

iC = AT, CJ=yy JGizr-i^x^ then by the Property 

tx 
>f the Curve y zz — -r — , and if x be given, y — 

, whence £_ = ■ , - tz » 


r+x ys r+x x/'x» « 


whcnceyff'«r4-Af, or AT = — X r+«, the fame as 

in the Tail Example. 

For the Nmure crf^ the Curve, 5^= (a-^-x — AT 

= )._- ^.-tl«r;for.if.=.r.thcn«-bcco,„« 

the AffympCDttDG, and if ^ be lefs thenr, the Curve 
STis concave i but if a is greater than r, it is con- 
vex towards B. 

Or thus for the Nature of the Curve, GTzz {r+x^ 

— .^=i)r — a+ Xy for the Relation of 

St to the Aflymptote GD, 

Ex. 8. 

Lei AB be the GJfoid^ whofc Equation is axx-^yxx 206. 
'rzj^S in Fluxions 2axx — xyxx^-^x^y zz'^'-y \ this 
again in Fluxions (making x = o), 2^;?* — 2jx* — 
%xxy — 2Ariy — x*j? = ^yy + 3y*jf j from the former 

Equation ji' = . , ^^ ■ .y, an4 from the latter, 

2^ — ajyxx* — AcXxy — 6yy* . 
y zr '^ ; ^ '^ — . Nowiftf=io, 

xzz\\ fuppofe;^n2, a-zii, to find AFr\ here j^= 

• •• 

il, jp = — ,5462 i whence '^J = ,293 for the 

U u 2 ' Value 
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F I G. Value of JtT^ And to find it in the Vertex where* 
and y are o, and y infinitely greater than x ; we ftall 

have axx=y^,yzz -TTzr = ^i^ ~»y — ■ -^ ■ / 

' ;= i whence i- = ^_ = Infinity. 

More generally thus : 
Since axx — yxxzzy^^ in Fluxions laxx — 2yxx 

^xyn^yy, whence x = — =~- — y^ this again in 

* *y 

Fluxions and reduced (making j( invariable), x=: 
X ^;; — ; ^ XJ' = (expunging xx) 

Ay X — ^-^ = (expunging a;) Jl_^ z: 

yyxa-^y ^y.a-^y 

(expunging jr) /^ -^ — - ; whence — 


3 


~: Therefore -^2" a 


^— / X 4-^^-yy ^yy^a—^^ 
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I 

207. 7*^^ C«r^i? BA hemg given, hy whofe Revolution about 
the Axis BC there is generated a concave Surface or 
Vault ; To find the Height AT of a Wall ftanding 
on the fame, and Jupported by that Surface^ Jo that 
all the Parts may remain in Equilibrio. 

Let P5^be an infinitely fmall Part of the Surface 

contained between the Planes PBR and ^Ry draw 

^he Ordinates DC, AC-, and takeDi, ^^i infinitely 

fmall 
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fmall equal Parts of the Curve. Let BCzzx^ C^frrj, F j q; 
jB^=z : By the Reafoning in the laft Problem, the 
."Weight infiftiog - on the fmall Part of the Surface 

jfDda will be as ' ■ ^ , " , when the Particle of the 

Rf . . 

Curve is given. But this incumbent Weight is ah x 
ulDxATy But AD oc jy, therefore the Weight is as 

JtTxyy and this « ^, whence ATo: 7"*-^.^ 

Or in general -^^Toc . . Whence 

Putting BCzztK^ CA=y^ B A — z. Take AT a: 
s-*^ ifxbegrven^ or AT^ ■■ >^ ^j( n given: 


'And the Nature of the Curve ST will be., known iy ex- 
punging \X. 

Example I. 

Let B A he a cubic Paraholaj r*x =y^ ; then r^x 203. 
= 2y*j^, and (if j^ be given) r*icr = 6jjy% whence — n- 

6 6 . 

— — J therefore AT is as — a given Quantity : 

Confequently the Curve ST is the fame Parabola with 
BAi but placed in a higher Pofition. 

Ex. 2. 

£(?/ BA be a biquadratic Parabolat r^x zzy^, and 208* 

\y given. Then r^x = j\y^yy and r^x zz i2yy*y where- 

X 1 2y 

fore —.^ =: — ^, whence ./^ « j or AC. 

Ex. 3. 

Let^BA be a Circle, y zz x/^zrx—xx, x given 5 209. 

rx—xx .. — rrx^ , 

then y zz — - . y zz 3 i whence 

\/^%rx^^xx 2rx — xx^"" 

• •* 
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* * • Z^ = ' 3:.^ 1 ihnrefoie y«8r« — ■■ tkat 

** *^ y^^d ' Ri ' ^^""'^^ **»* PeipendioHfcws. il^ 
DE 9re AflVmptotes to the Curre ST. 


P R O B. XXII. 

> 

"Xofiifd t^ Re^ami of oc pi^ne^ Figwe 9p S$lii moving 
in a Fluids in the DireSion af its Axis. 

210, L^ /ffi^be any plane Figure or Solid whoic Axis 
is A^\ draw C^/ parallel tatbc Aids A^ and gD 
s^dr Ordinate BE Perpeodtculiars ibef^to^; B^ a 
Taogent at J?» and Df perpendicular to it. Call AE^ 

X y EBj y ; AB^ zi Bn^ Zi Br^ x; f», y. 

TuBtfB 9epcefent the Force or Refiftaoce of a Par- 
ticle of the Fluid» ftriking againft C with a given 
Velocity, then will /2> be the Force againfl: the Curve 
Line or Surface at B in Dircftion /D; ^t^fg will 
be the Force or Refinance againft the Curve in Di- 
region BCy which alone is the Refiftance that hinders 
or oppofcs its ppogreffiye Motion in D^eAioa of the 
Axis, But by fimilar Triaogtes fB :fg ^ :/5.* : 

/D* : : DS* : Z)^* : : z* r^S and/^ = -f- x/A 
Therefore the Force of a t^articlc againft C and B arc 

as /B and ~ X fB, that is ai i to -=7--. Now the 
2;*; ;s* 

Quantity 


iS7. 


195 r 
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Quantity of Fluid firiking againft Bn in the Curve is FIG* 

» r 

^s yj and againft Bn \n the Solid (generated by AB re- ^ ^^* 
-v^dvilig round its Axis) as ^ : Thcrtforc the Forcfe 
againft. the Bafe : Force >agaihft the Curve : :^ to 

-7-, or asjyto-7— 7-, orasjtt) ■ -^ ^ that 

is as y to -^ . t And Force againft the Bafe : 

1 + — .— 

Torcc againft the Sofid^ is.zs yy to -'^ > .- . 

I + * 


Note, by the ReRftsaice of a plane Figure moving 
in a Fluid is meant the Refiftance of a prifmatic Solid, ' , 
of any- given Depd), iind whc^e Bdfe is that Figure : 
And ic is fuppofed to move in a Diredion parallel to 
that B^l^.^ 

Hence to find the Refiftance \ by the Equation of the 

Curve^ exterminate x"" €Ut of the ^antity ■ ■ . — 

fan' the Curve ; ^tnd find tie Fluent F ; or out of the 

^^antijy ^ — rj— f^Mr ibe Solid^ and find its Fluent 

I + —~ 

yt 

C Then will the Refiftance againft the Bafe : to the 
Ji^akce ^gmff/i 4be Curve : :y : P. Or the Refiftance 
againft the Bafe : to the Refiftance agaitf/i the Sojid : : as 

y^ itoiG. 

Example i. 
Let there be a Triangle {or friftnatic Solid) ARS ^ i j 
movif^ in Diremon ^A. Let Jk.=b, ^R=c, JR=d, 
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" AE—x, EBzzy j and by fitnUar Triangles x=: -^, 

whence x» =: -, therefore ^ ^ . - = ^ ■■■ 

^ + ~. — I -I 

= •7^ =_-S-'» ^h°f^ Fluent F= ^, 
Whence the Rcfiftance of theBafe to that of the Side, 

IS as y to -jj'i that is as ad to f f, 

Ex. 2. 
211, i^/ -^i?5 ^^ a Coney whofe Axis is.^^; thcn\;rz: 

-^, ^^ = i£, and -^ =_S^ 


^* rr 


ccyy eery ccyy 

, 7^ = ~dd*' "^^""^^ ^^"«"' ^ = 1^» and 

'^^—~dd~' Therefore the kefiftance of the Bafe 

» . . - 

to that of the Side is as yy to -^^, or as di/to cc. 

Ex. 3. 
aio. • . Let ABR he a^Grcky Radius //^rr'r, AE:=.x, 

EB =y. Then ;J = _^. = _^=-, and ^ 

r — X , i/rr-ryy ' j^* 

= rr— vy * therefore ^!-~ - 1 

= ^f-J'. whofe Fluent F-y^ ^. Whence 

the Rtfiftance' againft the Bafe, to the Refiftance 
againft the Circle (or cylindric Surface) is as^'to^ 

— -^^ that is as ^rr to srr— ;?y : which when ^=r, 
is as 3 to 2. Ex. 4; 


1 • 
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Ex.* 4. 
Let AB 9 be an Hemifpbere^ then ;r;^ = F I G. 

I + r-- 2I0i 

rr-'yy_ ^^^ ^j^^f^ piy^jjt G =-^^^ ^ 


therefore the Refiftance agairift the Bafe, to the Re- 
fiftance againft the convex Surface, is ^% y'-toy^ 

„ 2 — , or as 2rr'to 2rr— yy-, which when yzir^ 
2rr 

is as 2 to I. 

Ex. 5. 
Let ABRSihe a Spheroid, ^the Center, ^=a, ^ 210. 
LatusReftum = 2r,AE-x,BEzzy,^=uzza—xy 

then uu = aa--—yy, and ;c = — « - . — 

rj aa--yyi 

therefore ^^~^ - ' ^ "P ^^ whofc 

Fluent, )by Form the 4th and i ith, is G=^^_^^ \ 

. IfT^^X 2.30258. Log : "^^^'-"-^yy.: Whence 
a — r 
thci Refiftance of the Bafe to the Refiftance of the 
convex Surface, is as ^^i to 2G; and whcnjy = ^Ry 

it will be as a— r to ■^::::;r X Log : — : — **. 

Ex. 6. 

Let JBE be an Hyperboloid .\ denoting the 'Quan- 210. 

titles as in the laft Example, uu = aa +—;!)'. and 

X X yi 


«|g Tie DocfRiKt 

IX-^ + iX=rrX 2.30258 Log. ''•' 


Therefore Rcfiftaace of th€ BaTe : Refiftantx of tte 
, convex Surface : : ^ to 2G. 

iio, -^^^ -^-5£ h o, Paraboloid^ AEzix^ BE =^, 

yzy% yy 

,2rx = yy^ then :v* = - ^^ ■ ; and ' ■■ ■ = 

— -^^, whofe FluetK C7=£.3025rr Log : V^rr-^jy; 

And by Corrcaidto ^sa.joasSsrr xl^^g : .^^ 

Atid.the Rtfiftancc of the Bafe, to the Refiftance of 
the Surface of d)€ Solid, is as jy to 2.302gSrry( 

Log: 


ir±si. 


rr • ^ 

Ex. 8. 


210. 'Suppdfe AB ii> h n cuhtc f^raUUf Y^fc^:r.y^^ 


^yj^ wtA^^w%^^ SL 


then X* = ~~-, wltcncc 


i*M«aa 


J'* 

vflicfe Fhicnt 'G <by Foroi tbe $ A) = «' >■ ' ,^ 

X Degrees in thfc Af ch wiidc Tatigctit is ^-^^ 5 

and ' the Refiftance of the £ttfe : Refiftance of the 
Surface : : as ^ to iG. 

2 It. Let ABD^-be the S^lU^^4tmriftiiJff the'Qydaid. 

AB D revolving round A'^. D^zza^ A E =Xt 

EBzzy 
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Mb =^, JBz:iZi by the Nature of the Curve, ^ = F I G; 

zz , . , zz , yy 212 

X 7—, and y = z — - j then r-. — /^ . **^* 


_ yfjfxy* ;y x 2a— z a—yxyy , - 

= --^2^ - 4^ =^ ^-^r Whofc 

Fluent Gzp-^ ^ -^ : Wbctiee the RcfiftjMici ftf 

4^ Bafe, to the Rcfiftancc pf the 5yrfftcc ; : msjgr, 

2yJ 2y 

ftojgr -^ ""Jr-t or as I to I «^ -^,andintt>cwli&je 

^oUd it ifi «s J to f . 


P R O B, XXIII. 

' iTo find the Center of Gyration of. any Body. 

J- 

This Center is fuch a Point O, that a given Force 239; 

IkAirRg at a given Dift»nce from the Axis of Eocation 

wS-R, will tn the fan^c TioEie generate the fame ajngy- 

.fer Velocity in that Body, a$ k woulid do if the whple 

Body was placed in O. 

Lit A, Bj C^ &c. be any Particles of the Body, 

and let fall the Perpendiculars Aa^ Bb^ 'Cc^ &cc! ac^d 

Ori Pp, on the Axis of Motion SR. And fuppofc 

a given Force S apply*d at P, adting at the givea 

Diftance P/> from that Axis, to move the Body about . 

SR. The abfolute Motion of the Particle A being as^ 

AaxA'y the Force acting at A that generates it mult 

alfo be as AaxA^ and a Force acting at P that will 

Aa 
generate the fame Motion in A, is as -y^r-xAaxA^ 

or — -p^ — . Likewife the Forces at P that gene- 

X X 2 . rates 
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^^^ ' rates the Motions of B and C, will be as J^ ' 

^39'J Pp 

CcytC 

and — p 'j ^c. and the Sum of all thefc = 5. 

And the Force ^t P that can generate the fame angu- 

Of* y // 

lar Motion of J, placed in J^ will be as ^ , 

likewife the Force at P that can generate the Motion 

/ of the whole Body, placed in 0, will be 77-—^ 

■ Pj> 
zz 4S, by the Hypothefis. Therefore the Sum of all 

, Aa'-xA Bb^xB Cc'xC 

the p^ + —yp- + Pp -% 6?r. =: 

^^^^, whence Or^ ^i^l>Of^^ 
, Pp s Body 

Therefore if z =1 Body, ^c- zz Diftance of any Parti- 

Sum of xxz ' Fluent of xxz 
cle, then rO^ =: ^ = ^^ . 

Whence this 

RULE. 

Multiply the Fluxion of the Figure by the Square 
of the Diftance of the generating Point, Line, or 
Surface, from the Axis of Motion, and find the 
Fluent-, which divided by the whole Body, the Square 
Root of the Quotient, is the Diftance of the Center 
of Gyration. ' ^, 

Example, i. 

240. L^^ S.J ^^ ^ ^^S^^ Line moving round S. Let SJ^zzx, 

x^ . 
SJzza^ then 2;zz;c', and Fl. ;v*^ zr — , and 5:=;^, 

2 

--- or Xx/i or a</i = Diftance of the 
, 3^ ■ ^' 

Center of Gyration SO 5 the fame is true of a flender 

Cylinder. , 

JiliX. 2. 
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Ex. 2. 

In the Peripbery of a Circle revolving about the Dia- F I G. 

meter SR. Let CJ zzr^ BJ = x^ SJ = z^ czz Cir- 241. 

rx ^ 

cumference, then z = And the whole 

\/^rr — XX 

rx^x rrz 

Fluent of ■ ■ : ' (by Form 17) = zzlcx 

y/rr — xx 2 

Yr err 

; and for the whole Circumference it is 


2 ' 
then ^ ^^zzr^/izzCOr the Diftance of the 

Center of Gyration. 

Ex. 3. 

Fvr thi Plane of a Circle^ or a Cylinder^ revolving 242,' 
round the Axis in C. Let CA-zzr^ CBzzx^ czz 3. 14.16, 
then Circumference at B :=i 2cx^ and z zzzcxx, and 
Fluent 2^^'^ z: l^;^4. J and for the whole Circle, 'tis 
icr^ ; but the Area of the Circle = err, whence 

cr^ 

s/'T'— zzrK/h, the Diftance CO. 
^ zcrr ^ 

• E X. 4* 

For fbe Plane of the Circle about the Diameter RS. 243. 

Let DC=r,CB=Xy then Flux. Figure zzx\/rr — xx, 

and the whole Fl. of x^x \/rr — xx, when xzzr^ is 
irr X Quadrant ; and for the whole Circle, irr x Cir- 
cle, this divided by the Circle gives irr,* and ^irr 
or 4r=: Diftance CO. 

Ex. 5. 

, For the Surface of a Sphere about the Diameter RS. 243. 
Let DCzzr, CB=x, RDzzs, ^=3.1416. Then the 

Circumference of the Circle dcfcribed. by D is zzicx, 

* * 

and %cxs zz Fluxion of the Figure = — — ", 

y/rr — xx 

multiply 
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* multiply by ;irAf and wc have — ^— ^ - ; but when 

;c=:r, whole Fluent of — - = r, and (by Form 

v rr — ^x 

I7)^the whole Fluent of — -== rzlcrS and for 

\/rr — XX 

the whole Surface th =: l^r^, and the Surface. of the 

Sphere = 4crr^ whence r:r — ' — = — r— , aod %/irr 
orrv/l = CO the Diftance required. 

Ex. 6. 

I4j» i>/ jRyfJ ie a Globe revolving e^eni the tykntuHr 
RS\\ttC Dzzr^CBzzx^4;zz%A^\6\ then 2cxX2DBxi 

tK 4i:xx \/rr^xx :s: « — Fluxion of the Solid 4 and 

the FKient of 4jcx^ x \/rr;~xx = -^trry^r* (by Form 
17) r: tV^S when x:=:r. And the -Globe =r ^cr^ ; 
whence v/frr or t\/i rr: Diftance <^, 

■lii in 

Ex. 7. 

244. ' Le^ ^CB he a C^nt revoiving ^hut ^tht Axis At. 
Let AB:=ia\ BC=by BEzuXy ^=3.1416 5 then D£z= 

ab — ax ^ J . . ^* — ^^^ , , ' 

'- ' ■■* " ■ ^ Awi.Z'ii^Jtcxx K — "^* • " "t wd ttiftl^ply- 

ing by y;if, we have "T^ax^x — r — )Whofe.FlueQt 

18 — ■ ,, ■ z= TTj«i^S wiien Af =^. Toe ^fi- 

dity of the Cone is =: y«i3^, then y /^ ,. = 

245. Lf/ ^:D ^ ^ Par4^olfiid rev^k^ Mbattt tffaf i&^ 
^. Put ^B=a, BCzzby JF=s, FDzzXy €=3.14.16, 

- XX ' 

and rszzxx. Then D£ == « — -i— 5 and ztzicxi 


>e€t.n. / FLUXIONS. 


34S 


c-» — ~, which muldply'd by xx » a<«r';tf'— -J,^ 

j:— , whpfe Fluent is — ^ — -— =|M^*whea 

^•=zia : And Paraboloid = kcabT?, therefore 


IW, and y/\hh = V^ = Diftjmce BO, 


buSf 


P R O B. XXIV. 

JV fimi the laUrd Strength of ^ Piece 4>f Tmi^ 

wbojis SeBion is mf tigure given^ 

Suppofe a Beam FA fixt with one End in a Walli 246. 
and a Weight P fufpended at the other End jpto 
break it, and let ABD be the Se6tion of it where it 
bpcaics. Let the abfolute Strength of i Fibre of thp 
W©od be 1, and put-^fintf, «I)i=*, AC:--x^ 
CE=yy BC=Vy and BFzui. When the Bean) bwks^ 
the Pares ac B den^ feparate ait all, and the P^ms M 
A feparate the firft, and the De^ree^iof ftretchii^ at 
any Plane C will be as BC- But by Mechanics Ac 
Refiftance any Particle 4^ m^es, will be as the De- 
gree of ftretiching, ^ and therefore as BC» Hence 

V : — :=: the Refinance or Tenfion oT a Fibre 


a 


at€ ; and by reafon of the -bended lieavcr yitfiF, whoft 

Fulcrum is in F; i : 1; : : — : ^^thcefFeffcof thatXcn- 
fion upon the Weight P5 or the "Weight fulpetfded ,at 

F to 'bal lance that Refiftance i and therefoi:© — r^ = 

Weight at F to ballance the Refiftance of all the Fi- 
bres 
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\]q brcs in the Line CE •, that is — - = Strength of all 

the Particles in CE. Therefore the Sum of all the 

vvy ' vvyx 

-, in the Figure, or the Fluent of — "^ — or 


a 


will = whole Weight P or the Strength of 

' the Beam. 

RULE. 

Expunge v or y or x by the Nature of the Figure^ 

ywx yv^v 

and find the Fluent of or of 1 and that 

'' a r a 

will he as the Strength of the Beam. 

CoR. If that Fluent be divided by the Se&ion (or 

Fl.jyxorjy), the' Quotient will (how the Diftance 

from By where the total .Strength of all the Fibres of 

the Beam being coUeded, it will be equally ftrong. 

Example i. 

yv^v 


f- ' . IfjiBB be a Parallelogram ; then y:=zbj and 

bv'^v bv^ 

n '— ; whofe Fluent is -^ — zz ( when v zza) 

a ' 3a ' 

\baa^ for the Strength, =1 \a x Se6J:ion. 

Ex. 2. 

Let ABD be a Triangle ; then y = - — , and v z: 

, yv^x bxx . > — 

a — X ; whence — n ^ X aa — lax + xx. 

a . aa 

A J 1 T-1 . ^^^* 2^Af' bx^ 

And the Fluent is • h -^ zzr^ia*^ 

2a ^a ^ 4aa t» •• » 

when ^^, for the Strength, z=: iax Section. 
If the Vertex be at By then^ = — '■■, and 


\ • 
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bv^v hv^ - FIG, 

sz — ^*^«v and the Fkient 2^ ^ — -^ = \imi^ when o . a 

^— ({?, for ^Jife Strength, or 4^ X Section = Strength* / 

Ex. J. : 

IfAEB'he a Circle \ ap4> iz s/ax^xi^ i:;: y^^^^^^^ 

and ■ n v/tfi;-^^;'y ; but jp : v y/av-^vv 

a a ^ 

or v^v\/a^^ zz Semicircle : And by Form 17 the 

whole Fluent of v^v '\/av--''^Vi or v"^vy/arr--v zz 

-h^a X Semicircle, and when doubled, F : ^ z= 

^X Circle =r-2 — y~ — ji, for the Strength of 

I O X ^ ; ' * 

the whole ritorfar Sc«ikja'^-i%# ^ Sccfion. 

r ' • • 

' Ex* 4* ' 
7/1 « hollow. OfUniir^ 4r /i»f Fmpf>€ry of the Circle 
AEB. Let the Ar^li s: x> then jv =: i;, and i; = 


» . - » • 


— zziax " y -^ % therefore Fl. of 


a — V 


3:>-^. And by Form 17, whole Fluent of (—j- 


il • 


cr)4x-?=or4x-7=, »s = — — X Se- 

micircle, when vzr^ ; and for the whole Periphery == 
U X Circle = -^-^^^j^^^S the Strength ,-or ia^ 
Secttofl 3: the Strength. 

The Problems delivered in this Section arc exceed-, 
ing general, each of them comprehending an infi- 
nite Number of particular Cafes, and are fufEcient 

y y here 
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FIG. here to Ihew the Method of invetligating general 
Problems by the Method of Fluxions. I fliall now 
proceed to exemplify the fame Doctrine, in the Re< 
Ibiution of a few particular Problema, belonging to 
Fhyficks or Natural Fhtlofophy, and the ratber 
becaufc this Sort of Problems has not bcea fo com- 
IDOO among the Writers of Fluxions. 



SECT. 
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Fig. 


rf^^ 


S EC T, III. 

^ * 

The Solution of Phyjtcal Problems^ (sr 
fuch as occur in tb^ Pbtsnomena of 
Nature, 


imm 


P R O B. I. 

f 

^ofind the Relatim of the Fluxions^ (f the Times, 
VelocitieSy and Spaces dejcribed by Bodies in 
Motion ; being a£ied upon by any accelerating 
Forces. ^ 

' m 

\ 
( 

E T b= Body or^uantity of Matter. 
^m n Motion generated. 
F = Accelerative Force. , 
t r: Time of moving. 

V zz Velocity. 

s zz Spac^ defcribed. 

Let / zr Moment of Time^ or an exceeding fmali 

Part of Time, s =: Moment of Space, v =: Moment 

of Velocity, m r: Increment of Motion. Then what- 
ever be the Law of the accelerktinig Force F» it may 



/ • 
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F I G. be conWered as uniform for the Moment of Time 

i. Then by the common Mecharnics, the Velocity 

generated in the Time t wiii be as the Force and the 
Time dircftly, and Quantity of Matter reciprocally; 

that is 1; ex -T-» Likewife the Velocity maybe 
look'd upon as unifoirnl, fof rfie Mbment of Time 

/ ; therefore by the Laws of uniform Motion, the 
S^ce tkfcribed will be as the Time iind Velocity , 

or s oe vi. Alfo the Motion geAerated is m the 

Force and Time, that is w oc Ft. Now j, /, t^, i», 
being fuppofed infinitely fmali •, fubftitute the Flux- 

tons mftead 'or the IVloments, * And "WC have ih oc /*/, 

Fi ' ' ' 

V oc , 9 and s oc ^/, ujiiverfally. And fince by 

" Mechanics m is as bv^ therefore m o: In^. Hence 
from thcfe Equations we IhaH have^ 

J. m oc Ft. oc iv^ and / oc -^^ 

• 

2. s oc vty^nd i ex — . 

Fs , . hvv ■' 

. 4« '^'y a ~j-> and ^ dr --pr-» 

And' in any of ,thefe Forms^ if ^ or F be condant- 
ly the fame ; then fuch conftant Quantity or Quanti- 
ties mull be left out. Likewife if tli^ Vcbcky or 
the Space be decreafing, you muft write — ^i, or — ^ 
inftead of «J;, i. 

C©a. Hdnce^ put h :=z i6r\ i%^, ^e Spate i^tltnid 
by h^ in am Secdnd ; then %h = Velni^. Ofptir^ in mt 
Second, Then will - o^ = 


Fi a 
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• i^2,bi 1 «'^^»'y=2i^» ^^ Fzzii which is 
. . f the Cafe of falling Bodies^ 


s V 
*** 2h lb 


For the. Velocity g^tneratcd i» 3s the Time^ .there- 
fore I (Time) : zb (Velocity) : 1 1 xviit iv^ and ^ 

Likewife the Sp^ce de£cribed with the uniform 
Velocity zb^ is ^ th« Time % thcrefpFc^ zi» (Space) : 


// 


I (Time) ::s : f : :s: f, and szzzhL 

Thcfc Forms are general, and will be found fcr- 
viceabk in the Solution of iftany phyfical and me- 
di^nical Problems. 


>;o^ 


P R O B. II. ' 

Yd Jhd the Motion of a mujical Strings vibrating 

ut very Jmall Dijhncesr 

I. Let AB be the String, and let it be drawn to C, 214. 
Imd there let go ; now lince the Force to «)ove the 
Point C, by Mechanics, is as. the Sine of the Angle 
ACn^ or ^s tKat Angle itfeM" when it is very fmall ; 
therefore the Point C alone will firft begin to move, 
«ftil 'piifeatly by the Ekxtrre of the String in d and e 
thefe Points will alfq begin to move, and then the 
neftt Poitfts to the.fe, and fo forward. Now by reafoa 
of the great* Flexure in C, that Point will at. firft 
be v^ry fwifiriy moved % and the Curvature in d and t 
being thereby increafed, thefe Points are continually , 
isccelerated \ and the Cifrvature in C being diminiflied, 
:. its 
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FIG. its Motion will be lefs accelerated. And univerfally 
214. thefe Points that are too (low being more accelerated, 
and thofe too fwift being lefs accelerated, it will come 
' ' to pafs that, the Forces being at length rightly 
adjufted, all the Points of the String will acquire 
fuch Motions, as to be carried to the Axis together ^ 
and will continue to go and return together ad ifffim* 
turn. 

2. Now that this may be regularly performed, the 
String muft always have the Form of the Curve 

' AFXB<t whole Nature is fuch, that the Angle of 
Conca^, or ihe Curvature in any Point is will be as 
the Ordmace FE ; for then the Force at JP being as 
the Curvature that is as F£, the Velocity generated 
will alfo be as FE the Space to be defcribed; and the 
conftant Accelerations and Velocities, and the Parts 
of the Ordinate defcribed, and thofe to be defcribcd, 
will be as the wholes; and confequently any cor- 

^ refpondent Parts oft;tie Ordinates, and therefore the 
whole Ordinates, will be defcribed in equal Times. 

3. To find the Radius of Curvature; Let^JS or 
^AZ:zla, ZX=h AE=x, EF=yj AF—Z^ 5= Radius 

. of Curvature in the middle Point X. Let z be given ; 
and by Prob V. Scd. II. the Radius of Curvature iof 

;= -^ ; therefore by the Nature of the Curve j : i 


e : - 


be _ zy 


y 


zz ^ , and ebxzzzyy^ and the Fluent is 

yyz 
ehxzz''^^^ bat in JIT, x=2^, and/=^: Therefore 

the Fluent corrcdlcd is ebx*^^bz:n ir, and ehk 

. ys^-bb . 2eb^—bb . .. _ 

tzebz-^ - ^ z zz ^ v/x +ji^s and byRc- 

duaion, X = — =J*±^5^ 


\/^^bl — 4^^» — j4 — ^+ + 2bbxf 
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= (bccaufc e is vaftly greater than b ory) — -^^ - ^ ^ ^* 
_:=r- Whence (by Form the 10th) the 

Fluent x-ZLs/eb x Arch whofe -Sine is ^, Radius = i ^ 

and when jr =: b^ then ^ == 4^ , and then x z= y/^^ ^ 

3.1416 ^ y-r 

— ^ — ^ = -^v^*> putting ^2r3.i4i6. Therefore 

\a zz —>/tb^ whence t =: — r-, the Radius of Cur- 
vature in X. Therefore the Radius of Curvature in 

€cy 

4. To find the Motion of any Particle of the 

String as fuppofe of if the middle Point.. Let^ = 

Tenfion of the String, or' the Force that extends it ; 

n zz Weight of the String y IZ zzx^ v zz Velocity 

In /, / = Time of dcfcribing XI 5 x, v, //the Mo- 
ments of x^ Vj and /• The Radius of Curvature ia 

/is = -^. By Example 16, Prop. XIII. The / 
ccx 

Force wherewith any Particle of the Curve at i is 

urged ; is to the Tenfion of the String (/») : : as that 

Particle (2) : to the Radius of Curvature in / ( - - ) : 



therefore the Force ading at / = — ►. And hence 

the Force upon the Particle z is as the Dlftance x : 
Now by Mechanics or the Laws of Motion, the Ve-^ 

Momentof Space X Force 

locity X Moment of Velocity be wcTht 

(Gnce the Weight is as the Matter) ; which is a uni- 
' verial 
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iF I G. ycriai Proportion for thefe Q^umki^* (See Prob. J4 

jli4« Now ic i» )cnown chat any heitvy Body falling tbrd' 
ifiiVor/ Feet gains a Velocity of 2/ in x^Sec:ondi 




therefore x' = Velocity generated by that'Body m fal- 


dwrb* X wkh thflt Vitotu/ Vi brcaofethe V^a- 

cities generated are as , the Times, or as the Spaces 

• - • • 

(l/andx) uniform fy defcribed witK the given Velocity 
%/. T&crefoDe, in tbb Cafe of f^ing Bodies, «m 

havje the Velocity x Moment of Velocity :::;: 2/$: : and 

^ ,- Force X Moment of Space" , p^ * 
AKewiie Weight r^ p ^ ^' 

Liiftly in the Cafe of the vibrating String vt^ c= Ve- 

lodtyx Moment of VelxSfcity. Aftd, oecaofc the 

'• , , . . ' ' •'. 

^tric^g^^ bbmopjpneou? a\n\\z\ —r zz Weight of :r; 

and — ^^ 2= Moineiur of Space* Therefore (by tlpe 
Ru)e05 Prep. Klli.) we gst thU Awkgy (frpin ihf 

general Proportldn bifove laaddowtiQ 2/^ ; a; :: ^*; 


9 - 


J^ ■' ■ ■ '■- ! I// "- . .^-WiBewjf tjv ^ ^V f ■■■ ij 'i^ " > or^OT; z; 

— iYpccxx , , ^, . '■^ifpccx'' 

" — s whence the Fluent is ^v z: : 

,fui na 

But in -J, ^=^p, x^l>\ tStcrefore «<vb I^ueM cof- 


ifpcc 

i-6(ae4 {by Prop. XII.} i$ w qt -r-=^^ — .x hb^^xK. 

. Atid-in Z^ where Af =: o. x? =z bcsZ-^^M the Feet 
delcribed in a Second* 

5. Laftly 
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5. Laftly fdr th« Tim«. Since the Monient of tht F ! G. 

— ^ Moment of Space . ^ . 214. 

Time a ygj^^^ » univcrfally. And in a ^ 

falling Body, 2/ (Space) : i Second (Time): : *( Space): 

•^ z: Time of defcribing x by the f jfling Body. 

;^ Space 

AhA likcwife — r = —-; — : — -, therefore from 

y if Velocity ^ 

the general Analogy, we get / = - ■ , or / = 

> then the Fluent /= * 


X 

(putting J If Arch whbfe Sine is -r- and Raclius i). 
And by Corre^Slion (for in JT, /no, ^ zr ^ ;) / = 

— ' ^ (^ting B zz Arch whofe Cofine is — ) 5 

^ na 

na 
and when jp = o, the whole Time t r: 'v/'Trr ; and 

/?^ 

2/ or the Time of one entire Vibration = v/t7Z> 1^ 

Seconds. 

Cor. I. Hence all the Vibrations great; and fmall 
are performed in equal Times j for they are all exprefled 

by 4/ — 7-, ^ in which b is not concerned. 

Cor. 2. The Number of Vibrations performed m 

2fp 

one Second is ^Z irr* 

^ flu . 

Cor. 3. Hence the Square of the Time of Vibra-, 
tioi) of any mufical String, is as it's Length and 
Weight directly, and it*s Tenfion reciprocally. And 

Z 2 therefore 
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FIG. therefore in the fame String and Tenlion the Time is 
214. as the Length. 

S C H O L I U M. 

To conftruft the barmonical Curve AFX\ let s be 

the Arch of a Circle, whofe Radius is b^ or XZ\ 

d the Diameter of another Circle, whofe Circuoife- 

ds 
rcncc is a or AB. Make AE ov x — -v-, and creft 

EFzzy^ the Sine of s ; and F is in the Curve. 

For we found x = -^ . . -, and e = ., 

Vbb—yy ccb 

therefore x zz — —^ =: •— x,— 7===- = (by 

Cy/bb — yy b \/bb — -yy 

the Nature of the Circle) -r— j whence x = -;r^: 

Therefore AFB is a mechanical Curj/e. 

I took a virginal String 29i5<fe Inches long, and 
weighing 8-^0 Grains j and faftning it to the Virginal, 
I ftrctched it with Si Pound Weight Avoirdupoife ; 
and caufing it to vibrate, I found it to be Unifon with 
' the Note Ela in the Bafe (the Note below the Cliff) : 
By this Problem it appears, tliat the String made 300 
Vibrations in aSecoivi of Time. This Experiment I 
made vei'y accurately. However, by Reafon of the 
Refiftance of the Air, and the larger Vibrations that 
the String makes, it is probable that the Time is a 
little prolonged \ and that the Number of Vibrations 
in a Second may be fomething lefs than is affigned by 
this Problem.' 
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P R O B. III. 

^ojind the Velocity of a ProjeStile at A moving FIG, 
in any given Curve ^AO about the Center of ^^5* 
Force S. 

V 

Let the Diftance SAzzD^ SB the Perpendicular odf ~ 
the Tangent at A:=zP. Radius of Curvature CAzzR^ 
€ = Velocity of the Body at A^ e zz. Velocity of a 
Body in a Circle at the fame Diftance SA^ . and afted 
on with the fame Force; take the infinitely fmall Arch 
Aa^ and draw tfw, ^»,v parallel to 5^, CA» 

Then by fimilar Triangles, P i I) \ : an \ am : i 
centripetal Force tending to C : to centripetal Force 
tending to 5 : : verfed Sine of the ArxJi Aa : yerfcd, 
Sine of the Arch (defcribed in the fame Time) whole 

Radius is 5^ : : -^ : -^. Therefore PR : DD 

: : cc : ee. > 

Bb 
Or thus, by Prob. V. Seft. 11. Rzz -y-j there- 
fore cc \ ee II Px —^ ' DD ; that is cc : ee : : 

'PbiDP. 

Cor. )*^ jSi the Ellipfis and Hyperbola, the Square 
of the VSdcity of a Projeftile moving round the Fo- 
cus : is to the Square of the Velocity of a Body 
moving in a Circle at the fame Diftance : : as the 
Projeftiles Diftance from the other Focus : is to the 
Semi-tranfverfe. * 

For . let 2r zz Tranfverfc, ib =: Conjugate j then 
(by Ex. 3d. and 5th, Prob. XIX. Sed. 11) P — 

bD 

' . Z z 2 >/2rZ)f DD ' 
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FIG. bD ' . hfDD ^, ' 

:, and p =:^ ■ " • " -r-. Therefore 


X 

2, 


bDb brD-b 

V2rD^DD 2rD+DD^ ^ 

: r. 

Cor. 2. The Velocity of a Body revolving in an 
Ellipfis round the Center, i^ to the Velocity of a 
Body in a Circle at the fame Diftance ; as the Con- 
jugate tp that Line of Diftance, to the Diftance it- 
' Tdf. ' 

For ( by Ex. 4. Prob. XIX. Seft. II. ) P zr 

br brOb 

\/rr + bb — DD rr -^ bb ^^ DD\^ 

brb brD^'b 

whence cc \ ^e x ; ( i - ^ ^ : ■ •■ ' ■ ! ■ . ■■■■ ■ » ::) 

x^rr-^bb-^DD rr+bb^DlS^^ 

rr + bJf^-^ DB : DD. And c.ie i : Conjugate erf D 
I to D- 

CoR. J, The VeJQpity of a Body moving in a Pa- 
rabola about the Focus, is to the Velocity in a Circle 
, Sit the fame Diftance : : as-v/2 to !•, 

For let r zz Latus Rectum, then by the Nature 

^ of the Parabola, P= -^, zndp--^ J-^. 
Whence cc x te : : ( ~^^ — - : — — v "nT ♦ •) ^ - 1- 

'4. 




s 


1 » 


PROB. 


Sca.III. i^FLUXIQNS. 3^ 


t 
/ 


- P R O B. IV. 

• FIG 

^Qf^ni the Velocity of a defcending Body in avy Place P, ^ 

let faH from the -ginjen Point B towards the Etirtb cr * 
,^sitrs^ing B^4y\heing aOedupon by $t Force ^jMch 
is as any. Pother cf its Diftance CP from the Center. 

Let ithe> Earth'a Radius C^rrr, CD=a^ CP=x^ 
DP^-ztf— ^, vHiofe Fluxion is-^x, / zi Time of 
4efc€fiding thro' 23P, v zz VelocMiy acquired by that 
Dcfcent. F the Force at P, which let be a$ x\ 

By Mechanics, when the Body is given, it is unl« 

ret (illy vv oc "-^Fx oc — x*iv i (fee Prob, I.) and 
the Fluent ^* oc — *. But in Z>, t^no.xi:^ 

therefore the Fluent corrected is v» oc — 


I I m 


a 
But if » = — I , then w oc Log. — ^. 

Now we muft find the Value ofvztA Che Earth's 
Surface for feme determinate Values of a and x^ in 
order tp turn the general Proportion into an.Equaeiom 
Thus^, it is known by Experiments^ that a heavy 
Body defcending through a Space s or i6tV Feet will 
acquire a Velocity of 2 j dr ^li Feet in a Second of 
Time. Therefore writing is for tj^ r for sc^ t+s for 


ay we fhall get this Analogy, 


. 


»+i r+i 


«+» .^r'"*"' 
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F I G. IT (bccaufcr+}*+'-^*+'==»+iXy^J nearly,) 4r>x 
1.. • ; and v:z:2S \/ — , the 


Fy|. defcribed in a Second. 


i r 


Cor. I. If »=: — 2, thcnvziarv^ ^,there- 

♦ fore the Velocity of a Body falling from an infinite 
Diftance to the Surface of the Earth will be ^^rs. 


r' 


Cor. 2. If »=:o, then vzz 2 ^/ sy,a — x. 


Cor. 3. If»=:i,then vrrv/'-rr-.x^w — ^xx. Thcrc- 


r 


fore a Body falling from the Surface of theEarth to 

the Center acquires the Velocity s/vTs. 

Cor. 4. If the Body had been projeSled downwards 
from D With any Velocity r, then inftead of vz=,o^ ac D, 
put vzucy and the correftcd Fkient will be w-^cc oe 


., ori;^ — m=4JX 


^«+'_x'+' 


»+i »+i X r 

Or if the Body was froje£fed upwards^ cc — w o^ 

— ^ or c'c—vnfzz 4j x' — — -— , 

^+^ ' ^ n+i Xr" 

and in either Cafe t;.i;=zff+4JX 

»+i Xr" 
Cor. 5. If n be equal or greater than — i ; as — £, 
o, I, 2, iSc. a Body falling from an infinite Diftance^ 
will acquire an infinite Velocity : For then a will be in- 
finite, and ^"+' will be in the Numerator. But if 
n be lefs than — i ; as — 2, — 3, — -4, {*?r. the Ve- 
locity acquired at the Surface, in falling from an in- 

r — ^f 

£nite Height, will be \/ — ; — , for then a is in the 

■ n^-pi 

Denominator and infinite, and x is zzr. 

P R O B. 
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P R O B. V. 

I 

^o find the Time wherein a falling Body will defcend F I G; 
through any Space towards the Earthy Csfr. being aSed 216. 
upon by a Force which is as any Power of its Diftance 
from the EartVs Center. 

The fame Things fuppofed as in the lafl: Problem,' 

-, .• . • m* r^. Mom. Space 
we (hall have, the Moment of Time oc — r^r-r — r^^ ^ 

univerfally. Since a defcending Body at the Earth's 
Surface acquires the Velocity 2 j in thq Time p or 
I Second, therefore by the Laws of uniform Motion, 

2j:/: :x.: •—— = Moment of Time, wherein i, 
is defcribed with Velocity 2 1. Hence from the uni- 

pX 9C / X 

rcrfal Proportion, -^—^ • "2? • * ' • — IT^ » there* 
fore / = — ^ = — ^ (becaufc;>=: i). And / =: 




= (by the laft Problcip) '^ . 


2V- 


X 


n+ixrs 

» 

whence /= Fluent of - — . ' zz=., exprcfled 

2Sx/^^ — 

n+ixsr' 

in Seconds. 

Cor* 


2jSp ^-^ • Hod Ti» i !#,« 

2i6. ^^^' *• ^^ »="*2, /=:Fluent of — ~\/ — X 


^ 


a 


=r(byForm loand ii)'—:\/~Xax^xx a/ — 

XjOI7453 X Degrees in the Arch whofe Sine is 
y^— , and Radius i. And when duly correficd, 

• ^. faax—^axx j0174<m ^^ ^ 

die Tiiiic/= v ^ ^^^ — + '" y V T^ X De- 

grees in the Arch whofe Cofinel»v^*^, and Radi- 
us I. And the Time of defcending t» the Centtr is 
3.1416^ a 

Cor. 2. If //=:o, then / rr ». r » mrf/sr 

V4iX 


v/^ 


C0R/3. If.»=:i,then/ =y/ — - x '; , ., , and 
(by Form 10) / =;: — v^— : X >o 17453 Degrees of the 

X 

Arch whofe Sine is — » and Radius i. v And being 

r 
duly corrected, /= ,017453 v/— X Number of De» 

X 

grees in the Arch whofc Cofine is — ^ and Radius i. 
Hence the Titeeof defcending to the Center will be 
. g.y v/ — : And therefore all the Titnes of Defr 
ceot fronf any Altitudes whatfeever will be equal. 


SCHOLlUlVf. 
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F I G. 
SCHOLIUM., -2x6. 

If / be given to find ^5 fiad the Fluent of / =: 

Ir^—X -7=, orv^-— X -7=-, by 

infinite. Series and revert the Series. And if either / or 
V be given the other may be found by firft finding x. 
And hence a Body being prqjefted upwards or down-' 
wards with any Velocity -, its Height may be found, 
and the Time of its Afcent, or Defcent. For then / = 

— = ^ " , byCor. 4. Pf^- 42 


%/ cc'\'py. 


a 


»+i X^** 


PR O B. VI. 

'the Velocity and BireSiton of a Proje£lile, and the Law 
of centripetal Force ieit^ given i tofindtbeVelocities^ 
^itnei and Angles of Revtdu^ion. 

TjetC be the Center of Force, and let the Body b^ 217. 
projcaed from V in Direftibn r^ with Velocity i 
defcribing the Space b in the Time gi and let p be the 
Velocity and J the Space which the Force at Twill 
generate in the fame Time g. To the Center C de- 
fcribe the Circle VXH, draw the Radii CX, CT m- 
finitely near, cutting th6 Trajectory in 1 and A, ^nd 
dcfcribc the Arch Kr. Call CT, a%CIy xi VJ, «} 

VX, zi Ir, ii Kr, 'y, TX^ z-, IK, u: And let /= 

Time^f defcribing T/, and / of defcribing IK, s^ 
Sine, f = Cofine of the Angle CVA, and let the 

A a a Force 
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F I G* Force in any Place / be as x*, and v = Velocity in /. 
217. Then. 

I. By the Refolution of Forces, the Force to acce- 
lerate the Body in Direction of the Curve is x* x 

-jjT- zzx'^x —5— J but by Mechanics (fee Prob. I.) 


vv oc Force x u^ univerfally. Whence w oc — 7 

X ^ o: — x'fc. Hence therefore the Moment of Ve- 
locity depends not at all on the Angle KJC^ but upoa 

X the Moment of perpendicular Defccnt, and is there- 
fore the fame at all Inclinations as if the Body de- 
fcended perpendicularly. Now to find the Moment 
of Velocity in F ; by the Laws of uniformly acce- 
lerated Motion, the Velocity generated is as the Time, 
Dr as the Spacp uniformly defcribed with a given Ve- 
-ocity : And fince in the Time of defcribing Zjr, the 

Velocity p is generated^ therefore 2q :p : : x : -±— 

zn Momctit of Velocity generated at F whilftx is de- 
fcribed with VeloQityp. ^Here therefore the Value of 

I ppx i 

vv is "^-r-j and Force x Moment of Space is ifx. 

ff1)X t 

Therefore from the univerfal Proportion, --— : d!^ 

I vvv I — :^x iivvi — ^*;c, whence vv zz ^ , -, 

ft -I J 
and the Fluent v^zz "^^^ But in F, x—a, 

n+ixqoT 

and v:;zh therefore by Correction wzzbk+^ z^ 
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— ^^ZL. But here if »=— I, then in;=:^^4. 217/ 
xLog.-^ 


1 Again, fince the Velocity is every where reci- 
procjilly as the Perpendicular let fall on the Tangent; 
and thefe Perpendiculars in ^ and / 4re sa^ and 

-^ i therefore b:v::^'sa, then isy= -^u = 

^ r ^ 7 ' I —asbx ^ 

-./x^A-iK and by Reduction^ =: — r===:: 

But by fimilar Triangles ;f : ;» : : tf : 2 = — , and 2J 

3. Laftly, fmce / oc -f- thfe Moment of the 
Area, or the Time a Area; and in Vy the Area =: 
±lL . therefore as g : asbi : / : aqJ : : / : ^. then 

Confequently fubftituting for ^1; it's equal, in the 
Values of z and /, the Fluents will give z and /. 
. Cor. I. Hence the Apfides of the Trajectory are 

eafily found ; for then it will be « =7 = "^ «, or 

ash = vx i therefore w = — *^ + JT^T^xq 

ppx"^' "Whence « will be had: And if 


at • 


> « 
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FIG* two Roots of this Equation be found ; then the cor- 
2iy. refpondent Fiutnfss will give the Pofition of tht 
Apfidcs. ^ 

CoR. 2. Since the Sine of the Angle CIK zz -4- 


asi 


vx 


; therefore if that Angle he given^ the 


ftance x may be found ; or if ;i^ be gtven^ the Ai^^ 
may be found. « 

Cor. 3. If the Body be projeded at right Angles 
to Cr, then s zziy and, by Cor. i> we (hall have 


hbxx + — 


ppax* 


ppx 


,«+3 


■w 


•^zz.a^bbi ia which 

one Root is a ; and finding x another "Root in the 

Equation, the Fluent z may thence be hads and coo- 

fcqucntly the Motion of the Apfides. 

Cor. 4. If in any Part of the Orbit,. 'z;A^=;iZj^, and 9 

/ «+i 

be greater than J HI , the Body will fty oflf 

2qa 
from the Center ; but if v be lefs» it will Approach 
the Center ; if equal, it will move in a Circle. 

For by the Laws of centripetal Force s/tm^ will 
be the Arch defcribed in the Time /, by a Body r«* 
volving in a Circle at the Diftance a ; and 2 j : ^ : : 

Vzaq : v/""^ = the Velocity of a Body moving 
in a Circle at the Diftance a. And y/I^"^ : v^I^ 


::v/ 


H 


■J 


ppx 


«+I 


2ja 


= the Velocity of a Body 


moving in a Circle at the Diftance x. Confequently * 


when V is greater, leflcr, or equal to J ^ 


«-H 


zqcT 

^he BoHy will fly from, or approach the Center^ or 
move in a Circle. 

P R O B* 
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■ / 


P R O B. VII. 

i 

To find the Time of a Bodfs defc ending thro^ an^ Arch 

of a Cycloid. 

Let JVI be the Axis, J?r, I>is ef^ Ordinatcs. Let F I G* 

ACzza,VC = b,VF = XrFf:=zx,BD^x,Dezz%, ^^^' 

s = i6tt Feet. / zz Time of defcribing BD : And 

let the Body fall from B. 

The l^imes of defcribing any Spaces uniformly are 

as the Spaces dire£tly, and the Velocities reciprocally; 

but the Velocities are as the Square Roots of the 

Heights fallen from ; and 2 j is the Space uniformly 

defcribed in i Second, by the Velocity acquired by 

2 J 
falling through j: Therefore —7- : i Second : ; 

: / r: 7=r ; or / = =-5 but (by Ex. 8. 


Prob. VIII. Seft. II.) zzzx^i — - 1 whence / = 

»^ ** X " " ' Whence %ht Fluent (by Foi-m 

a ' X 

the totfi) is /= \/ — X Arch whofe Sine is y/~Ti and 

3. 141 6 a 
Radius i. And when x — p, then / = -^^-- — y'— . . 

Whence if a Pendulum be made to vibrate in the 
Arch of the Cycloid, 2 / or th^ Time of om entire 

Vibration will be 3.i4i6v/— , in Sfwnds* 

COR. ^ 


/ 
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FIG. Cor. i.^ Hence all the Times are equal in which 
2i8, Bodies defcending from any Points'Z,^, D (hall ar- 
rive at the loweft Point C: And all the Times of 
Vibration will be equal among themfelves. 

.Cor. 2. It appears by Ex. 3. Prob. VII. Seft. 11. 
that if ZP^ P^ be two Cycloids, whofe Cufpids are 
at P, and Vertices at Z,and ^; then if a Pendulum 
JPC be fufpended at P, fo that in ofcillating it may 
fold about the Curvles ZP, P^-, then the Point C 
will defcribe the Cycloid ^C^: And therefore the 
Time of its Vibration will be 3.1416 X Time of a 
Body's falling through JC. 


PROB. VIIL 

2ig. To find the Torce wherewith a Corpufck P is attraSed 
$0 the Plane of a Circle E^D^ according^ to any Lofm 
of centripetal Force. 

Let A be the Center* and AP perpendicular to the 
Plane of the Circle, and let the Force of each Particle 
be as the »'^ Power of the Diftance. 

Put AP =: tf, AE = x, c = 3.1416. And let the 
Body m attract the Corpufcle P, at the Diftance d^ 
with the Force/ ^ then the Force which any Particle 

\ ^ , . ^ fj^ 

X attracts the Corpufcle P towards E is "~*r X 

aa+xxi % and the Force of all the Particles in the 

Periphery £^D is • x aa-fx? ^ : And by Mc- 

2cfaxx 
chanics the Force in Direction PA = — v,, -^ X 

aa-^xx 
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^ia+xxr?i and the Fluxion of the Force =: -2f3^ ^ ^ ^' 

X aa^fx?~^i whofe Fluent is -^~ x '^^+*^^ ~*~. 

But in J J •xzzoi therefore by Correction, the Force 
eicerted on P by the Plane of the Circle ED is = 

cfad 
— I, then thcForde = - ^ - x 2.302585 Log. 

aa+xx 

aa * 
Cor. I. Hence if » = i, the Force of the Circle 

exerted on the Particle P will be v > the fame 

-as if the faid Circle were wholly collected into the 
Center A. 

. . Cor. 2. Therefore if nzni^ z Sphere will attraft 210^ 
any Particle P with the fame Force as if the whole 
Sphere was contrafted into the Center C. For taking 
the Circles JED, ed parallel, aind equidiftant from the 
Center ; the Sum of the Forces ^\\i be as the Sum of 
the two Circles each multiplied into its D/iftance, 00 
as either Circle into half the Sum of the Diftances, 
that is into iPC^^ or both Circles multiplied into PC; 
and it is the fame of all equidiftant Circles that com* 
pofe the Globe. ^ 

, 2€fdd a 

Cor. 3. If»z=:— 2,the Forcer: X i ; ^ *, ,^ 

m . Vaa-^-xx ^ 

zcfdd PA 


m 
Cor. 4. If « be lefs than — i, then the Force of the 


whole infinite Plane will be 


md^X—n—i 

P R O B. 
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P R O B. IX. 

F I G. To find the Force wherewith an infinite SoUdj plain m 
221. • vne Side Ll^ attraHs a Corpufele placed atC: Sup' 
fofing the Las/) of Attraction to be uttiverjally asfom 
Power of the Diftance greater than i . 

Draw the infinite Line CGK^ perpendicular to tiie 
Plane LGlj and through the Points /, K^ infioicety 
near each otber, draw two Planes pjU^Uel to LI ; 

and let CG—aj CIzz9(^ IK^^i wd the Force ai 
x" ; and by Cor. 4. Prob. VIII. the Force wherewith 
ifae Solid contained between the Planes at /, Jl^ 

gttmas the CorJ>ufcle^ will be .. — ^^ ^^ ^ . >* and 
hs Fluxion — ^^- ^^" ^^ . whofe Fluent is -^ 
X ■ ^ . 1 - And when duly corrected the Force 


n+ixn+3 

will be , ^f - X a^'^^^^^+^ . 

»+iX»+3Xwi" 
Cor. I. If ;r bclefsthan — 3, and the Solid infinite 

towards K 5 the Force will be 2 y<g — ^ 

n+i X»+3X^ 
Cor. 2. Hence therefore the Force at difftrcDt 
Diftancei from the infinite Solid (when n is lefs cbaa 
— 3) will be as <f"+3 or €0"+^. 

Cqr. 3. Hence alfo (if n be lefs than — 3), the 
Force of a very great Body upon a very fmall Parti- 
cle, 
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crle, a t any extremely fmall Diftances, will be as the FIG. 
^^+3^^ Power of the Diftance, nearly. 221* 

Cor. 4. And if the Corpufcle be placed within the 
Solid at //, fo as GH=GCj the Force will be the 
'very fame as if it ^were placed at C, fo far without it. 
^I^or, taking IH = GH, the Solids HG and ///deftroy 
one another's £ffe£i:s« 


P R O B. X. 

^0 find the. Force wherewith a Sphere at4raEls a Cor^^ 
pufcle P^fitudted either without or within the Sphere '^ 
fuppofing the Forces of all the Particles to be recipro^ 
cally as the Squares of their Diftances. 

Cafe I. Let P be without the Sphere. Draw the 22I; 
Axis PABy and the Ordinates jEZ), ed infinitely near^ 
and let S be the Center, put PS zza^ PD = Xj Dd 

z=:x, JS = ry EDtiy, bbzz-aa — rr. Then PE 


r 


=: \/;vx+jy n y/xx-\'rr — a^ — x = \/rr^^-^iHp2^ 

= s/Tax—bb. But by Cor. 3. Prob. VIII. the Force 
of^ the infinitely thin Solid contained between the 


Planes of the Circles HE, de is n x i — ■dt'* 

tn riL 

therefore the Fluxion of the Force is - 


m 

XX ^ ^ Q, C T d d 

:1c - , whofe Fluent is ^ X: 

\/2ax — t?b m 

oc — -^ — — y/^2ax — bby but in A where the-Force 
^aa 

iso, x:z:a*^ri therefore by proper Correftion, the 

B b b Force 


^ ^ ^' Force of the Segment EAP is = -^ — X into: 


\- ♦ 


and when xzza+r^ the Force of the whole Sphere a 

"' 2cfdd 2r' 
= — ' X' • 

223- Cafe 2. Let P be wit hin the Sphere . Le t P^=i, 

PD:=-x^ then PE zz \/^rrr—aa+2ax = \/bb+zax ; 
therefore (by Cor. 3. Pr. VIII.) the Fluxion of the 

Force at D is ?- X ^ — .■ , ; whofc 

. 2(/J/i ' ^3— tfAT y— 

Fluent IS •--^^ — X : a? + — r— — v w+ 2i«? : but 

in P, X = o ; therefore the Force of the Zone or 

bh'-^ax b^ 

Seftion S>EDFR = ;^ + ^ ^^^ + ^^^ ~ ";^ • 

• In ^hich writing ^ +r for ^, there comes out — -~ X 

y-34-^1 — b^ 

— ' —for the Attraaion of the Segment ^R. 

And by a like Procefs the Attraftion of tke. Segment 

^JR = ■ ■ ■ ■' ' X *■"■" • — • whore Difrerencc 

2cfdd 
is X I tf , the abfolute Force of the Corpufcle 

P towards the' Center ; which is the fame as the Force 
of a Sphere, whijfe Radius is 5P, a&ing on the Cor- 
pufcle P at its Surface. 

CoR. I. Hence the Force of the Sphere upon the 
Particle P placed without the Sphere is the very fame 
as if the whole Sphere was colledcd into the Center^ 
and exerted the Sum of all the Forces from that Cen- 

tcr. For '- = Sphere divided by, the Square of 

the 


Se<a.iri. y T L U X I O N S. 371 

n. m ^r^c 4cr^d^f F / G« 

tltrf Diftancc; and -^j- :/: : -—7- : --: — ~ the ^^^ 

very fame Force of the Sphere before found. And 
hence it is alfo evident; that, the Forces of Spheres 
are accurately in the reciprocal Ratio, of the Squares 
of the Diftances from their Centers. 

Cor. 2c The Force wherewith any Corpufcle P 
within a Sphere, is attradled to the Center, is accu- 
rately as its Diftance from the Center ; and is the 
fame in different homogeneous Spheres, as long as that 
Diftance is the fame. 

CoRr. 3. Hence alfo, the Forces of Gravity at the 

St!ir£aces of zny honwgeneous Spheres, are as the 

* zcfdd 

Radii of the Spheres. For the Force is as' — - — x 

* 2r' r' 

•: , that is as , and when a m^r, it will be as 

^aa aa ^ 

or as n 


rr 


P R O B. XL 

' 7*0 find the Force where^Joitb a Spheroid attraSs a Cor- a 24* 
, p^file P, lying uffm its Surface in the Axis P£* 

Let PB = 2r, Diameter GH zz 2^, AP = ^, theiv 

AE =: —x/^inc — xxj and PE zz y/xx-^ — x 'irx—xx 
r rr 

zz — \/2ra*x 4- rrxx — aaxx zz --7\/2rtftfX+^^xar, 

putting bbzzrr — aa. By Cor. 3. Prob. VIIL the 

icfddx PA 

Fluxion of the Force at -4 is =z x i — -pV 

. B b b 2 • = 
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FIG. rji I . 

.224. — — ^--^x: X -^ . : Let <p =: - ^ ,/y 

X Log- r^"^: — 7=: , if r be greater than ii ; 

\/2faa 

or (p zz ' / X Degrees in the Arch, whofe 

h I ^ • 

Sine is — J — , if r is lefs than a ; and the Fluent 

icfdd ' rraa r ,~^ 

is :^ — ^ X : ^ + -^ ^j^Vzra^x + ^V: 

=z Force wherewith the Segment PEF attradts the 

particle at P, 

Cor. I. Hence the Force wherewith the whok 

2cddf 
Spheroid attraSli the Particle F is zz ^^— x into 

r^a^ zry , 2. 302^:8/5; 

ar + (p : where <p = — -p ^^ - X 

tb bb s/rr — aa 

a \/ aa — rr 

the Number of Degrees in the Arch whofe Sine is 

— , Radius ;=: i , according as r is greater 


a ' 

er leffer than a. 

^ Cor. 2. If h be very fmall^ the Force of the Seg- 

7,cdd 2rx X 

ment EPF = ^ fxinto x ^ — 4. 

bbxx X 

"Toirv/-^ 2 very near. , And the Force of the 

whole Spheroid is = — =^— x into 2r -^^ •■ ^- 

2rr 
--—p bb 5 as will appear by infinite Scries, , or Form 

th? I 6th. 
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Cor, 3. l^tJPB^\Ktiti EUipfis, ^5 the greater F I Q. 

Axis, P^the Itflfen P«t/= ^ll^^lL^ x '"^ 

J^og : - — ^ — -pQ : then the attra(9:ing Force 

at A upon the oblong Spheroid, generated by revolv- 
mg round yf5, is 2-^C H ^?qr 57^- ^ — — . 

And (by thelaft Prob.) the Force stt ^upon a Sphere 
-whofe Diameter \% AB^ is ^AC. Therefore the Force , 

of the Spheroid^ to that of the Sphere^ is ^s ACxV—^ 
X 3PCS to AC^-^PQ. And fince th^ oblate Sphe- 
roid generated by revolving about P^ is a meaji 
proportional between the oblong Spheroid and this 
Sphere ; therefore the Force upon the EquinoSialat A9 
upon this oblate Spheroid (which* rcprefents the Earth) 
. is nearly a mean between the Forces of thefe other two 
Bodies. And this may help tp d^terpin? the Figure 
of the Earth,\ 


PROB. XII. 

To find the Motion of a Ray ^ of Light pajjing into a 

refra£iing Medium. 

Let there be two Mediums feparated by the re- ^^/r, 
frafting Space RAdD terminated by the Parallel . 
Planes RA^ Dd\ and \tt the Ray, moving in the 
Diteftion GH^ pafs from H to /, and in its;Paffage 
be afted upon, in Lines perpendicular to the Planes, 
by any Force which is equal at equal Diftances from 
either Plane, and at all Diftances 4s any Powers or 
Sums of Powers of the Diftance therefrom. And 

let 
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.P I 5,-Wt * ;ti Vclacity ift i/, tr- Velocity in P^ CP = ^, 

•««5- : pf = 2| PF r; 4 ^ =i Time of defcribing PF. And 
let the Torce be as ^ + S«* + €¥» + Z);?'^ (^c. — 9x 

^cir will thcForce in Dfirection PF be —^ And Gncc 


-V 


space 
thfeJ^tlQcity a xime * ^^^ Moment of Velocity o; 

Torce X Time, therefore W) <x %", or ott oc ^ ; 
liflbtne/) a given ^Juantity, and leti;^;=:£^^ and 
4ct-P be the Fluent of ^^ tben t^* =r 2jr>F, and by 
-©<>irfefetion vv*--M::^2pI\s^ndvv::zii+2pF. Heme 
nte^Rtfy'^iil always hare the fame Velocity in tlic 
aft*ie Medium PIK, whttt^vtr be the Angle of Itid- 

• Let the Motion ttf the Ray <?/? be divided mto tut) 
^)4^^ AHy on^ parallel the other perpendicular to the 
^l^ie RA. Then fint^ die parallel Motion yfHh 
not at all changed by the Actions of the Forces per- 
pendicular to thefe Planes : Therefore if ID be made 
zzJHi and DR perpendicular to Dly then TKwill 
be defcribed in the fame Time as GH. Therefore 
drawing IE parrallel to GH, the Velocity in fl' to the 
Velocity in /, is as GH or EI to IK, that is as the 
Sine of the Angle of Refraction to the Sine of the 
Angle of Incidence. And therefore the Velocity of 
JUght in Vacuo, to its Velocity in Air of a mean 
t)ciirity at the Surface of the Earth j is as ,999! to i. 
For by Experiment the Sines of Refraction and Inci- 
jd^nce^ are in that Ratio. 

Cor. I. 3^ib€ Sine qf tbe Angle of Incidence af an 
Plane^ is to the Sine of the A^le of Emergence from the 
.other Plane^ in a given Rati^. , For the Velocity v at 
^the fecond Plane will always be equal to the ^iven 

Quantity \^ii + ipF^ and the Sine of Incfdence Co 
the Sine of Emergence, as this given Quantity to 6. 
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; Cor. 2. If the Bjvf was to fall on I in Dire£lm Jg/, p-^J tCJ*' 
^X2itb the Velocity it has at /, // would return in ibi^\ ' .. J , * 
yiame Curvf IPH^ and fo go to G^ and obtain its ^fi\ 
floaty. Fof ^be fame Forces that did before accele^, 
rate its Paflage, will now equally retard it in rctucn^. « 
isg.\ Therefore, r 

Cor ., ^3 . ^ the Ray have a greater Vekcity in thtjkffy 226. 
JMedium^ than in thefecond^ and the Angle of Incidence 
GHA be continually ditninified:^ tBe Ray will at laji b^ 
reJleSled \ and the Angle of ReJleSioh gha will be equal to 
the ASigU (^ Incidence GHA. ^ r ^t 

Fer let the Angle GH,A be itich* chat the Ratio e$ 
its Cofine to the Radius may be equal or greater ttifttie 
tfce Ratio of the Sjne of IncidecKe of the firlt Medium^ 
to the Sine of Emergcnoe in the feooiKl ; and the Ra^ 
at R will be moving in a Direction parallel to the 
Planes ; but being atcerwards acted on by the fame 
Forces as before, it will be turned back defcribihg \ 
the Line Rhg fimitar and equal to RHG^ and the 
Angle gha zzGHA. \ 

CoR. 4. Hettce if there be twcf^ilar Mediums wkofi 
Den/ities are p and q ; and the Velocities after RrfraHiotk 
into each of them z andy : Then will zz^^^bb : yy^^i ^ 
z tp : q. 

For fince the Forces of Attraction are made towards 
Bodies, thefe Forces will be proportional to the Cdufiif 
that produce chem, and therefore will be as the Den-^ 
fities of thefe Bodies, fuppofing the internal Forip and! 
Conftitution of the Bodies to be in other Refpeccs the 
fame. The Forces therefore exerted at any equal 
Diftances by thefe two Mediums will be as ^^ and 
}^5 whence will be had zz — bbzz2pF^ and yy-r-bb 
zz 2qF ; whence zz — bb : yy — bb : : p : q^ that is as 
the Denfities of the Bodies, nearly. « 

Cor . 5 . If Light pafs thro* fe^veral refraSiing Mediums^ 
the Sum of all the Refra£lions will be equal to the Jingle 
RefraSion it would have fuffered^ by pajfmg immediately 
out of the Jirjl Medium into the lajl. * ^ . 

• For 
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FIG. For fuppofinjg thcfe fevcral Mediums to be (eparated 
226. by parallel Planes, the Refraftion, Velocity, or Mo- 

* tion generated in approaching any one of thefe Me- 

diums, will be deftroyed again in its receding (oa 
the other Side) from the fame Medium. And there- 
fore the Motion of the Ray can only be affefted with 
the Force of that Medium it at lafl moves in. 

SCHOLIUM. 

225. ' Though it is not known to what precife Diftance 
the refradlive Power of any Medium readies ; yet wc 
are fure it is contained in an exceeding fmali Com- 
pafs. And therefore the Curve HPI, and Confequently 
the Points Hy I naay be taken in Praffcice only as one 
Point. 

There are few or no Examples among all the 
Phaenomena of Nature that afford fo clear a Proof 
of the prodigious Forces of the fmall Particles of 
Matter, as the Motion and Refraftion of Light does. 
For notwithftanding the amazing Velocity of the 
Rays, and the extremely fmall Space and Time that 
any refrading Surface has to act in; and yet topro- 
, duce fuch a fcnfiblc Refraction as we fee it does, muft 
evince that the Forces exerted on thefe fmall Bodies 
muft be furprifingly great, and do really exceed all 
Comprchcnfion. 


P R O B^ 
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FIG. 


P R O B. XIII. 

^he Velocity of a Globe^ moving i^ a right JUne^ and 
•its D'enjity^ and the Denfity' of the refifting Mtdium 
in which it mdves being given % ta find the Time^ 
Veloci^ and Space defcribed. 

Here we fuppofe the Medium to be uniform, and 
that the Projedile is a£ted on by no Force but the 
Reiiftance of the Medium^ and that to be as the Square 
of the Velocity. 

Let i^z: Weight of the Globe, d n the Diameter^; 
f = it's Denlity, p zz Denfity of the Medium, s = 
a iSpace of i6jVFeet, b = Space the Globe at firft 
can defcribe in i Second, or thb firft Velocity i x =: 
any Space defcribed, / = Time of defcribing it, and 
t;z=Velocity at the End of that Time. Here I mea- 
iure the Velocity by the Space defcribed in a Second^ 
and the Time is Seconds. 

I. It is proved by Experiments that the Rcfiftance 
oF th^ Globe is to the Fprce by which its Motion may 
be generated in the Time of defcribing I its Diame- 
ter, as the Denfity of the Fluid to the Denfity of the 
<JIobc nearly. The Velocity generated; in agivea 
Body is as the Force and Time conjunctly, therefore 
the Force is as the Velocity divided by the Times or 
by Spaces uniformly defcribed in thcfe Times, there- 

fore ^r-ff'.'-T^-: -^^ = Force that will ge- 
nerate the Globes Motion in the Time it defchbes 

Us therefore ^.? W = Rcfiftance of the Globe 

C c c with 
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^ ^ ^'^^ with Velocity hy and likewifc r^^ W = Kcfiftancc 
with the Velocity t;. Now i Second : ^s (Velocity of 

a falling Body) 11 1 1 ist — Velocity generated in 

the Time / by Gravity. Now fince the Moment of 
Velocity is, in all Cafes as the Force and Monient of 

Time J therefore 2sS : m : : ^^ : - ■ ^^, ff^Xti 

t therefore v = ■ g » > or v-^v = --g^ \ whence 

* the Fluent 1;-^ = -^^* But when / = o, t> = *, 

therefore the Fluent corrected is — — -j- = -o^> 
wbich roduced is Zd^ + ^j^^^i^ z: S^/j^^ 

%. I Secoml : 2^ (SpaG& itaiformly dcfcribed with 

Velocity 2 j) : : / : xst = Mbment of Space defcribed 
^ith Velocity 2 j. And fince Moment of Velocity oc 

«7n^ — ^ X Monaent of Space ; and the ^Momem of 

Velocity in falling Bodies w^s found before =: ^sU 

Therefore zsf : — *- -: : -— v : »■ ■ ' \ ; ■■« X "rr ; 

whence -«v = - ^> ■ > and. n r^r-. TfacEO- 

fore the Fluent is W, r; — 2.30(25 X Log- v. AaA 
Jiy-Gorrcciaott^ = 2.2.03585 Log t~: 


Cor. 1; Hmcex-=z "tr'X2.jo25.^5Log: i+^-J 

^^s <^<frs- by enptnging V. 

Cor.. 2; 
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=: IfTx 2.302585 Log : y- ; andXogt y :^ 

"ii.30258W^.* 

Cor. 3. ij^ /ii? RtfifiAnct was U be as any P&ivit of 
she Velocity v" \ then by the fame way of Rjsafcningy we 

/hotddget ■ ^ , \^- zz Rejiftpnce of the Globe with 

iQOsqb. * , . 


Velocity v ; and thence = — *2£^ — . and the cor- 

iTCct Fluent. -_ , n — ■■ * . : But 

whcn»;:?r. Log.— =:-^. 

' ZJkewife — — — r= — ~ . and the correS Fluent 


»— i 


2— ;i Sij'i 

Cor, 4. If it was required to find the Motion of any 

Scrt (f Body B moving in a right Line^ and refifledai 

the rfi^ Power of the Velocity \ i?s done in the fame Man^ 

ner. Let the Refiftance of B moving with Velocity 

I, be = Weight of the Body w. Then i :w : : 

f/* : '[i)tf = the Refiftance it meets, with Velocity v. 

' . Fs 
Then (fee Prob. I.) — ^z; oc --r-*, and in the Cafe of 

falling Bodies, vzzzh^ and*i;=:i, F'=-Wzzb. And 
in the Cafe of Refiftance F=wv\ bzzB. Therefore 

, ' w's • wv"} -,, r . • 

^^^ ** "TT^ ' I — w; t - ^ p ' - . Therefore *— w s 

2hwv^s 

C c c a B ^ 
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F I is. ihwv's ,_ • _ a^/ 


•Ni 



^ ^ ^J. 


', and the Flueni is 

2hv 



^ — n B 

Ft 
Alfo — V Qc -T-, and in the Cafe of falling Bodies 

V zz zbt^ whence zi^ 2 -^ • • — 'Z' • — g— • And 
__. 2bw ' J , 177 * • ^'""" — v'"^ 


B I — f^ 

2bw 

And hence when vrzo, or all ihe Motion is deftrayed, 

V^"" 2hw 
andn lefs than 2, then is -^::;:^ = '~B^^^ or if n he 

ii — * 2hw 
lefs than it = — ^^'» thence the whole S^act 

and Time s and t will be known. But in all other Crfes 
s and t will be infinite y and n being lefs than 2, the^whole 

Space stx. ^*'"''> for any the fame Value of n. 

SCHOLIUM. 

It is here laid dawn as a Principle that the Refinance 
of a Globe moving in a refifting Medium, is to the 
Force by which its Motion may be generated in the 
Time of delcribing \ its^Diameter ; as the Denfity 
of the Medium to the Denfity of the Globe : Yet I have 
found by fome Experiments that in fwift Motions, 
the Refiftance has been greater fometimes by a third 
or fourth Part. Thefe Experiments I tried in a River, 
with a Globe of equal Denfity with, the Water, by 
faftning a Thread to the Globe and to an Index in- 
clofed in a Tube with a fpiral Spring : For by the 
Pivifion^ of the Index, as it was drawn out more or 
Jefs, I *could meafure the Refiftance. 

The 
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The Reafon of this greater Refiftance fcem$ tp be, F I Gi 
that the Globe being near the Surface of the Water, 
and the Motion of ^ the Water being very fwift, the 
"Water had hot Liberty to diverge upwards from «hc 
Globe, and upon thi§ Account made the Refinance 
greater than if the Globe had beeb deeply immerfed i 
for then the Water could have diverged freely from 
the Globe in all Diredions,' and on all Sides.. 


P R O B. XIV. 

Jf a Body in a uniform Medium^ being uniformly aHed 
on by the Force of Gravity ^ afcends or defcends in a 
right Line ; To find the limes , Velocities ^ and Spaces 

defcribed. 

Sufpofe as before W zr Weight of the Globe, 
d z: its Diameter, 
q zr its Denjity. 
p z: Denjity of the Medium. 
s zz 1 61V F^^^ the Space through which a 

heavy Body defcends by Gravity in a Se^ 

cond. 
9C zz. Space defcribed from the beginning af tbt 

Motion. . 
t zz ^ime of defcribing. x. 
V zz Velocity at the End of the Tin^ /. 
i zz Velocity the Body is projeSed upwards w 

downwards with. Here I meafure the 

Velocity by the Space uniformly defcribed 

ih a Second. 
. The comparative Weight of the Globe in the Mc- 

dium will be ■ ^ ■ ■ W. And we Chall find, as in the 
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laft ProUcm ^g; liP^ =: Rcfiftancc of the Glofao 


iimrmg wkk Velocky v $ and ooi^cqueitfily X^ ijp^ 

i " ' j^; '' ^'^3 the Force a£Hng on the Globe accotd- 

ihg as it afcceds or defcends > call this Force^. Now 

2st zz Moment of Velocity generated by Gravity in 

the Time / : And the Moment of Velocity being as 
the Force and Moment of Time univcrfally 5 there- 


^ I 


fore zst'.Wt:'. j^v lyt : : +v '.yt; whence / = 
2sy q'^pxi^ds+jfvv 

. Again, let a falling Bodydefcribe any fmall Space 

z at the End of I Second ; then it will be, 2s (Space 
uniformly defcribed with Velocity 2s) : i Second : : 

2 : -^ =: Timeofdefcribingz with Velocity ijj. And 

' fince the Moment of Space oc Velocity x Moment 

• ^ ■ ' i ' 

of Time univerfally : therefore z : 2s x ' — ::x :vi 

::;c:W. Whence i^ =v/V ^ 'tJ^'^ 


■y»ii»T^iii» I ll | . i 


Cafe I. When the Body afcends, /= _ ^^^ 


6ds+^pw 

and (by Form 5.) the Fluent /= -^X'0^74^^ 

^^^-p X4idsp 

XDegrtes in the Arch whofc Tangent 'i*^ '_JP^ . 

» _i q-pXiSds 

But when t^zoy vzzh\ and the Fluent corrected is 

/ = 
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it= ' ^^J^fl]i!L X Degrees m the Diffcrciicc Of ^ ^^ '^' 

the Arches whofe Tangents are y/——M. _' and 

q — f X ' 6rfx 

/ - ^ ^ — — ^— ; therefore when i;z:o, thte whole 
- Time of Afeent /= / ^ r X Degrees m the 

Arch^whofig Tangcaat ia— v^^^- j^y * »* 

Likcwife x- = ^ ^^^ ^ — -, and (by Farm 

' -^2.3025x8^ - 

the 4*) thcFluent ^=r ep ^^^ ^^^ ^ 

4^^x2.30258 
1 6di^^V. And wherlduly corie6l:ed;f = rz ' 

X Log- ■ . 

Gri& 2. When the Globe defcends./ =t ' ' -*—* r , 

I . ^(7X2.302585 ;r 1 

and (by Form the 6th) / = ^ .^ X Logi 

.«Ad this lait TetiH vanifhes when ^is o, or th« Body 
clcfcends^ froov Reft* > 


< • 
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F I G. ^, gifox 2.3025 ^ __ 

' Fluent ^=: — \^fl Log: y-^Xi&&— 3^ot; 

,1 r^ 3 > 4^?X 2.302585 
and when correaed, x z= ^^ — r- — =^ x Log: 

^Xi6ds^3pl^l'^, ^berc 3 is =0, when the 

j> — p X 1 6<ij— 3^x;t^ 
Globe defcends from Reft. 

Cor. I. Tbc great eft Velocity the GloBe cm 

r q — p 
acquire hy an infimte Defcent is \/""^ — X ^Sdsl 

For when x or / is infinite the Denominator f •— / x 

iStU — ^v zzo. ^ 

Cor. 2. Let G = f y / . 

q—pX3ps 

r 


Then t = 2.30258G X i^^. -^r:^ or iV= -^^^ 

iV— I 
xvhich reduced gives V zz -j^ — H, wbe^ the Glah 

defcends. 

^ Ada HH 

Cor. 3. *=2.302585 X -^xLog. "^^_^ - 

Ada JV^-Lj 

= 2.302585 X -~- X Log, ' ; when tie 

Clohe defcends. 

Cor. 4. In like Marnier the Velocity and Space mm 
h found from the Time when the Globe afcends, ' 

SCHOLIUM. 
. If we had fuppofed the Refiftance to be as any 
Power of the Velocity v\ then we fhOuld find (as 

in 
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in Cor. 3- of the Uft Prob.) ---^^- -* = i?5^. ^ ^^ 

W^fre Hj/^ /^^ G/^3^ with Velocity ^ ; and corifequently 

^ s: r."]''" ' ^" ' "irr^r 7 5 and ^ = vi 3 

give / iH)d ^. 

iVi?/<?, tlie Denfity f mull always ejcceed />, other- 
wife the Globe will hot gravitate ; contrary to the 
Suppdiition, 



PRO B. XV^ 

To find the Velocity and Rejijlance of a <iUibe of dilating 
in ti Cychid^ in nref^ing MBdiumi 

Let Ba be the Arch defcribed in one entire Qfcil- ' 2; 8. 
latltoi C the loweft Point, and CZ half the whole 
Cycloidal Arch equ^l to the Length of the Fendulum: 
Let the Globe defoend frotn 5, and put CZzza^ CB 
tr*, SD=x^ the reft as in the laft Froblem. 

Then wc ihall find -^ fV = comparative *^ 

Weight of the Globe in the Medium, and ^ 5^^ " " ^ 

ir Refiftance of the Globe moving jnth the Velocity;^ 
V, in the Point D ; as in the former Problems. Noi^ 
it isicnown that CZ is-t^ GA ^i the Weight of the 

iJlobc *2 — —^ h to its akeierating Gravity At A 

' which therefore is - ■ > TV x •*— ^ — r. Therefore 

D d d th« 
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FIG. the whole Force by which thc^ Pendulum is urged in 
And therefore we (hall find (the fame as in Prob. XIV.) 

and then / = -77 — 7 , and i — '^ ' 

And the Fluents will give / and x. 

I. 5ince X = ~^-~j—-—^ finding the Fluent 
(by the Help of Form the 4th and Rule 8. Prop. X.) 

we have Af = '^'^l^ ■ ■ Log: bf^fx-gvv + -^j 
but when af=:o, t>=0} therefore the Fluent corre^ 

2^ B — J- 

LetwiiJ^utnbcr belonging to the Logarithm - ^^^^ 

** T ** 2. 302585' 

and then » = ~ ■ . ■ -^ + ' wliJrb 

2*f + I — 2^* — y- w 

reduced gives w = : ■ - h -\ — — * • v^ 

. ** tt ^ ing g' 

* = ledsV^ '^« Refiftancc in Z>, then 

v put of the Value of jf, and wc (hall have ;c = 

.bx 
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' b FIG 

hx — 2£z + — — : and when duly corrcdcd x n ^ g * 

■ I ' ' 

2-302585 ^. r.n«. , !LJ^ 


xLog: • s . Let 

^ = Number of the Logarithm ^ — g- ; then 


will n zz — — si , which reduced gives 

Cor. !• In the loweft Point Cy n = Number Mong;^ 

ing ta the Logarithm ^ 7-. v And there the. 

/" ^ . 2.30258 X4«? 

■^ - — — ^— ^-— ~— -— 

Vflocity = v/: ""^^ ■- — * : X «*»'"- ^» «»^'*' 

Cor. 2. jB«/ /i&^ Velocity and Rejiftance are the greatefi^ 
when z or bb^hx^2gz xxzio^ and thence z = 

-b = b'—xX ' ^* 


2g tfj 

Cor. 2. And therefore the' Velocity and Rejiftance aff 

2.30258X4^? T 3/^ • 

tbegreateft when x'sz — ^ — X J>i':— ^+x: 

b n " I I 

For then z = ^-x X — = -^ X^+ ■— .^: 

X — J which reduced gives nzzzbg^iy and Log. n 

* I 2 P'JT ,1. 

or the Number -^ ^^^g ■ = Iiog : pf 2^^+ 1. 

D d d2 SCHO- 


jM ft^ Doctrine, 

^ ^ ^* SCHOLIUM. 

If the ofcillating Body is not a Globe, then thft 
Proportion of its Refiftapce to that of an equal Globe 
wh^fe Dianietcr is 4t muft either be c^ilculated from 
Pi;ob. XXJl. Scft. II. or fotyid by Experiments ; let 

that be as I to w : And tHen we muft take — inftead 

P P 

of gi or ■ " F inftead of 4— in the foregoing Cal- 

. cul^tions. 


P R O B. XVI. 

l^;o^find th^ Benfity of the Atmofpbere at atty He^btx 
Juppofing the Fetct of Gravity to be as any Power of 
the, Diftance from the Earth^s Center^ and the DenfiPff 
of the \Sr as the C^mpreffion* * ' 

Let r = Radius of the Earth. 

X zz Any Diftance from the Center, 

rf n Denficy of the Atmpfphere at the Earth*i 

' Surface. . 
z iz Atmofphere's Denfity at the Diftance 4^. 
n zz Exponent of the Law of Gravity. 
Since theDenfuy is ajs the Preffure therefore the Mo- 
mcnt* of the Denfity oc Moment of PVefTare, that 
is -oe Moment of Matter X Force of Gravity : But 
MomMt of Matter oc Denfity x Moment of Space. 
Thcif^fore: the Moi»eHB of Denfity oc Denfity and 
Montent of Space and Force of Gravity 5 that ii 

z oc zx^'x univerfally. 

Now it is collefted from Experiments, that the 
"Speight of I Foot high <rf Air at tljie Earth'$ Surface 

i* 
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is to thfe Weight or Preffure of the Atmofphere, as F I Gt 
I tp 29725 zzpy at a mean Denfity ; therefore, let 

PC be any fmall Height, ^nd it is ^ : ^ : : ^^ ; -— ir 
Moment of Denfi^y^ at the Ea»ih's. Surfece. Whence 

fram the forpgpiqg geaef^l Praportion, -^ : 'd^st 
■: And (by Form the ift and 2d) the Fluent 


is 2,3025 Log : z: zz -mz— r— ~. And duly cor- 
ycftcd, 2,302585 X Log: _^ : zz , _^ — — — *; 


thcr©f«)Fe^2rs ixNuHiber of the Log: 


:£ikNuniber befongirig to the Log 


- 
9 


68444X«+iXr 
CoR. I. Jf e h any fff^U Height ab^ve the Ear$Vi 

Surf^ct^ then zzzdx Number of the Log. -^g- — r. 

Cor, 2. Ifnzzi^ then zzzd x Number of the Loga* 
, . rr-^-^xx 

68444 X2r 
Cor, 3. Ifnzzoy zzzd x Number of the Logarithm 


r—x 


68444 
Cor. 4. If nzz—2^zzzdx Nmber helof^in^ t^ 4fo 

Lazaritim _^X^ ^ ., 7,^ ^// ^bich^ e^ r and x are 

^ 68444X 

fujypofed to betaken in Feet. 

•^^ ■ PROS. 


\ 
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FIG. 


P R O B. ICVII. 

f 

^Jind the Denjity of the Atmofpbere at any Height 5 
JUppoJing the Force of Gravity to be as any Power of 
. she Dijiakce^ and the Compreffion as attf Power oftU 
Defifity. 

Let r = Radius of the Earth. 

d zz Denfity at the Earth's Surface. * 
X = any Diftance. 

z zz Deafity at the Diflance at, from the Center. 
^ = a Length of 29725 Feet. 
. n zz Index of the Force. 
'mzz Index of the Denfity. 
V = comprelfing Force at the Diftance jc. 
Now by the Hy pothefis v a z'", and Force a ^ i 

and inz'^^z oc Moment of Preflure, that is as the 
Moment of Space and Denfity and Force of Gravity: 

that is 2*^*2 oc x^'zx^ or 2*"'^2 oc x^x^ univcrfally. 

. To find the Moment of Denfity at the Earth's Sur- 
face, we have v oc mz^'^^z ; therefore (by Prop. H.) 

V :v iriz*^ : mz z : : z : mZy therefore 2;= — -• 

but at the Earth's Surface, zzzd^ and (taking any very 

fmall Space s) it will be, p : v : : s: v : : s iv^ 

J v J , ds 

und —7 zz -— 5 whence z ~ — -- = Fluxion of 
V p ' mp 

Denfity at the Earth's Surface : Therefore from the 

univerfal Proportion •, dT"^ x — r i r^s : : 7^^% • 

* tnp 
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— -^ri : : ir^^'z : — ^x: Whence 7?^^z = ^ J^ ®* 
ji ■■ ; and the Fluent (by Form the 2d) is 

= - : And the Fluent correded 



.« 




«-hi v*»+»- 


X r^ '— ;v 


^» — I . »+iXw/r" 


And by Reduftion 2^' = (f-' + =^i2iL.i*-» 

»+ix»?pC 


PRO B. XVIIL 

To find $be Diameters of the Earth. 

Suppofe the Earth to be in the Form of the Sphe* ^'^ 
roid, ^P5^i AB the Equinoftial, P^ the Axis-. ^' 
and let its mean Radius CRiziiy ilC:=.i'\-vzza. And 
PQ=i — t;iz^, let C5 be the Conjugate to -RC, and 
/ii ST perpendicular to C5, then by Conies CSzz 

y/^aa-^^ee — i =:i+i;trz=r, and B^-zz — =1 — 2,w 

c 

-zzf. Here I rejqft the Powers of v above w as being 
very inconfiderable. 

In the mean Place R a heavy Body falls about 
16,0917 Feet in i Second; and the verfed Sine of 
the Arch defcribed by i^ in i Second by the Earth's 
Revolution is ,04, (if RC= 21G00600 Feet) ; alfo 
as I : y/^ : : ,04 : ,0283 zz to the centrifugal Force 
ini^, as 16 ,0917 reprefents the Forge of Gravity ; 

therefore 


31^ ^be BofcTRINE 

Fid. ^tttUnt 1 6 ^ixt::fd^ wjlH be the ^fairieating fipcce^ic 

227* R if the Earth ftands ftill : And thisb i^em^jbt 

isLfli^ with chat of 'a Spheroid wiMrfec A^cis is -^itfj 

and Radius of the (Bafe or) greateft Circle y/i^rj which 

fbyCofol.^. Ptob.}tI.)is^;) =^^^— . -^ 

X^ — /P — t + ^'V-^tJv\ omfrciQg .the givca 
Quahtities in that Coronary. Alfb th^ ForCc 6T the 
Earth at ^ is nearly the lame as a Spheroid whofe 
Aids IS ^ and Radius of the fiafe 1/^9 that is {kgr 

the fame Cor.) 2/1 ■ + -— *- . , * ■ zz I 



E^ith 


,S'2,__ .; ___:.| + .^^^;^^ 

For the centrifugal Force at the Equino6lial, it 

is as v/i : i +'z; : : ^04 : ,05657 x 1 -H' = ^ + ^ (by 
Subftitution) =z centrifugal Force at -^: Alfo l+i^^ 

— Ww : rf : : I + VV'J' + — *-^ : i-^t>4. 10,03^ 

X K^ibr ihe.gr-«vi«tiBg Force at of, if the EafA Aood 
Kili^ : f K>m this take ^-4-^ the centrtfugd f oF&ey ted 

•Wftget 1 — \'v-\-\ofiirJv y. d^i-^^ for the Force dF 
lOf&vky a% ^ when the Earth is In Motion. 

t-et GD=:», GEziy. Since the Gravity knd alfo tlie 
centrifug?kl Force (which is as thpDecrcafc of Graviiy) 
in J and i>, are ^ <» or 1 4-'y to *, therefore the gra- 
vitadag Force of the Earth ki JX, M»tiien Hie EarA b 

in Motioq will be i—tv+ii.2^v} x dx—hx. 

^?^^' '^ "^ .^ "^ — ^'^ "^"^ '• ^•' T -+ l^> + ^w : 
I +^b + li . 2 /-wy X </ the Force *f Gt&vity at jP. And 
Hnce the Forces in P and ^g are; as * or i— *v » t, 

*h#if4fol» the Force ait E is i +|v»f i6>47w y <fy. 

Now 
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Now fiippofe the Weights of the Columns of and j^F I G. 
Co be equal; therefore their Moments or Fluxions 227, 
multiplied into the gravitating Forces at D and Ej 

iwrill be equal 5 that is i — Iv+i 1.231;^ X dxx^-^bxx 

c= i-^iv+i6.^yvvx.dyy^ and taking the Fluents, 

atfd dividing by yi, and putting i+'y and ir— ^ for 

^ and j^, there comes out i — tv+ ; ^.23^;* — ^ x 


I +2? = I +|'r; + i6.47i;t; X i— *^ ; that is i— -j + 

• ■ ■ a 

f :2-Xv+9.83 — jX V* =i—|x; — 1^,079% 

Or vv rt »o639'y =: ,Qopi4i, wheace v zz ,002(13, 
^ifkd CA — CP = ,004^6. : And therefore if the meaa 
Radius of the Earth be 21000090, then CA'^CP 
= .89460 Feet or X 7 Englifc Miles nearly : Therefore 
-^=21044730, and PC=20955270 feet. 

SCHOLIUM. 

This Computation fuppofes the Earth every where 
of equal Denfity : But fince that is not certainly^ 
known, nor with what Force a Spheroid accurately 
attra&sa Body when fituated out of the Axis ; nor 
whether the Earth itfelf is exadlly a Spheroid : Thefe* 
Tilings may render this Solution a little incorre6fc. If 
the Earth be more fare towards- the Equino6tial th^n^ 
t;oward$ the Poles ; its Height at the Equino^al will 
be increafed in that Proportion. . 
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P R O B. XIX. 

FIG. ^t>eVekcity andDireSion of a ProjeSik being given \ h 
24.7 * • fi^ the' Path it defcribes in a rejifting Medium. 

Let AC be the Dircftion of the Projeaile, ABF 
the Curve defcribed ; draw AD parallel, and CBD 
perpendicular to the Horizon, and cO infinitely near 
CB. Alfo draw Bm parallel to Cc^ and Bn parallel 
to AD. 

Call AC^ X ; CBj y ; ABy z ; and let m and n be 

the Sine and Cofine of DAC y b = Velocity at A^ or 

the Space defcribed in Time 1 i bzz Space defcended 

thro' in the Time i, by the Gravity i, acquiring the 

Velocity 2^, in Vacuo ; c =: Velocity when the Re- 

fiftance is equal to the Weight in the Fluid, (fee Con 

I. Prob. 14.) 5 ^ = Velocity at C in the Line ACi 

zV 
t^ =: the Velocity at B in the Curve = -5-, by Re- 

folution of Motion. 

Since the Refinance is as the Square of the Velo- 

w 
city, therefore cc (Vel.) : i (Ref.) x :w : z: 

Refiftance in Dire&ion 50, and z i x i i or 

cc 

—37- : —73- = Refiftance in Dirc6tion J5/», by the 
ccx ccx 

Refolution of Forces. 

The Body is drawn from the Tangent at B by its 

Gravity alone ; and \y is the Space it defccnds thro', 

in the Time of delcribing x with Velocity V j and 

twice that Space, or jf, would be defcribed uniformly 

in the fame Time ; and the Velocities being as the 

Spaces uniformly defcribed % we have, x xV i : y: 

ry 
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Vy FIG, 

--^ = Velocity generated by Gravity in that Time. ^. * 

Now Cnce Gravity doe&not aflPed the Motion along 
AC^ the Retardation therein is wholly owing to. the 
R^ftance; therefore — F being the Velocity deftroyed 

by the Refiftance alone v and — ^ the Velocity gene- 

rated by the Gravity alone ;-and the Velocities gene- 
rated or deftroyed being as th? Forces, it will be, t 

(Gravity) : -L (Vel.)' : : ^ (Ref.) : -V (Vel.) t 

'L. ^ M. 


^whence "^y-— -^ — rr 

Putyzusxj fuppofing x given, then jf rr si^ there- 

fore -j?p = — r-. But i* = a:* +j^* — awxy = x*^ 
+ Jf ^* — 2WJXS whence . ^ ^ =: — • V^ i— 2»ij+jj; 
and (by Fe^m 27.) the Fbeht is ■ ^ = '---^ — -L 
X Log: >-r»H-v^i — 2«>j+jj : + — — ■ v^.i-*-2»»rHwi^ 
and corrcacd, -p^ — -^ = -^ i X Log: 

S — JW+VNl— 2«W+Ji J — W y— ■ 

! : + —— — \/i--*2iWJ+jj + 

I — m ^^ 

—7 i for in yf, /=ro. 

Agiin, Velocity X Flux. Velocity 6c Force x Flux. 
Space, (fee Prob. I.) sand if %b reprefents the Velocity 
generated by Gravity, in defcribing any Space S ; then 
5 will reprefent the Fluxion of the Velocity •, there- 
fore, %h^h (VeL X Fl. Vel.) : i xi (Grav^ x Space) 

I i-^Vf : — ;— X x^ whence z = ■■ ■ . r^ ■ ^ andthe 

corretSt Fluent, z zz —p x Log: yi 

E c c 2 Now 
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FIG- XT r ' —^ ^^^ , ~r iy ^ 
'- Now fincc -77— = ^, and -nTT" = ^^"^"^ % ff 

the latter be divided by the former, we have j^^^ 3 
- / ■ , or 2^;^^ =: VFyi in Fluxions,* a/^J?. + yVy 

-o, or-^ = ^ = -^, or rgr =4^^, an 

• . • * \ _ _ 

Equation between^ and ife. Or ccy =: 4i^'V^x*-fy *?— 2«Kxyi 
in Equation between x^ and y. . 

Now fince j = -^ = ' OQ% ^ ^^d^nce the Angle 

at w is given ^ therefore, if • we aflume any Angle for 
By then L Will be given, and confcquently j, and 
from tlknce^ 5 abd trom* V^ x'is .knows; " 

I^t £ - i!£ X Log: i=:2db5^S±E: + 

'JP X Log: -^ =: -;^ X Log: i,4-^4fit and i 

^ ■; ' -^-^'"frr^ "•-- *■ — i — ^.- ■ — , and x n 

Z bbs 

'■ y — — ; — . '■■., ■■. AMb y rzsx :z, 


bhss^ 





2-&Xi+Wi£' is 




T^JT"- 


Hence 
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Hence if you take szzr+Uf and s zs «, and if r be F I Gfw 
taken fucceffivdy zz any given Quantities in Arith- 247. 
metic Progreffion, and the Value of E be found in a 
Series; and fo proceed by Rttle^5> Prob. X. you will 
get all the Parts of ^ and j^. 

. C0R4 ttMf he Vertex Ft s zztUi /md Ezz- 


xLog: V ~ 


: + — 

' cc 


\ 


therefore put TzzLog^i 

Cotan. of half the lACD — 10, ^ as found in the Tables i 

hnLT+M - __ ^ h 


and then E or e ±l 

N 
^ W 

hh 


cc 


andVzz 


V = 


ccL 


J_ Par by Trigonometry, ifTz^ Catan/4Ci th^ Co- 
fine \of its double^ <that is the Sittc df A} vfrill he 

"cnr I , = ^j reduced Tzz ^ —r. — zz Cotdn; IC. 

CoR. 2. If the ProjeSlile be a Cahnon t^ll^ Afid if i 
be the Diametef^ and « the Denjltyof another /mall lighl 
Bdlly which prtjeSled at the fame Elevation^ with thi 

Felodty fizz b J ^^^=^, (fee Prob. XIV.j '• This 

Ball will defcribe a Curve in the Jirfimilar to the other 
Curve defcribed by the Cannon Ball ; and who fe Height or 
Baji wiU be to 4hai of the other refp€£iively \ as dqto fk. 
Tq prove this, let // be the Element oi the.Gurvc^ 
^-y the Tangenf at l^rt perpendicplar to the Horizon* 
Since this figure isYirnilar to the correfpondent Ele^ 
0Kni6i the other Curve,. therefor?'the Lines ir, rj, rt^ 
are ii\ given Ratio's to one another. Now ihe Line 
^ {y) is generated* by the'Gravity, and sr C^") dc- 
ftroyed by the Refiftance, both in the Tiipe (/ ) where- 
in Ir (z) is defcribed with Velocity v. Therefore sr ex 
'RefilHnce *- vvdd ^v ..^ Gravity 


oc 
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FIG. f-f W q—^ A J u.- • 

247. ^ j^^ "F* ^ j~' ^r being inagivcn 

Ratio tp r/, -^ oc -^-- — y or w oc q—pxdj Acre- 

fore w :Vy : : q—fxd: x— />x /: : ^^ : iSft (^be- 
ing the V elocity in the other Curve) ; therefore j=i 

Again, Time (in /r or r/) oc ^/porcc of Gravity 

cc's/lrxdqi. whence fr* oc Irxdq^ or /r ex J^« But 
if the Elementa of two Curves be fimllary the whole 
Curves will be fo^ whence Jr oc whole Baie of the 
Curve ; therefore the Bafe is as dq i whence, i Bale 
:'2 Bafe i: dq : 9^. 

CoR. 3. If the two Balls projected with the Velocitiis 
h and fif were to move uitbout any Rejiftance in the Mt' 
Sum % they would defcribe twofimilar Parabolas^ wbpji. 
Safes or Heights are refpeSively as thofe of the other tm 
Curves defcribed in the reftfiing Medium \ and % may he 

taken zz b \/ — j- J, as q is vafily greater tbanf\ ^ 

even ^y/'TT^ if « '^^ ^wr^i& exceeds p. And if the Gra* 

vity of the Balls was not at all diminijhed in the Fhddi 
the Velocities would be exaHly as y/dq and y/iy,. 

That they would defcribe Parabolas in a non-re« 
fifting Medium, is plain from the Theory of Projec- 
tiles ; which will be fimilar, becaufe projeded at the 
fame Angle of Elevation. But the horizonul Dif* 
tance of fuch a Projedtion, is as the Velocity Square 
direftly, and the Gravity reciprocally, which in the 

two Balls will be as ^^ X ^ ^ to fifi x — ~r or WX 
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' — X ~Z^^ ^"^^ *^ ^ «? ^^ ^^9. which was ^ .^ 
proved to be the Ratio of the Bafes of the other two 
Curves/ Alfo it was proved before, that —r- oc ^^ ■ . 

but — - — reprefents the relative Gravity in the Fluid % 

i;?hich if it was = i,' then would w CC dq. 

Cor. 4. And hence we have a Method of determining 
ibe Curve described by a Cannon Ball in the Air^ from the 
Phawmena. For if a Cannon Ball whofe Diameter 
is d and fpccific Gravity y, is projcdled with Velocity 
h. Make a fmall Globe of Cork, or rather of Paper, 
Bladder, &r. made hollow, and whofe Diameter is i^ 
and fpecifick Gravity h, and colour it red or black ; 
if this .be projected in the Air, with the Velocity iSor 


hy/ — -j-i^ and at the fame Elevation 5 it will exhi- 
bit to View, the very Curve defcribed by the Can- 
non Ball, in Miniature. And if a Leaden Ball be 
projected along with it, you will have all the Pheno- 
mena of the Cannon Ball in the Air. And obferving 
where the two Globes fall, if the Diftances of the 
horizontal Projections be meafured, you will have 
the Space that the Cannon Ball falls ihort, by Reafon 
of the Reliilance of the Medium. But the Leaden 
Ball ought rather to be projeded with the Velocity 

j8v/ or b\/~T > becaufe the Metal Ball loofes 

no fenfible Weight in the Air, and it ought to be 
proje^ed as far with the Gravity i, as the Cork Ball 

X 

is with the Gravity -^ . , without Refiftance. But 

if a very flender Body can be made, like an Arrow, 
fomethinjg heavier before, and of the fame fpecifick 
Gravity \\^ the whole, as the Cork Ball \ then this 

and 
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F I G. and the Cork Ball may be projcfted together, with 
247. the fame Velocity ; and this flender Body will be very 
little redded by the Air, as welPas the Leadeq one^ 
and will fhow how far the Ball would be projefted 
without Refiftance. And the fame all holds gppd 
if the Balls be projeded perpendicularly upwards 
with the fame Velocity ; then it will appear how 
far the Cork BaH comes fhort of the other. And 
inftead of dq and ^x, you may t^ke the Weights di« 

* w 

vided by dd and i^: for dqoc -^-, %ff beiag (b£ 

Weight in Vacuo. - 

SCHOLIUM. 

This Problem fuppofes the AJr cveijy wheye pf 
equal Denfity ; but in a Ball Aot from one of our 
greateft Guns, to the Diftance of four or five Miles, 
Che .Height at (he greeted horizQnt;al , Diftance, . wjU 
be about a Mile, and there the Denfity of the Air is 
about a fixth Part lefs than that at the Suriface i fo 
that the Ball is lefs refitted there, and confequently 
flies further. Likewifethe Denfity of the Air is dif- 
ferent at di^ercnt Times, and confequently the Re- 
fiftance will be fomething diflFerent upon that Accoont. 


P R O Bj 
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< 

Jf Water or any Fluid afcends and defcends alternately FIG* 
with a reciprocal Motion in the Legs KL^ MN of a 248. 
cfBndrical Canal or Pipe j to find the Time of one Zi- 
bration or Reciprocation of the Water. 

\ Let AD be the Level or horizontal Line in which 
the Surface of the Water ftands when at reft *, and 
let the Water dcfcend from F in the Leg JfL, and 
vafcend from C in the other Leg \ and fuppofe it to be 
in E and G at the fame Time. Draw £B, DH per- 
pendicular to the horizontal Lines BA^ GHy and put 
AF orCHzzb^ AE or GDzzXy Sine of the Angles L^ 
Nzzp^ q\ vzi Velocity in £, / =: Time of defcending 
tbro' FEi 1 = Length of the Canal A LND^ w = its 
Weighty szziS^ Feet: The Force with which the Mo- 
tion of the Water is accelerated and retarded alter^ 
nately, is the perpendicular Height of the Water at 
E above G. Then, becaufe EBzrpx^ and DH:i:qx^ 

the Preflure of the two Columns EA^ DG is — r^wx^ 

•> ^Fx 
the accelerating Force. By Prob. I. ^v « -r-, and 

in falling Bodies, when v::z2s^ vzzS^ whence tsxS : 

ws • p+g — X , 

w : \ , 'Wx X ~z — f whence vv zz 


w . l " t(? 


"^ ^ y^zsxxy and — =: ^ X 2sxx^ but in 

F. vzzo^ and y=:^, therefore the Fluent corre<5led 
p^q .^.i....... * s 

isw — , - X 2J X bb — XX. Alfo (Prgb. I.) ^ «^ r 

F f f , aiMl 


' * 
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248. * ^^^ ^" falling Bodies i =—^ whence 


2S 2S 




/ : — , therefore / = 


v/- - y ^ ' X 2J x/bb-^xx 


j~. 


I X 

X — , And by Form 10, /r: 


9 

2i 


J - — X Arch, whofc Radius is i, and Sine 

X 3*^4^^ 

-7-, and when xzz.h^ that Arch = -—5 whence 
b 2 

I 3. 141 6 
tzz y/- : X ^ — I , the Time pf defcend- 

/ 

ing from F to -/^, and 2^ zz 3.14x6^ / 

/>+^X 
the Time of one Libration of the Water. 

Coit. r. Comparing this Value oft with that in Prob. 
VIL and Cor. 2.' it appears ^ that the Time of one Z>- 
braiion or Undulation of the Water^ is equal to the Time 

I 

of Of dilation of a Pendulum^ whbfe Length is — ■ ; 

which length is zziily whm L and N are right Angks. 

CoR.'2. All the Times of Libration are equals whether 
jthe Height afcended and dejcended be greater or lefs. 

Coit. 3. // matters not what Figure the Pipe is of 
below the Level of C, provided the Parts ' above C be 
ftreight wherein the Surface of the Water moves. 

Cor. 4. The Water in one Libration will defcend to /, 
fo that Al'ziAF. For when vzzOj bb — xx^io^ and 
xrz+b or — b, 

SCHOLIUM. 

If the Leg MZV be wider than JCL, and its Sec- 
tion to that (^ KL as ^ to f, we ihail gct'-rv =: 
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p^± : FIG. 

X — 2J^^. And if c be infinite, for 

X 

C > , 

which is the fame) the End M imqjers'd in (lagnant 
Vv atcr, then w = — jj^ — . 

There is a great Analogy between the Libratton 
of the Water in the Canal KLMN^ and the Waves 
of the Sea, &?<r. Therefore if a Pendulum be made 
whofe Length is the Breadth of a Wave from Top 
to ^Top; then in the Time th^t it performs one Ofcil- 
lation, the Waves will advance forward a Space equal 
to their Breadth. 

For (by Cor. i.) in the! Time that the Pendulum 
(4/) vibrates once, the Water in the Canal will make - 
one Liferation ; and (the Length of the Canal beitig 
fuppofed = I the Breadth of a Wave,) in the fame 
Time, the Water in the Hollow, or lowed Place 
between two Waves, will becomfe the higheft, that 
b, the Wave. will move forward half its Breadth. 
And in two Vibrations (or one Vibration of the Pen- 
dulum 2/) will advance a Space equal to the whole 
Breadth, 


Fff2 PROB. 
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% 

FIG. i>/ a Bar of SUel (^perfeSlly elaftic) befupported at both 
249. Ends \ and allowing that 10 Hundred ikeight Avon- 
dupoife hanging in the Middle^ willjufi bre.ik tbejmi 
Bar ; it M required tp find the IVeigbt of a Globt^ 
falling perpendicular 185 Feet on the Middle of the 
Barf to have the fame Effe&. 

Let D5£ be the Bar of Steel, fupported at the. 
Ends JD, E. Now before this Prob. can be folvcd, 
fomething more muft be a(rume4 than is here ex- 
preffed. Suppofe then, that the Space BJ is know/i, 
thro' which the Bar is bent before it breaks ; and let 
the Bar, from the Pofition DBE^ be put into the 
Pofition DAE, or very near it, and then the 10 C. 
Weight laid fofcly upon ^, which juft breaks it. Nov 
the Weight falling upon it in the Dire&ion JPlfl, is to 
bend the Bar juft thro* the Space BJ^ to A^ where it 
breaks. 

JyCt c = the Weight ( i o C.) capable to break it when 
fufpended at A. 
w zz Weight fought, which is to break it by falling, 
a n i6tt Feet. 

d zz FB the Height that w falls zz 185 Feet. 
b zz BAf the Space the Bar is bent through wbm 
it breaks. 
then 7,^y^zz Velocity of w at the Point B, {the Vek- 
city being meafured by the Feet defcribed in a 
Second.) 

BC :zz x^ Cc zz X. 

Now by the Principles of Mechanics, when the. 
Bar is bent into the Pofition BCEy it exerts a Force 

• ' whicln 
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irbich is as the Diftance BC. Therefore BJ ( 3) : F I G. 

Force at J (c) : : 5C (x) : -j- = Force at C. There- ^ 

fore the Force that w is afted on at C is -j- — w. 

Fxs 
Alfo by Mechanics, vv oc — ^, fee Prob. L Ia 

the Cafe of falling Bodies, if za is the Velocity 
gained in a Second, x is the Velocity gained in mov« 

ing oyer x at the End of i Second. And the Weights 
of Bodies being as the Quantities of Matter, there* 
fore (from the general Proportion) 2ax (VelxFl.Vel.) 


wx WcightxFl. Space, "T 

w ^ Body ' w 

hence — vv zz — t- — ,X 2^;c, and the Fluent is 

w icx^ — bwx . ^ J. ^ y J 

— ry- = / ^^ X 2a, but at 5, v = 2x/ad, 

and X =0, therefore the Fluent correfted is 4ad — w 

rX* 2hWX . • ^ J L 

3: -' T " X 2a \ but in -^s *y ^ o, and ^ =; ^, 

therefore 4ad = ^^jj X 2^, or 2i = ^ A 

and 2^07 1= ^iT — 2^, whence w = "^ JT^* ^'^ ^ 

'be , 

- ^nearly. 

CpR. I. /fo^ /i&^ /F^^i/ /i^tf/ w/i? break the Bar at 
^, will break U when hid upon B. For when dzzo^ 

be ■ 

w d --y- =: tC. 
20 

Cor. 2. "tbelVeightj that by falling a given Height^ 
will break any Bar^ is very nearly as the Space {b) thro* 
which the Bar wilt bend before it breaks. Hence tbt 
Reafon why brittle Bodies break fooner by Percujfton, than 
atbcrs.of equal Strength. Cor. 


' » 
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FIG* Con. 3. Tiinc4 the JVeigbi w is ceteris paribus, re* 
^49* I ciprocally as d the Height fallen from^ very near. 

SCHOLIUM. 

• H^e lio Notice is taken of the Weight of the 
Bar itfelf. If inftead of defcending, the Weight 
HI wai fuppoied to be projedted horizontallf, wkh a 
certain Velocity againit the Bar Dj3£, then the Force 

ex ' ex X 

at C would be -r*> and — w ir -r- x X 2^, 

* 

and 4^J — w =: ~^;irX2i?. And when t;=o,jirii:^9 

and thence s^d n — x %d^ an4 te; = —j^^ exa&lys 
where Gravity has no Concern. 
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250. J^ iwff Numbir of Ivory Balls cf an Inch Diameter it 
fufpended in a right Line^ and, tbejirft A let fall from 
i -tttrf Height upon M^e next\ ttr f i nd th e VekeiPf ^f the 
Motion propagated thro" them. 

^ Here ivcffuppofe that the Balls are perfeftly elaf- 

tic, and placed fo as juft to touch each other, or very 
near it. But before this Problem can be (blved, fuch 
an "Experiment as chis niuft \it made ; black the firft 
Bait over with Ink^ and let it kll iipon the fecond 
in an Arch of a Circlefrom the Height defign*d, or 
with the given Velocity -, this will make a black 
Spot on the other; take 'its. Diameter, and from 
thence find the. Altitude of the Sapient, or the 
vcrfcd Sine of half that Spot. Now the Force by 
. which this Motion is communicated from one Ball 

to 
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to another, is the Elafticity of the fmall Segment F I O. 
^v^hich is flattcnM or dented in 1^ the Stroke, and a6fe ^^q, * 
againftthe other. Ba}l by Way of a Spring, in like 
J^iMner as is defcribed in Ex. 6. Pn3b. Xill. Sei3. 1. 
and this Force is as the Height of the Segment, drove 
in by the ^Stroke* Now in two BalJs mating eac^ 
other, there are two Segments ftruck in, both which 
exert their joint Forcq in feparating the Balls ag^in, 
after meeting, * • 

lict « = Weight of a BalL 
' p zz. the Weight which can make an equal Com^ 
prejfton in the Gkbe^ as the Stroke did. ' 
a = jffC, which reprefents the verfed Sine of tie 
^ Segment ftruck in^ C bei^g the Vertexj, 
d zz Diameter of a Globe or Ball as A. 
c = Velocity it is projeQed with at firft. 
. J :=: i6^\s:Feet. 
xzzCD. 

V zz Velocity in D. 

t = T^ime of defcribing CDj or the Time in which 
. . the Vertex -C is prefed in f toI>^ bytheStroke, 

Now it is the fame Thing, whether we fuppofe one 
Globe, moving with 'Velocity r, againft another at 
reft, or two Globes moving contrary Ways againft 
one another, cadi with the Velocity U j or -wdfiet^ , 
we fuppofe one Globe moving againft an immoveable 
ObftaCte, with Vcl. ic. ^ 

By Mechanics, when the Body is given, vv oc 
t^orcex ^j (fee Prob. L) ^ but in a falling Body is 
is the Velocity, ^and xMs JKlwxion. And in the Col- 

lifion of the Balls, the Force at D is --p j therefoie 

■ ' ■ -pX . ■, • 2pSXX 

2SX :wx : : — w : -r~*» and — vv = ■ - , and 

the Fluent -^-v* ri --^ — ^^bjut at iC, v zzic, jv = o, 

correftcd 
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^ ^ ^* correaed iec—vozz ^^ . And at laft when C 

18 in 5, V = o, and * = <i, whence ice = "^X*% 

or ^^ = -'-^ X tf ^ ; therefore, fince 8s and w arc 
aw 

given, and -^-- is a given Ratio, cc cc aa^ or ^i«a 

given Ratio. Alfo by Rcduftion p =r -j^ - which 

, . 2iXJf cca> ccxx 

put for i> gives ice^w = -^jjp X ^|^ = -^j^T* 


which reduced is wzi — — X ^^ — xx. 
Again / « — , and in falling Bodies / zz -— (fee 

Prob. L) therefore— (Time) : — ( ^tl ) ^* • ^ • V 
whence / = — i: — - j and (by Form lo) 

t zz — — X Arch, whofe Sine is —-5 and r^ = i. 
c a 

But when xzza^ that Ar:ch = 90** ^ and / r: x 

— ~ — 5 after this Time, the Globes are relatively 


at reft ; and after an equal Time the Globes are fepa- 

2^ 
rated again. Therefore 2/ or -^-t- x 3. 1416 =Timc 

of the Contact of the two firf^ Globes ; during this 
Time the Motion is propagated the Length of i Dia* 

nii«er;whcnce(20-— X3.i4»6:i:: i : r-rTTTr^ 
the Velocity of the Motion in a Second. 

It 
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^ It is here fuppofed that the Adlion of the firft Ball F X G. 
or Globe J upon the Second; k over before it afFeds. 25b, 
the third Ball. But if at the fame Time the fecond 
alio aAs upon the third, and the third upon the fouVth, 
C^fr. then the Motion will be pfopagated further, but 
then the Time will be longer, which comes to the 
, fame Thing. But the Time of Contaft of any two 
Balls is fo very fmall, that the Adion of the firft 
upon the fecond is over, or very near oVer, before it 
reaches the third. If the firft Ball aded fchfibly upon 
fcveral at once, it would be refleded, whrich is con- 
trary to Experience. 

Cor. I . Hence the Velocity of the Motion is the famo^ 
whatever be the Velocity of the firft Globe impinging upon 
tbcfesond. 

c 
For d is given, and "T" is a given Ratio. 

Cor. 2. Hence alfo^ ceteris paribus^ the Velocity of 

the Pulfes is as the Diameters of the Globes. 

Cor. 3 In Globes of different Matter ^ the Value of 

c 
M tnaft be founds and then the conftant Ratio — \ whence 

the Velocity of the Pulfes is had. 
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To find the Velocity of Sound, 

Sound ii caufed by the vibrating Motion of a tre- 251^ 
mulous Body, which excites a Motion in the Parts of 
the Air that lie next, and thefe excite the like Mo- 
tions in the P.afts that lie next to them, and fo on; 
For fhe Pafts of the fonorous Body alternately goine 
and returning, do in going drive before them thole 
Parts of the Medium that lie neareft, and by that 
Impulfe, compfds ^nd condcnfe tbem,.afid in return- 

G g g ing 
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FIG. ing, faffer them again to recede and expand them- 
251. felyes* Therefore the Parts 6f the Medium are con- 
denfed and expanded by Turns at each Vibration ; 
and move to and fro, in like Manner as the Parts (^ 
the vibrating Body do 1 and confequently the Parti- 
cles of the Medium have the fame Motion fucceflive- 
ly communicated to them) and the fame Laws of 
Motion^ that' the tremulous Body has. Now it is a 
known Property of the Motion of a vibrating Body, 
that the Force it exerts in vibrating, is as the Diilance 
from the middle Point of the Vibration, fee Prob. II. 
and in any elaftic Body, the Force is as the Diilance 
it is ftrctch'd to. Therefore each Paiticjc of the 
Air is aAed on with a Force which is alfo as its Dif- 
tance from the middle Point of its Vibration, this 
being premifed. 

Let fomc certain Space BC be the Diilance of two 
fucceeding Pulfes, Ee the Space thro* which a Parti- 
cle vibrates; O its middle Point, EG a very fmall 
linear Part of the Medium, fucceffively trahsfer'd 
into the Places «y, egy and back again. Then, 

. Put £Cz=^, EO or Oe=a, EG=p, t = Time of 
defcribing £f, rzz Time of defcribing Gy, vzz-Yc- 
locity of £ at f, 9 n Force afting at E when it be- 
gins firfl: to move, OizzXj the Diilance of c from its 
'Center 3 and y =1 Diftance of y from its Center at 
the fame Time; -^i:: height of a uniform Atmofphere, 
^=3.14 16, szzi 6x5 Feet, 

wc 

By the Law of Vibration a : n : i x i — zzForce 

at.«, and by Mechanics (fee Prob. I.) vn) oc Fx^ and 

in a falling Body v zz 2J, and F=p^ therefore 2sx : 

nx . J • / — 2nsxx 
px : : vv : - — x — x, and vv zr >and v*z: 

r-2nsxx 2stt 

— -;; ^ and corrected w =: --- — x aa-^xx^ and 

up dp ' • 

(puUing^;=v/— — ) V == f/ua^^x. 

^ ^ Again 
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• • 

X •Ftp* 

Again /c< ^-, and in falling BocKcs, 2//=^', 

erefore / : — — : : / : — ^ • = /, and ( by 

2^ ' q\/aa — x^ ' 

— Arch , ^ T> ,. . 
3rm IP) /.zz , whofc Radius is <?,and Siae 

i and by Corredtion (when x=a^ that Arch zr a 

-1 • , Arch . - ^ ' 
u ad rant, then) / zi: ^ whole Cofinc is x^ let 

z 

=. that Arch, then / zz ,and for the fame Rca- 

' qa 

n T zz -^ ^, whofe Cofine is y. Therefore /— r 

qa ' 

diff. Arches , ^ ^ ^ , ^ / 

: , whofc Cofincs are x and y. Let z 

qa . '^ 

: difF. Arches, and x zz difF: Cofines ; and by the 

aturc of the Circle, z ir •—=— rrr, therefore i 

\/aa^»xx 

z — ^ 

-T z: 


qa . ?\/^atf — XX 

As tlie Particles £, G are fucccffirelyagitated with 
ke Motions, the Pulfe in pafling from B to C, ar- 
vcs at E before it comes to G ;^ and the Spaces p^ 
, paffcd over, by the Pulfe, are as the Times, that 

* '" z 2ca 
; (as has been (hewn), as , and j therefore 

2 2ca ' 

- -zz —f* But Ei-^Gy or EG — ty zzy — x zi y, 

" • / 

nd iy zip — X. Now fince the elaftic Force of the 

Ur is as the Denfity, and the Pcnfity reciprocally as 

le Space taken up*, if J zz the mean Denfity, then 

G g g 2 I 
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^^^- X ■ 1 pd ,, d:! \, dz 


^aa — XX zzd + -- , -s/aa-^xx^ the Denfity at «y. 

But the irtcan claftic Force : is to / (the WeigiiC of 
the Linepla p) ix Aipy therefore the mcaa elatlic 


'XX' 


Force =; A— == J* And d:A::d+ —r—y/aa 
. f ^ 

i.cA -■- 
/[ + — T — \/aa — XX zz the elaftic Force in the Place 

QtcA — XX 

ey 5 and its Fluxion is — >— x — . - » the 


Fluxion of the Force at « correfponding to x s and 

^2CA — XX ' 2CJX^ • ' L r> r ^ t 

-4—- X • ' J ' . ' ■ ' " ' or T — IS the Decreaie of the 


fpoftdii 


/ 


^. , . 2cJxz 4CcJxp . , ^ ^ ^ 

Time : that is, — ^ — or — tt — is the Excels of 

the Force at s above that at y : and this is the Force 
by which i)f ii accelerape^^ and therefore that Force 

is as xj and WMnxii^, that Force is ^ ; — zz». 
Therefore / = ^ =: -^v''^ i V— ^ 

zz — y-^ j,_!r . And when ^ = ^, then z = , 

. ri^ ^ : b 

and / r: ' zz . , and 4/ i^ 


the Time of vibrating from\S to ^, and' back again, 
or the Time of the Pulfe running thro' BC. There- 
fore, 


1^ 
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':LAs\ the Velocity of the Pulfcs in a Second. 
At a mean Qravify of: tb^ Air> when the Quick- 
vcr Hands at 30 Inches, the fpecific Gravity of Air " 
Q*iickfilver is about as i to 11890, therefore the 
LCtght of a uniform Atm ofpfip re m uft then be 207 25 

cet zzL A. T^hereforc \/zAs izv^3^2ffX 29725 = 
78 'Feet, the Yeiodty pr Second. ' 

ftut the Vjclocity of found is really, greater ; for 
ere IS no Allowance made for the Diameters of the 
^articles of Air and Vapour, which ar,e unknown, 
tor as thefe fohd Particles themfelves are inconapre(r 
fhle,' the Velocity is propagated inftantaneoufly 
ijljo* them i and therefore the Space found before 
Houia beaugnfcnted by-a QiJAOtity whiqh is to that 
Spaee^ as the piameters of the^l'.articles to their 
f)iAances : And fo we find by Experience, that Sound 
moves at the Rate of about 1 140 pec t ^n a Second, 
at a m^an Denfity of the Air. 

^ C6r. I. Henc^ the. Velocity of Sound is always the 
fame in the fame ^Medium, wheth er it be, more or lafs in-, 
imfe \ for, the Velocity is y/iAs^ in whi^h a is not conr 

tern a. 

\.CoR. 2, Hence alfo the Diftancesof the Pulfes are 

known^ ty dividing 1 140 by the Number of double Vi^, 

hrations made in a Second. Thus iy Schol. Prob, IL 

in a String that makes 300 Vibrations in a Sectmd^ ¥^ 

zzyxFeety the Breadth of onePulfe. 

Cor. 3- The Velocity of Sound {ceteris fouribus^ %$ 
the (me on the Top of a Mountain^ as in a deep V alley • 

Fpr if the incumbent Weight of the Atmofpbere 
be increafed or decreafed in any Katio; its Denfity 
(aod .the Height of the Mercury) will be imrreafed 
or decreafed in the fame Ratio, and the Height A^ 
qt a uniform Atmofphcre of that Denfity, will con- 
tiwe. the fame; Aad tber^efore^ 

CoRi 
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FIG. Cor; 4. The Temper gf fbe Air.remaimng the Jam, 
-as t^ heat arid cold \ the Velocity of Sound will be thejame^ 
how much foever the Jir,be condenfed or rarified. 

S C H O'L I U M. ' 

,252. ,To explain more^jpafticulaxly t^ Moti^^ of the 
Particles of Air, when condenfed and expanded as 
the Pulfes move thro^ecn •, let By C, &c. be cer- 
tain-Waves or Pulfes bf the Air mpyihg froni B. tOr 
wards C; draw tfie Line KF^ and 55" parallel to it, 
and'at any Place ^, ereft ^, for the DenGty'of the 
Medium at ^or r, ^ being the mean Denlity. . And 
•fuppofe a fixt Point at the Place F, and p a Pani- 
cfe of the Air exceeding near it" ; and let the Pulfes 
of Air, move fucceflively thro' the Points O, ^, &c 
or. rather (for the more .caty conceiving it) let O be 
fuppofed to mbvp Witli a uniform Motion along the 
Line FKy thro* the Waves C, J^, &c, at reft. It is 
f laiii the Particle^, going wilh'it,* cannot move v^^ith 
a uniform Motion, bj^ jReafon of the alternate Con- 
tradion and Dilatation of the Air, but will move 
fometimes to one Side, fometimes to the other Side 
, of G, if Op be of a dUe Quantity." Now whilft O 
HVdvc3 from -F towards Q the Medium growing dea- 
fer, ^ will approach nearer to 0, and at C where the 
Denfity is greateft, p and O will coincide ; and^proh 
tJecding forward from'C to A the Denfity ftill bein^ 
greater than the Meian, p will ftill lofe Ground, and 
at H, the Place of mean I>cnlity, p will be the fur- 
theft behind -, -and in paffing from D to Af, into a 
rarer Medium, the Air expandfng towards 1/, ^ will 
move fafter thanO; and at H, (the Place ot leaft 
'Denfity), they will coincide. In proceeding to /, the 
Mediuni ftill continuing rarer,^ will ftill move fafter 
than O ; and at /(where the mean Denfity is,) p will 
be then the furtheft before 0, the fame as it was at J^. 
And after this Manner the Points O,^, w^ll go thro* 
all the Waves or Pulfes j the Particle ^ vibrating firft 

to 
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to one Side of O, and then to the other. And the' F I G. 
Phaenomena will be the fame, if O ftands (till, and 252. * 
the Waves move. The Points O and py or the Syf- 
tcm Op repref^nts QE (in Fig. 251.) Now we may 
obferve that when the Syftem is at r, it is in a den- 
fcr Part of the Wave than it was at F, where it be- 
gun to move, that is (Fig. 251.) the Denfity at «y is 
greater than at EG ; for the lame Particles of Air are 
in EG and sy at different Times, and in diflferent 
Parts of the Wave F, and r. But « , y, being con- 
temporary Pofitions of the Points, £, G ; the Den- 
fity at « is greater than at y, as is plain, by Fig. 252. 
Tnerefore the greater Denfity at s will move «y to- 
wards O. 

And to conftrudb the Curve of Denfity FCD 5 with 
the Radius 0£ or Oezza^ defcribe the Circle EFe, 
take OszzXy and ereft the Ordinate sVzzu. Let 
Ardi EFzzz, mean Denfuy =1, FIzzb. Then in 

bz zcu 

FKi take Fr zz , and at r ereft n =: — r-, and 

the Point 1 is in the Curve, and n is the Ejcc^fs (or 
Defed) of Denfity at r. And for the Nature x)f the 

b aX u 

Curve J put irn-X; nzzT^ ^^^""^ ^ "i~ = Y^ 

whence aXTzz^zUf a mcchanicaj Curve. 


P R O B. 


4i<^ The Doctrine 


P R O B. XXIV. 

p I Q^ J Cord or/mail Rope being Jb(t at &ne End^ and «f- 

*53» * i^^d iy Means af a fFeigbi at the other End ; if 

the Rope befiruck near one End^ the Stroke will ex* 

ate a Motion in it^ which will run along the Rape in 

Form of a W^ave. STb find the Vekciiy of the Mb- 

. tion. 

" We will fuppofc the Cord to be exceeding flcn- 
dcr, or rathtr a heavy Line, perfedtly flexible ; let 
AB be the Line, and fuppofe the Point D to be itn^ 
pelled as far as to d by the ftroke •, draw adb parai- 
lei to ADB. As fpon as the Point D arrives at </, 
the Line DE will be found in the PofitiOn dSE. For 
the Force being icnpreiTed upon the Particles of tbe 
Curve at D, and thefe put into Motion, they will 
exert their Force upon the Parts nekt H> them, and 
they opon the nexe^ and ib on •, lb that the firft Motien 
will be fucceffively communicated to all the Parts of 
the Cord, and they will all, one after another, be 
carryM over to the Line ab \ where all their Motioa 
will be deftroyed ; and they will remain there, if D 
remains at d. In the mean Time the Curve Line 
(or Wave) dSE^ will be carried along to gCF^ and 
fo forward. 

As none of the Parts of the Curve befides thofc 
at D, received any ftroke ; it is plain they are all 
moved by means of the Cord, communicating D's 
Motion to all the reft in orden And fince the Force 
which the Cord exerts on any Particle (by Cor. Ex. 
16. Prop. XIIL) is as the Curvature there; there- 
fore Ihe. Curve near F is convex towards GF. Like- 
wife 
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vife fince the Particles of the Cord, after they have FIG. 
eceivcd their Motion, are not carried beyond the 253. 
Line ab^ but flop at it; it is plain that near-^, the 
Zuxvc iSk convex towards ^^. It is alfo evident that at 
my two Points (», 0) of the Curve^CF, that are equal- 
ly diftant from the Lines AB^ ab •, the Curvature will 
be the fame. For as the Motion of any Particle is 
generated gradually as it moves from the Line AB \ 
it mud be gradually retarded in approaching ab^ fo 
as to lofe all its Motion there ; therefore the Forces, 
and confequently the Curvature at and », are equal 
and contrary, and at the Middle C is nothing: And 
fo each Particle is accelerated as far as C, and after- 
wards retarded. Moreover the Parts of the Rope as . 
they are drawn from.F towards C, will be drawn 
neaj-er into a right Line as they approach to C ; fo 
the Curvature will continually decreafe to C, the 
Point of contrary Flexure, and therefore the Force 
will likewife decreafe towards C\ and hence the 
Parts of the Curve, ^C, FC are exadly jQmilar and 
equal.^ This being premifed, the Time is to be found 
wherein the Wave is carried from G to F, or which 
is the fame, wherein a Particle at G is trandated 

to ^. 

Let Fk or kfzza^ kmzzx, imzzz}\ Fnzzz^ Ckzudy 
rzz. Radius of Curvature in F. ^=3.1416, and let 
the Force at n be a$ x. By Prob. V. Scft; II. If^i; 

be given, the Radius of Curvature at n is — =— .- or 
-TT— (becaufe x decreafes). Then (by Cor. Ex. 16. 

Prop. XIII.) X I ax I r : — rr-, and cr^ zzzxx^ and 

the Fluent is ary-^Azxxy bu t at K j/ =:2;, and xzia^ 

therefore ar.xy — z zz Izxxx — aa -^ and lary zi 

2(ir+xx — aa x z^ and ^aarry- zr. lar-^-t^x-^^aa ^ X 

w+xx; and 4^r x xx — aaxy"- — 2ar+xx- — aa x 

H h h X' 
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F I G^ x^ zi^aarrxx tii^^fly^ becaufe « is excreamly fmali in 

^^^' refpcdt to r i therefore y rz . , ; and (by 

Form 10)^^:= — T^ X Arch, whofe Radius is a, 
and SineAf •, but ^yhen~^z:^, J— o» that Arch is a 

. Quadrant ; whence y = — - — x Arch whofe CoCnc 
is X, and when y becomes zz o>- that Arch is a Qua- 
drant iz' — . — , and;^=/i, therefore' Jzri^y/^r, whence 

r i;: — r- ; therefore the Rad* Curvature in n is ^^_^ 

To fiivd the Time of moving from Fto m. Lei 
^ zs the Tim€, v zz Velocity in m^ h zz i6^ Feet, 
/ i:: Length*^ of the Cord, w zz its Weight, ^ zn its 

w^ t 

T^flfions then — r*- crWcightofihe Particle 2. Then 

1 * 

- (by Ex. 16. Prop. XIII.) -^ : z ::p: ^^ - 

Force at m or n. And by Mechanics (fee Prob. I.) 

« 

^*zr oc Fxs\ xhm is, 3i& x -^ • " — j^ X s : : w : 

fccxz , - . -■^2brcclxx 

~^jj-X -X, and m; = ^ ^^^^ = -^*x(by 

•;Subftitution), and w zz-^Fxx, and by Corre6lioi>, 
vv zi Bx aa — XX. 


X s .\' ' i ' X :' . — jc 


Again,/ oc V*^or-^-.(/) :^^- i^):'^^< T^; 

— ^^.5? 'a 1 ^ Arch 

or / zz . ^And / zz x > 

whjfe Radius is a, and Sine x %, and by Corrc£lior> 
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r X — z — 9 whofe Cofine 13 ^ ; and when ' * 


^=0, that Arch. is :;= ~7~i therefore/ — ' . ^^r 


1 r ^■'"•"•^'^ 2^Fa 

_^ c . e I 4cldw J / ^ 

Time of a Particle moving thro* Fk^ or of the Wave 
moving from C to k^ or thro' IGi^ or d -, whence 


•zc? 


Velocity of tlie Wave jn a Secor.d. 

And fince / and y are each of them as the Arch 
of the Cofine x; therefore / is asjy y and j incrcafes 
uniformly, as it ought ; for any Point of the Curve 
advances forward equal Spaces in equal Times. 
Therefore the Force is as x, aa was fuppolcd ; and ail 
the Requifites are truly found, and the Problem right- 
ly folved, and the Curve is fuch as is here defcribed. 

Cor. I. Hence in the fame Cord and I' en/ion, the 
Motion li'ill be equally fwift^ whether the imprejfed Force 
at D be greater or le£er -, that is^ greater fVaves and lejfer 
ones have the fame l^elocity. 

-Cor. 2, ^he Pulfe is fwifter when the ^enjion is 
greater^ and that as thefquare Root of the tending ^orce. 

Cor. 3, IVhen the Pulfe has run from one End to the 
other y it will be returned back again in an equal Time : 
And thus it will run back and forward^ till the Motion 
befpent. 

For the fixt Point at the End cannot obey the Mo- 
tion of the Wave -, and by its Refiftancc it is equiva- 
lent to a new Impulfe* 

Cqr. 4. If the Cord is not perfeSfyJlexibley but rigid 
andjiiff\ the Velocity will be greater in the fub -duplicate 
Ratio of the Degree of Stiffnefs. 

For the greater Stiflfncfs fupplies the Place of a 
greater Tenfion. 

H h h 2 Cor. 
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FIG. Cor. 5. If feveral Strokes be made fuccejfhely at D; 

' 253. or^ which is the fame Things if the End A be fhaken 

'backward and forward ; there will be generated fo many 

Waves gradually fucceeding one anoth&y as P, ^ if, 5, 

and the Dijlance of two Waves will be known by divide 

2hlp , 

' i^S v/""^* h ^be Number of Strokes or Shakes in a 

Second. 

Cor . 6. ^he Wave or Pulfe will run thro* the Length 
of any Part of the Cord^ in the fame Time as that Part 
would perform one Vibration. 

This appears from |^rob. 11. compared with this; 

SCHOLIUM. 

I And to conftruft the Curve or Figure of the Wave. 

With the Radius Fk (or a) dcfcribe the Quadrant of 

• a Circle, FTV\ m^kt kmzzx^ draw the Ordinate w?; 

and ered: the Ordinate mn 1= v/ — X the Arch FT^ 

' 2.d 

or, which is the fame, mn =r - — x Arch FT. And 

hence it appears, that this * funivolant Curve is the 
fame as the harmonica! Curve, conftrudled in Schol. 

Prob. IL For (Fig. 218.) AE = ~ and AZ zz 

' T ^ Qyadrant, and AZ~AE or ZE = -^-x Arch, 

, whofe Cofrne is s. And both thefe Curves are of the 
fame Nature as the Curve of Denfity, conftruded in 
the Scholium of the laft Problem ; and all of them 
are related to the Figure of Sines. 

• Scanobatical. 


X 


PROB. 
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P R O B. XXV. 

m 

I 
I 

To find the Height of the Tides. FIG.' 

254. 
laet . R zz Radius of the EartFs Orbit ^ or the Dijlance ' 

of the perturbating Body^ sC. 
p zz periodical Time of the Earth round the Sun^ 

in Seconds. 
g zz Gravity of any Parcel of Matter^ as i Foot. 

hm 16. 1 Feet^ the Space defcended in iby Gravity. 
IT zz 3.1416. 

By uniform Motion, p i i \ : 27rR : — — z= A^ 
the Arch defcribed in i Second by the Earth 5 and 

— 5- or - — — — — verfed Sine of that Arch. And 
nK ' pp 

(the Forces being as the Spaces defcended thereby, 

in a given Time; therefore) higii —^ : ^^jr 

the centripetal Force of thle Sun, or the perturbating 
Body at C. But by the Theory of Gravity, the Ra-^ 
dius id is to 'iCDs as the centripetal Force at C, to 
the perturbating t'orce at M or I); that is, R : ^CD : : 

~Tpb~ '• Ipb ^^^ o«-/X^-0 = the difturbmg 

6'mFg 

Force of the Sun, £sf^. at J); putting fzz " ' Z" *' 

'Or thus^ 

Let a zz Radius of the Earth. 
e zz its Denjity. 

b zz Semi'diametef of the perturbating Body at e. 

szz 
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FIG, ^ = 5/»^ of its apparent Sem-iUameter, 

254. d^'=. Us Denjity. 

Then the Forces of Bodies being as the Quantities 
of Matter divided by the Square? of the Diftances ; 
and the Matter, as the Denfity x i by the Cube of 

a^^ b^d b^d^ 

the Radius, We have ' g* - -© eT : dd = 

' aa * RR RRae 

Force of the perturbating Body at C. And by the 

Theory of Gravity, R : -^ : : 3CD : ^^ 

X CD^ the perturbating Force at D or M. But by 

b sdf^s^ 

Trigonometry -^ z= j 5 therefore • — - — x CD or 

/X CD = peri;urbating Force of the Body at M or D, 

putting /=~2j-. 

Let JPB^be the Earth, CA=a, CP=b, CD=y, 
CEzzXj then the difturbing Force at D zi^ 5 and 

the Force of Gravity at D zz — , and at £ = -^; 

'' a Q 

therefore the Gravity or Fo/ce of D towards C zz 

^ fy. Now the whole Columns AC^ PC^ being 

of equal Preffore at C\ their Fluxions multiply'd by 
the gravitating Forces muft be equal 5 that iS| -^2L 

_j5^ = 1^, a„d the Fluent ^l -,1^-^i^^ 
' . b 2a 2 2b* 

yy f x^ 

or — -• — —yy = -v~, and when y n ^, and x-zzb, 

then a— — aa:z:i. and a-^i zz - — aa. 
i g 

In Cafe of the Sun, /»=2 1000000,^=31557600, 

then a— * = — ^fl = "wF" = '-^3 Feet = 19* 

Inches the Height of the Solw Tide. 

In 
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In Cafe of the Moon, jzz5. 151.^=11, ezzg^ and 
i*" — b -ZL —aa :z: —— — • =: 7.28 Feet, the Heighr 

of the lunar Ticle. And the Height by their joint 
Force, when in Conjunftion, is 8,91 Feet.. 

And the fame Fornix will ferve for finding the 
Height of the Tides on any other Planet, or celeftial. 
^Body ; mufafis tnuiandis. 

S C ri O L I U M. 

T!* he Height of the Tides here given is fuppofcd to 
be at fuch Places where the Sun and Moon are ver- 
dcal^ and alio in the Equinoflial. In Places at a 
Diftance from the Equator, the Height will be 4efs, 
as the Latitude is greater ; their Height will alfo be 
kfs, according to the Sun or Moon's Declination from 
the Equator. 


P R O B. XXVI. 

/ 

^^find the Preceffion of the Equinoxes. 251;, 

Let j^EP rcprefent the Earth, orthographicaHy 
proje6l:ed upon the Plain of the folftitial Colure, PCp 
the equinoftial Colure ; P^p the Pblcs, yiE the Equi- 
noftial, IK a parallel of Latitude, BCD the Ecliptic ; 
kt e be the Sun at an immenfe Diftance, and vertical 
^o I), in the Tropic, draw ^Cq ju BD. 

The Earth beiwg an oblate Spheroid or nearly fuch^ 
the Sphere PApE is encompafled with a folid Cruft, 
this Cruft.is fpread all over the Sphere, and goes 
round the Equator in Manner of a Ring, whofe 
Thickiiefs there is Aa or Et -, in Places' at a pittance 
from the Equator, as at /, it is thinner. Now the 

Preceffion 
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FIG. Prcceffion of the Equinoxes arifes from the A6lioii 
.255^ of the Sun and Moon, upon this Cruft or exterior 
Part of the Earth ; the Part PApa being attradted 
toward them, in Lines as yfG parallel to Ce 5 and 
the other Side PEpe afted on the contrary Way, or 
in the DireAion FE\ and both confpiring to turn the 
Earth about, in the order of the Letters jffP^^D ; 
while the inner Sphere is afted on all Sides alike. 
Now the Effedt of thcfe Forces upon this Cruft, and 
the Motion communicated thereby to the whole Body 
of the Earth, is what we are now to enquire after ;. 
and we (hall firft begin with the Sun's Force. 

I. Take A^ch XLzzXl, and draw LM^XTy Im 
parallel to DB ; and XiV, In parallel to j^ •, and put 
p zz periodical Time of the Earth about the Sunj 
g — Gravity of any Parcel of Matter, as i Foot; 
^—16.1 Feet, the Space defcended iaa Second by 
Gravity, TT =: 3.1416; then, by what was demon- 
ftratcd in the laft Problem, we have the difturbing 

Force of the Sun —fxLM= Ilf X LMi alfo 

let the mean Radius of the Earth rt tf, Ai zz », 
IX=r, CXzzv, S.LDCA~s, Cof! DCAzic^ Arch 
XL or Xl-z, Sine XL or XI— y^ then will NX=sy, 
NLzzcyy XTzzsv, and CT-cv. Therefore LM—cy 
.+sVf CMzzcv — sy,lm=sv — ty^'Cmzzcv+sy. 

Now the Force of two Parcels of Matter at L and /, 
to wheel the Earth about the Center C, is zz CMxf 
X LM + Cmxfx Im ; the former afting by theJPower 
of the Lever CM, the other by that of Cm : that is, 
the Force of thefe tvfo Parcels of Matter is =: 

' ' ■ ■ ■ ■ " « ■ ■ » ■■■ 

cv—sy X cy+sv + cv+sy x sv—cy : x/, = 2csf x 
vv—yy ; therefore the Fluxion of the Force of all the 
Matter in the Circumference JK is -z 2csfzxvv—yy, 
this Force is direded from q towards p^ D 5 therefore 
the tlux. of the Force the contrary Way, or in Di- 

redion 
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Ty^y " Fig 

n6ilQn^Dh:=z2csf2fxyy—vvzz2csfx-~±^ ^' * 

'-^icsfwzi whofc Fluent (by Form iq and ii) is 

zi: csrrfz—' csrfyy/rr — -yy — icsfvvZy and when mr, 
and doubled, the Force of the Circumference IK is 

n ^f {^ X rr — 2'z;'z; =z tt^j/t x aa — ^vv. Therefore if 
V = ia^ the Force of the Annulus IK is nothing. 

fnr 
2, By the Nature of the Ellipfis, a:r : imi 


a 

r= Height of the Matter at the Circumference JX*; 
therefore the Fluxion of the Force in the Annulys 

. mr "TTCsfmv 

IK IS = iFCsfrv x^a — ^vv x —~r = ' X 

frcsfmv 


aa-'^wx^^'-^'^ = ' Xa^ — ^avv-^-^fu^^ and 


the Fluent = ^ =^ xa^ — + ^^ 


^ 3 ^\ 5 

and when v=a^ and doubled, the Force of the whole 

Cruftzr ^y^ = Vx ^^^ ^i therefore % 

-fi?rr^ /j as the Thicknefs of the Cruft 5 and this is equal 

to the Itmple Force ~77^F7^~^^> aamg at the Dif- 

taocc jy/l from the Center C, or by the Power of the 
Leaver tfy/l. And this is the Force with which the 
Sun difturbs the Earth, when in the Tropic at D ; 
call this fimple Force Fes. 

3. But we muft find what this Force will be when 
the Sun is in any other Point of the Ecliptic as at H. 
Draw the great Circle pHRP^ and making Rad. z: i^ 
let Arch CHzzz^ Sine CHzzy^ then in the Spherical 
Triangle CHRj right angled at R, Rad. (i) : S.CH 
(y) :' : S.C (s) : S.HRzzsy ; therefore fince F confifts 
only of given Quantities, the Force of the Sun at H 

Is = Fsys/\ — 7^ \ for it was found in the laft Ar- 
.tide to be = Fx by the Rcftangle pf the Sine andl 

I i i Coline 
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F IG. Cofine of the Sun's Height above the Plan e of the 

^55- EquinoAial. But this very fmall Force Fsy\/ 1 — ssjj^ 
afts altogether in che Plane PRHp^ theretore we moft 
divide it into two Forces, 6ne acting in the Plane 
P^// which we want; the other in the Plane PCp, 
\ perpendicular to the other v this latter Force is de- 

ftroyed by an equal and contrary F'orce^ 'when the 
Sun is equidiftant on the other Side of the Tropic; 
but the other Fof ce adingal ways one way, is che on ly one 
the Earth is annually affefted with. The Tan. HCzz 

-^ , and by Sph. Trig. i:c:: T.AC ( 


s/ i—yy 

^ z = Tan. RC-t ; and S.RC ,= 


t 


<rrz 


yy 


\/T+tt 


cy 


a 


/ /" ccyy 


\/i—yy+ccyy 


-yy 


cy 


!, then to find the Part of the Force afting 


in the Plane P^-/^, it will be, Rad. (i) : Fsyy/\ — ssjj 


cy 


=)•: P(fX)jK,the Force 


(whole Force) : : S.fiC (-7. 

VI — ssyy 

in Direftion _P^: therefore this Force is as the Square 

of the Sun^s Dijtance from the Equinox. From hence to 

find the mean annual Force, we muft firft find the 

Sum of all the Fcsyy in the Circle, or the Fluent of 

Fcsvyy 
Fcsyyz = ' j and the Fluent (by Form 10, 

x/i—yy 

Fcsz. Fcsy . 

ii) is zz — — - — V I — yy^ and when ji=i, 


the whole Fl. r: 


FcStr 


and in the whole Circle n 


Fcsit\ this divided by the whole. Circumference. 2.7r, 

the 
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the mean Force is iz IFcSy which is hut half the grtatejt FIG. 
Ferce^ when the Sun was in the Tropic, 255. 

^ 4. Put n r: Time of the Earth*s diurnal Rotation, 
and fuppoGiig ic of uniform Denfity, its Solidity is 

_ J:![fL^ And by Ex. 6. Prob. XXIIL Seft. 11. 

3 
the Diftance of the Center of Gyration, from the 

Center C of the Earth is zz Jv/t, and by the Pro- 
perty of the Center of Gyration, if the whole Mat- 
ter of the Earth was fuppofed to be collefted into 
that Point, any Force apply'd to move it about the^ 
Center C, would generate the fame angular Velocity 
in it, and in the fame Time, as it would do in the 
Earth itfelf. And fince this Force iFcs^ afts at the 
fame Diftance ^v/l, therefore it is the fame Thing 
as if that Force was diredlly apply*d to the Body to 
move it : Now to find the Motion generated herein. 
By Mechanics the Space jdcfcribed or generated in a 
given Time, is as the Force diredlly, and Matter 

11 .u f *f z. ^^^^- 3-P^^J^ 

reciprocally ; therefore : —:h:i j-;- : ^^^,^ 

zi Space defcribed in i, by the Matter of the Earth 
in the Center of Gyration. And Zna^^ (circumf.) 

, o sFcsh ^Ftsh ^csTrm _ 

•360 = = "Wi" • i6.^a*g^\ ^ 360 = -^^ X360, 

the Angle defcribed about the Earth's Center, by the 
Center of Gyration, which is equal to the angular 


Motion of the Earth in i. 


-. 3^Q 


5. In the Equator AE^ make Ab zz -^ — , and 


n 


perpendicular to it make ^/zrEarth*s angular Motion 

juft found. Now fince in i of Time any Point A^ 
is carry'd from ^ to ^ by the Earth's Rotation 5 and 
in the fame Time the Point b of the Equinoftial is 
'moved to /, by the Sun's difturbing Force j its plain, 

I i i 2 any 
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FIG. any Point A will purfue the Traft Atr ; that li, the 

^^^' Equinoftial Point will be moved from C to r, in i'. . 

To find which, in the Triangle Abi^ Ah or Ai (-^ ) 

: RM.^0 : : ^' (-^X 360) :>i^ ::= ;?. Z. 
hAt^ or Arch n j *ind in the Triangle roC^ S.C (s) : 

^■"' ^h^^ '- •• ^^^- C^> '-. ^-'^ = -1^- = Sine 
of the Preceflion of fhc Equinoxes, by the Sun's 

II , "XCTTinn ^ _ ^ . 
Force* in 1 5 and — --— - n 0. Preceflion in a Year. 

Therefore the Treaffton is as the periodic Time of the 
Earth's Revolution about its Axis. 

6. Laftly (by Prop. ^7- L- HI. Newton^s Principia) 

the 5un*s Force i6 to the Moon's, as 1 104.4815; 

• ^nd the Sum of both is 5.48 15 ny, therefore the Sine 

of the Preceflion in a Ycir by both Sun and Moon is 

z=:~ — T^i where rn. 91 706, /»:t:8946o Feet^ by 

Prob. XVIiI. n zz 86160, a z= 21000000, and/ zt 
31557600 5 whence— ^;^^ = ^0002755. But 

,0002909 is the Sine of i min. or 6oi therefore 2909 : 

Co : : 275$ : 56.83, the annual Preceflion of the 
Equinoxes. Which b^ing more than it is found to 
be by Obfervation, makes it probable, that the Earth 
is morfe denfe towards the Center; or perhaps, that 
the Moon's Force to the Sun's is not rightly adjufted, 
being only colledted from the rifing of the Tides. 
But that the Earth is rarer at the Surface appears from 
this, that the moft Part of the Surface is Water. 

Cor; i. If the Earth bad no Rotation about its Axis^ 
The Inclination of the Equator to the Ecliptic would de^ 

creafe 
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creafi above two Degrees and a half in one Tear : And F I G« 
canfequently in a few Tearsy the EquinoSial woidd/aU 255. 
in$o the Ecliptic. 

For t ippxi '-—rr' X 300 : ^ x 360 =: 

i.68i Degrees in one Yean 

Cor. 2. ^he other Force ailing in Diret^ 
iiin PC perpendicular to P^^, (which was ufelefs in 
finding the Motion of the Equinoxes/ changes its 
Direilion four Times in one periodical Revolution. And 
thiSigenerates a Motion, which cbn^pounded with the 
£arth's diurnal Motion 5 caufes a Vibration or nodding 
of the Earth's Axis, to and from the Ecliptic, twice 
in a Tear. But l^ecaufe the Moon does not accQm« 
pany the Sun thro' a Quadrant of the Ecliptic, we 
cannot confider their joint Force •, therefore if wc re- 
gard only the Fofce of the Sun (for the EfFed of the. 
MoQn's Force alone will be far lefs^ ; then the whole 
Quantity of this Nutation will not amount to a Jingle 
Second. 

CoR. 3. But there is a Nutation in the Earth's jixis^ 
taufedby the MootCs being out of the Ecliptic. For in 
the foregoing Computationfi, we fuppofed her always 
in it ; but the Moon's Orbit being inclined to the 
Ecliptic, in an Angle of about '5 Degrees, fhe will 

. dnly be in the Ecliptic when (he's in the Nodes; and 
at all other Times fhe will have a gheater or lefler 
Force to move the Earth, according as her Declina- 
tion is greater or lefler. And this Force (as was 

- fhewn Art. 4.) is as the Reftangle of the Sine and 
Cofme of Declination, that is, as the Sine of twice 
the Declination : And from hence arifes a Perturba- 
tion of all the former Motions, which will be greateft 
when fhe is furtheft from the Ecliptic, or 90*" from - 
the Node. And as the Nodes make a Revolution in . 
about 18.6 Years, therefore this Force will be dircft^ 
cd all manner of Ways during one Period of the 
Nodes, and will therefore caufc the Poles of the Equi-* 

no<5lial 
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FIG. noftial to wander about the mean Pole, defcribing a 
255. circular Figure in the Heavens, in the faid Period of 
Time. 

Now to compute the Quantity of thi? Evagation of 

the Poles y the Arch rC or 56.83 wasmeafured along 

the Ecliptic; but JX 56.83, or 22.66 mro zn L^j 
which meafures the Motion of the Pole, and that by 
the joint Fcfrces of both Sun and Moon. Therefore 

4X4815 " 

— , Q Xr^ =1:18.52, the Effect of the Moon's 

5X4815 ^ 

Force alone in a Year ; and this Force of the Moon 

in the Ecliptic is as 5. 47** zz .7313 ; and at 5 dcg. 

Lat. when the Nodes arc at the Equinoxes, as S.^y^ 

=•8386; the difturbing Force then will be =,8386 

' — .7313=. 1073, this is the leaft Quantity of Force ; 

and the greateft is as 5. 10**=:. 1736, or thereabouts, 

. when the Nodes are in the Solftices. And in other 

Pofitions this perturbating Force is different.; but 

we cannot be far wrong if we take a Mean between 

the greateft and leaft, which is .1404^ whence this 


// n 


Proportion J 7313 : 1404 : : 18.52 : 3.55, the annual 

ETe£l of the Moon's difturbing Force. And 2. ^5 x 
18.6 zi 66." ly ; which^ as the Motion is direfted all 
Ways, muft be laid out in the Circumference of a Cir- 

66, 17 u 

cle-, and then -p" — 21.06, the Diameter of 

3.1416 

the Circle of Evagation ; which would appear diftinft 

in the Heavens, if the other Forces and Motions 

were away. But we muft obferve, that if the Earth 

is denfer within, and more rare at the Surface, the 

• Diameter of this Circle will come out lefs than is 

here determined. 

• To find the Direclion of this Motion. It was fhewn 

in Arc. /;. that when the Solftice is at D or 5, the 

Equino6lial Circle is moved by the Forces of the Sun 

and 
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and Moon, from the Place AC^ to the Place Ar\ con- F I G* 
fcqucntly the Pole P is moved from P towards C; 255.'* 
and the Cafe is the fame with this difturbing Force 
of the Moon. For fuppofe vw to be the Moon's . 
Orbit, w the nonagcffimal Degree, or higheft Point 
of the Orbit elevated above the Plane of the Ecliptic 
DJS, towards the Pole P; then v and w being fituated 
at D and J?, the Force of the Moon, being now 
greater, will alfo move the Pole P towards C And 
for the'fame Reafon, when (by the retrograde. Mo- 
tion of the Nodes) w is got to 5, P will be moving 
towards R •, when w is at C, P moves towards A^ fo , 
that P always moves the fame Way, or in the fame 
Direction that w does. Therefore about tt, defcribc 
the fmall Circle ct^yit \ and let » be the Place of the 
Pole whert w is at B: Then whilft w paffes fuc- 
ceffively thro* BS, SC, CH, HD ; the Pole P (mov- 
ing the fame Way) will pafs thro' ^^P, |3y, ye!; is ; the 
contemporary Pofitions of ^w and P being B and a ; 
Sy^ 9 CyY9 HJ'y D,f» ^c. and therefore the Circle 
defcribed ^yf muft of Confequence include the mean 
Pole TT, And from hence it is plain^ that the tnoving 
Pole is in every Place (as fuppofe at a,) nearer to w the 
higheft Point of the Orbit (at B)^ than the mean Pole tt, 
by the Radius of the little Circle ir a, or io\ Seconds. 

I need fcarce mention that this perturbating Force, 
and its Effeft, is greateft in the Moon's Perigee, being 
nearly in the reciprocal triplicate Ratio of the Moon's 
Diftance, as is well enough known. ^ 

SCHOLIUM. 

By a like Method ^but by a Procefs much more 
cafy) the Motion of the Moor^s Nodes may be com- 
puted. And I might now proceed to the Calculation 
thereof, and of the Motion of the Apfides^ and other 
Things belonging to the ^Moon^s ^Motion^ aqd other 
difficult Problems, fucb as finding the Curves de- 

fcribed 
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F I G. fcribedhy Bodies a8ed upon by any Laws of Gravi 
255. /y> and moving in Mediums which refifiy as any 
Powers of the Velocity^ and fucb like. But fince 
thefe cannot be difpatched in a few Words, but oftCD 
run into long and tedious Calculations, and requiir 
a great deal of room^ I (hall not trouble the Reader 
with them ; efpecialiy fince the Method of purfuing 
and managing thefe, is the very fame a$ in chofe Pro- 
blems here delivered. And therefore I fuppofr, if the 
Reader underftands what has been before laid down^ 
he will be able of himfelf to apply $b$s DoSrine^ to the 
Solution of any other Prpblem that happens to fall in 
his Way, though more complex, without any further 
Affiftance. 
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BOOKS printed fdr J. Ri ch ar dson, and ^rote iy 

W. Emerson. 


I. T^AVlGATIONj or, 


The ART of SAILING 

_ upon tllie S £ A, Cohtaining, a Demonftration of . the funda- 
mental Principfos of this ART: Tdgcther with all the Pra^^ical Roles 
of coinputing a Ship's Way, both by plain Sailing, Mercafor, and mid- 
life Latitude, founded upon the forgoing Rrinciples. W;ith manyotfaer 
ufefuF Things thereto belbnging. Ix) which are added (everal necewf 
Ta»les, in ijzmo. ': 

If. The PRINCIPLES of MECHANICS; explainingaid 
demondrati'hg.the general Laws of Motion, the Laws of Gravity, Motion 
of Defcending Bodies, Pirojedliles, Mechanic Powers, Pendulums, Centre 
bf Gravity, &c. Stfretigth andStrefsiof Timber, Hydroftatics, and Con- 
iiruGlion of Machipes. With thirty-two Copper-plates, in 8vo. 

IH. The ELEMENTS of TRIGONOMETRY. Con- 
taining, the Properties, Relations, Tangents, Secants, &c, tlic Doflrine 
of the Sphere, and the Pnnciples of Plain arid Spherical Trlgbnonietry, 
all plainly and clearly demonftrated. 

IV. The P R O J E C T I O N of the S P H E R.E, Orthographic, 
Stereographic, and Gnomqnical, both dem6nftrating the Principles, and 
explaining the PraiSticc of thcfc three feveral Sorts of Projefiion. 
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